Today’s plan

» 1St order system response: review
— the role of zeros

« 2"d order system response:
— example: DC motor with inductance
— response classifications:
» overdamped
* underdamped
« undamped

* Linearization
— from pendulum equation to the harmonic oscillator
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Review: step response of 1st order systems

steady state
Step response :
in the s—domain (final value)

. /

e

in the time domain

(1 - e_at) u(t);

time constant

Fi=i—p
a

rise time (10%—90%)

)

g 22
a
settling time (98%)

5=

Nise Figure 4.3 © John Wiley & Sons. All rights reserved. This content is excluded from our Creative
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Steady-state

« Note that as t—=«, the exponential decays away, and the step response
tends to 1, i.e. the value of the driving force.

* More generally, if we consider a flywheel-like viscously damped system with
equation of motion expressed as 1st order linear time-invariant ODE

Jo(t) + bw(t) = f(t) and step excitation f(t) = Fo step(t)

[where f(t) and FO have units of torque,]

: F J
the step response is w(t) = 70 (1 — e—t/f) Ct>0 (T — 3)
: Fy
the angular velocity as t—« tends to Woo = -

* This long-term value is known as the system’s steady state

* In systems where the output physically represents a velocity, the steady
state is also known as terminal velocity.
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Steady state in the Laplace domain: the final value thm.

« |t turns out that we can predict the steady state of a system directly
in the Laplace domain by using the following property known, for
obvious reasons, as the final value theorem:

lim; 0 g(t) = lims_,0sG(s).

which holds generally if g(t) and G(s) form a Laplace transform pair.

L Q(s) 1
In the case of the flywheel, the transfer function is F(s) ~ Jsib
F —_ — Q p—
For the step response we have (s) g (s) SUs i)
- . . F,
It is easy to verify that limg_,0s82(s) = -

in agreement with the result for the steady state of this system
in the previous page
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A word on zeros

Transfer function

with a zero

N

H(s) =

s+z 1 e 1

D(s) 4 D(s) \D<s>
Derivative Amplification
operator (“gain”)

Example: compare the step response of the two systems below:

S+ Dp

Lecture 07 — Thursday, Feb. 21




Step response without zero vs with zero

1 Please verify
U(S) = — FO(S) Fo(s) = 1 L 1 1_ 1 yourselves this
S 1 0 B S s+ p B p S S + p partial—fraction
—_— HO(S) — n > expansion!
S 1
b o) = (1), 120
1
U(s) = - F(s) F(s) = sFy(s) + zFy(s)
S s+ z
S+p = f(t) = 7 folt) +2fot) =™ + = (1—e™), £>0
Example: 1.:7 without
16l Z€ro 25+
p = 0.5; ol
z=1.0 R A Jw _ 1
* oo} o
0.6 x >* T
oal -0.5 |
% 0 2 t[:tec] 6 8 10 2
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Zero on the right-hand side?

A JW
1 1
0.9 © o8
—%—1-o0——
08 05 | 0.25 >0
o 0.4F
s 0.2
30s E
0.4 02
Ny 04
oz -0.6
o -0.8
0 i o -
t [sec]
. 2 ‘
Example: s Without
.o Zero
p == 05 145 (|hS)
1.2} A J(.U
RS 1
" o8l O -
0.6 xR e
-0.5
0.4
0.2
o ‘
o, J p 4 6 8 10

t [sec]
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The general 2nd order system

We can write the transfer function of the general 2"%—order system with unit
steady state response as follows:

2
Wn

x where
82 + 20wns + w?

® w, is the system’s natural frequency, and
e ( is the system’s damping ratio.

The natural frequency indicates the oscillation frequency of the undamped
(“natural”) system, i.e. the system with energy storage elements only and
without any dissipative elements. The damping ratio denotes the relative con-
tribution to the system dynamics by energy storage elements and dissipative
elements. Recall,

1  Undamped (“natural”) period
27 Time constant of exponential decay

¢

Depending on the damping ratio {, the system response is
e undamped if { = 0;
e underdamped if 0 < ( < 1;
e critically damped if ( = 1;
e overdamped if ¢ > 1.

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/faqg-fair-use/.
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The general 2nd order system

. . © John Wiley & Sons. All rights reserved. This content is excluded from our Creative
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The general 2nd order system

4 Poles Step response
Jjo c(1)
. s-plane
% ./(oll p
0 = O
t

Undamped

2
Wn

(82 + 2¢wns + w2)

[1 — cos (wnt>] u(t)

wn, natural oscillation frequency

Jjo s-plane
A
X Jo 1 - &2
0<{<1 -0
"Cwn
X Jjw, \[ 1 - §2
Jjo
A
s-plane
C - i % - 0
—gwn
Jjo
W, +®, ‘-.r",gz -1 4
s-plane
¢>1 > % = 0
vwn Wy .é’2 -1

Critically damped

t
Overdamped

Wd

{1 — Ae 74 cos (wdt - ¢)] u(t)

o4 = Cwy, decay time constant;

= wnv/1 — (2, damped oscillation frequency

[1 4 KieT9¢ 4 Kzte“"ct] u(t)
o, double pole

2 a8
Transfer function = = oy
s+ wn) (s+ o¢)

|:1 + Kje 7t + Kze_azt] u(t)

012 = Wy (1 + /(2 — 1), real poles.

Nise Figure 4.11

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
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The underdamped 2nd order system
2

w
n v R < ]
(82 + 2{wn s + w2) ¢

The step response’s Laplace transform is

l y Wn K + Kos + K3
s 824+ 2wps+w2 5 824+ 20wps+w?’
We find . i 2
KI:_21 K2=__27 K3=_
wn Wy Wn

Substituting and applying the same method of completing squares that we did
in the numerical example of the DC motor’s angular velocity response, we can
rewrite the laplace transform of the step response as

¢ — /2
: (3+Cwn)+ﬂwn\/1 ¢

8 (84 Cwy)? + w? (1-¢3)

Using the frequency shifting property of Laplace transforms we finally obtain
the step response in the time domain as

1 — e S“nt | cos (wn 1-— (2t) + ————s5in (w,, 1- C2t) .
v1—(2
© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/fag-fair-use/.

Ill" 2.004 Spring '13 Lecture 07 — Thursday, Feb. 21 "


http://ocw.mit.edu/help/faq-fair-use/

The underdamped 2nd order system

w2

- . O (=l
(82 + 2¢wns + w?) ¢

Finally, using some additional trigonometry and the definitions

_<
1-C2

Od =Cwn, Wy =an1 _C2’ tan¢=

we can rewrite the step response as

1

1 - —)m—= x e 9" x cos(wqt — @)
v1-=(2
Jj@
A
The definitions above can be re-written s - +Hjw,V1 - §2 =joy
Od : Wy s-plane
g i :
Wn ' >
. -0
/ w c O, O4
1— <2 . _d'a : ,
Wn |
|
/1 _ /2 | D
— tano — ﬂ — _1 C ; X __________ ~ —JW, 1 - (== J0Wy
04 ¢
Nise Figure 4.10

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/fag-fair-use/.
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The underdamped 2nd order system

2

w
. o g e
(82 + 2¢wns + w?) ¢

Finally, using some additional trigonometry and the definitions

&
i@

Ud:Cwn7 wd:w’nvl—c27 tan¢:

we can rewrite the step response as

1
1 - —m— x e % x  cos(wgt—9)

M
\ AN

forced response,
sets steady state

\

Nise Figure 4.10

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
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Transients in the underdamped 2"d order system
Peak time

T
g = =
P wn\/l—C2

Percent overshoot (%0S)

%0S = exp (—\/%@) x 100

_In (%0S/100)
\/72 + In? (%0S/100)

Settling time
(to within +2% of steady state)

& (=

n (0.02/1-C%) 4

s
~J

T, = — :
(wn, (wn,

(approximation valid for

Nise Figure 4.14 0< C < 0-9-)

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
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Transient qualities from pole location in the s-plane

c(t)

A
Envelope the same
3
Same T5. ,
1
t
(@)
c(n)
Frequency the same
2
Same wy.
-/
(b)
c(r)
A
Same overshoot
s ¥
Same %0S.
. . > |
Nise Figure 4.19 ©

3
2
1

jo
A
s-plane
Pole
1 motion
2
3
g 1
XX
s-plane
Pole
motion
XX
2 1
3 jo
z , \
1 s-plane
Pole
motion
2
3

Recall

Od
C — i
Wn,

N

W
=tanf = =
Od

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/help/faq-fair-use/.

Illll 2.004 Spring '13

Lecture 07 — Thursday, Feb. 21

15


http://ocw.mit.edu/help/faq-fair-use/

Linearization
« This technique can be used to approximate a non-linear system

flx)
f(x) ‘
A ;

o/ 4P 3} e e pie

Output

ﬂ-"()) ——————— S

7 3| ITCERERSCT ST (O, L

0 X
Input Nise Figure 2.47 Nise Figure 2.48

f(z) = f(zo) +ma (z — 20)

Example
Linearize f(z) = 5cosz near ¢ = 7 /2.

Answer: We have f(7/2) =0, m, = —5, so
where

df f@~-5(z-3) (z~/2)

Mg = _dCC
=T

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative

Commons license. For more information, see http://ocw.mit.edu/help/fag-fair-use/.
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Linearizing systems: the pendulum

Mg cos 0

Mg Mg sin 6

Nise Figure 3.14 (a) (b) (c)

The equation of motion is found as

Jo + Mk

sinf =T. (We cannot Laplace transform!)

For small angles 6 ~ 0, we have

dsiné
dé

sin @ ~ X0 =cosbly_ox0=1x60=4.

0=0

Therefore, the linearized equation of motion is

MgL
2

© John Wiley & Sons. All rights reserved. This content is excluded from our Creative

Commons license. For more information, see http://ocw.mit.edu/help/faq-fair-use/.

JO + =T = Js*O(s) + —A:I—;&G(s) =T(s)

sin @
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