Computational Ocean
Acoustics

* Ray Tracing

« Wavenumber Integration

 Normal Modes
* Parabolic Equation
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Normal Modes

Mathematical Derivation
— Point and Line Sources in Waveguide (5.2)

« Modal Expansion of Depth-Dependent Green’s Function (5.3)
» |deal Waveguide (5.4)

— Generalized Derivation (5.5)

* Pekeris Waveguide
* Virtual Modes
Deep Water Problem — The Munk Profile (5.6)

 Numerical Approaches

13.853

Finite Difference Methods (5.7.1)
Layer Methods (5.7.2)

Shooting Methods (5.7.3)

Root Finders (5.7.4)
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Normal Modes

Mathematical Derivation

Point Source in Cylindrical Geometry

c?(z2) p 27r

o (rn) o) 5 (o) * et

Separation of variables

Substitute p(r, z) = ®(r)¥(z) and divide by ®(r)¥(z),

Ll s bt Gy ) ] o

Each component equal to a separation constant k?

d[ 1 d¥,(z) w? ) Modal
— ki Yo =0, '
p(Z’) d> [P(Z) d> ] + [CZ(Z) rm (2.’) Equation

Boundary Conditions

dW
dz
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Classical Sturm-Liouville Eigenvalue Problem

* Modal equation has infinite set of solutions — modes of vibrating string
* Modes characterized by
* Mode shape ¥ (z) (eigenfunction)
* Propagation constant. %, krzm real (eigenvalue)
» m-th mode has m zeros in [0,D]
° krm < C!)/le-n
* Modes are Orthogonal
* Modes form a Complete Set

Modal Orthogonality

for m#n.

Mode Normalization

DRVES (2) B
/D o(2) dz=1.

Complete Mode Set

p(r, z) = % D, (1) Uy (2) .

m=1
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Complete Mode Set

p(r2) = 3 @u(r) Un(2) .

m=1

Substitution into Helmholtz Equation

5 {1 a ( dd);;(r)) 7, (2)

o, () [p(z) d ( 1 d\I!m(z)) L - (z)” _ )z —=)

dz \p(z) d=z 2mr

m=1 LT d?’ d?' 2rr

io: {1 a (T d@[)m(r)) U, (2) +k2 @, (7) \Ifm(z)} IIGLICEEN)

Apply the operator,

3
IRORC=r
07 p(2)
Othogonality yields
1d [ dd,(r) ) 6(r) Wn(zs)
S 2 4 k2D (r) = — )
r dr [T dr }_{_ rn ®n(r) 27r p(zs)
Solution .
t (1,2)
b, (r)= W, (2¢) H, kpnr) -
(") = iy Ynles) H )\
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Modal Field Solution

?: o0
= lIfm Zg lem z H(l) k’rmr )
) (25) Wi (2) Ho " (Krr)

p(r, 2)

Asymptotic Hankel function

. 650 Y —
- v —ir/4 N~y N €
p\r,z) = € m\ s m\ < .
( ) p(zg) A 8mr mz=1 ( ) ( ) V k’.f‘"m

Transmission Loss

p(r, z)
TL(r,z) = =20 log | ————| ,
(r:2) po(r =1)
where py(r) is the free space field
e?:k‘,{]’!'
pD(T) - A
TL(r,2) ~ —20log|—— (| 2% 32 U, (20) U (2) S
rz)=— 08 Al m\ s m\ < .
p(zs) T m=1 V k'f‘m

Incoherent Transmission Loss
e:-ik,am’r 2

1 ‘271‘ o0
TLIHC(T? z) ~ —20 IOg p(z ) - ? \le LIj’m (zs) \Ijm(‘z) \/k_
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Line Source in Plane Geometry

Cartesian Helmholts Equation

d*p o (1 9p w?
522 +7) 5, (p(z) az) t 2P~ i@z
Solution of form

00

p(m,z) = > ‘I)m(m) qjm('z) )

m=1

Substitution

x© (d*®,,(x)
Z{ dx?

m=1

4@, (2) [p(z) d‘i (p(lz) d‘giz)) + C;“E; mpm(z)n = —5(z)8(z — z,).

\Same mode equation as for cylindrical coordinates

\I!m (Z)

W, (2) HEZ, @(2) ¥, (2)]| = —6(z) 0(2 — z,) .

£

dx?

{dZ'iI)m(a:)
1
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Apply operator

Orthogonality yields

d*®, ()
dx?

- k:?:ﬂ (I)ﬂ(.’lﬁ) —
Range Solution

+ik,,x

k:ﬂﬂ

2 p(zs)

Modal Solution in Plane Geonmetry

€

o, (:t:) = \I!n(zﬁ)

cikom|]
p(x, z V(2 .
( ? ) 2:0(3*;) mzl m( ‘f) m( ) k:r:m
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Transmission Loss

Free Space Solution

1 0 apﬁ) w? o 5(?‘)
r or (T ar +cg(z)p0_ ro
)
po(r) = iﬂén(k‘o?‘) :
Transmassion Loss

pikam|]

p(z, 2) 2 e
— lIj’m < lIjm <
pD(T)l?‘:l ,0(2,,.) Hé.l)(k[)) mzzl ( ) ( ) k:::m

Asymptotic Normalization

A/ 2mk ) 0 ikipm ||
P\T, Z) ~ TRo e—:-:(kg—'.frf4) Z \Ijm(z.‘s) lem(z) €
pD(T - ]') p(z‘i) m=1 k:::m
TL(z,z) = —201og p(@,2) :
po(r = 1)
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Modal Expansion of the Green’s Function

Depth-separated Helmholtz Equation

Modal Expansion of Delta Function

5(2 o Z.s') — Z amq:'m (Z’) .

T

Apply operator

D ,
[P0 g,
07 p(z)
Orthogonality yields
lpn(zs)
a”fl —
P(Zs)
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Modal Solution for depth-separated Helmholtz Equation

g(z) - Z bm‘Ijm(Z) .

T

S b0 1 (g ") + (s 4) o)

1 NN

- _% - p(ze) lIjm(‘z)
Rewrite as

e 1 U, (25)

2 o 2 , _ n\<~s ,
’mz=l by (K, k,f.) U, (2) . %: o(z) U, (2)
Orthogonality yields
(k}fm o kf) bn - le’ﬂ,(zS) .
27p(zs)

Solve for b, and substitute back into modal solution to yield

o 1 \Ilm (zs) lem(z)
B QWP(Zq) m k% — k‘? '

rm

9(2)

Green’s function has singularities at values of k, corresponding
to the modal wavenumbers k,.,, .
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The Isovelocity Problem

U,,(z) = Asin(k,z) + Bcos(k.z) ,

Oom 2
w
k= (—) ey
D] Zg =25m C

-------------------------------------- zr =50m Bottom Boundary Condition
c =1500 m/s
b ~100m dpiio Ak, cos(k.D) =0,
Schematic of the isovelocity problem. .
kzD:(m——)W, m=1,2,...,
Valid modes :
w)? 1\ 71°
e (T 5] e
Eigenfunctions
—Lo—o—o—o+ .. (2) = \I% sin(k,,,z) ,

k,,, real Propagating Modes

-o/c

Location of eigenvalues for the isovelocity problem. k”'m lmagiary Evanescent Modes
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Mode Mode Mode Mode

1 2 3 4
0 0 -0- 0-

) 1 ] ]

] 1 ] ]

| | | |

] 1 ] ]

| | | '
- 1 | | 1
8 | | : |
-‘E_ 50 i 50 i 50 i 50 |
@ | | |
a ! . !

I ] I

] ]

I ] I

I ] I

| | |

| ] ]

0 0 0

Selected modes of the isovelocity problem.

Modal Cut-off Frequency

Modal Exspansion

p(r,z) = %Z_l sin(k,mzs) sin(k.,,2) Hél)(kmr) .

Intensity

. 2
1 8ﬂ- 00 e:"-krmr
I(r. z) = |—=\|— sin(k.;zs) sin(k.;,z) ——| .
( ’ ) D r mzzl ( " 5) ( " ) Vkr“m Lecture 11
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Modal Interference

2
8/”- o0 .
ikpmt
I(T? Z) = —D2 Z Am €
r m=1
8w [ 2
= —/5 ZAm -+ Z Z 2147;;1471 COS(Ak’m’nT) 3

?“D | m m n>m

where
Ak’nm — krm — kr'n )
and , .
4 sin(kymzs) sin(kzmz)
m :

v k?"ﬁ&

[See Fig 5.4 in Jensen, Kuperman, Porter and
Schmidt. Computational Ocean Acoustics. New
York: Springer-Verlag, 2000.]
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A Generalized Derivation om

Pekeris Waveguide

Bottom Field ¢, =1500 m/s
p; =1000 kg/m3

Schematic of the Pekeris waveguide.

D =100m

Uy(z) = Be ™ 4+ O,

2
Vb = _ikz,b — \lkf - (E) )
Cp

Freld at Seabed

Mode Equation

- d*W(z) w?
¥(D) = Be P, = +L2(z)‘kf] ¥z = o0,
d¥(D)/dz _ 3 ’)’bB_%D’ 20) — o,
P Pb ,
2 g(k?) d¥(D)
Impedance Condition at Seabed fky) ¥(D) + p P 0.

Seabed Impedance Condition yields
pYD) —  p

d¥(D)/dz — w(k}) f() =1, g(kf)zpb/\ka—(w)Q.

Cy
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Modal Equation

Homogeneous, Depth-Separated Helmholtz Equation (DSHE)

Solution

o 1 P (Z<; kr) P2 (Z:-"; kr)

G §3 k'ﬂ" — ?
(2, 253 ki) 27 W (zs; kr)

where z. = min(z, z;) and z> = max(z, zs).

Wronskian

W (z; ke) = pa(2; kr) 0 (25 k) — D1 (25 ke ) pa(25 k)
Operator Form of DSHE
L(k.)pr = 0,  Bip1=0,
L(k.)p2 = 0, Bops = 0.
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< W K /S 7
\% 1v'~/‘/’t’
\o; TEC /f7

Location of eigenvalues for the Pekeris problem using the EJP branch cut.

Contour Integral

M

/_O:C +f(3m + o = 2mi Yy res(kym)

m=1

res(k,,, ): residue of the mth pole enclosed by the contour.

?: ﬂf p Z ;k’!"’fﬂ. p z ;k’!’?’ﬂ.
p(?‘, z) _ ! 1( < ) 2( > ) H(l)(hf.mr) k. _/E;p ’

2 m=1 OW (255 k) | Okr |y, . ’

where k,,, is the mth zero of the Wronskian, ordered such that

Re{k‘,,.l} > Re{k}g} > e
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Branch Cut Selection

2
w
Yb = _ikz.b — \l kg - (_) )
’ Cp

Complex Square Root

Z =R exp(i0)=R exp(i06+n2x)

7= Rl/zexp(i9/2+nn)

EJP BranchCut —  o.-r=e= o

-
.

13.853

EJP Brach Cut: Bottom field decaying for all £, => Physical Riemann Sheet
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Characteristic Equation

W(k*rm) =0
W (k) = 0 = p1a(z; kym) are linearly dependent.

Ergenfunctions

Uy (2) = p1(z; krm) = p2(2; krm)
which satisfies
L(kpn)¥,, =0, B\, =BV, =0.
Modal Field Expansion

( ) = g \I!m (z‘f) KI!,m(Z)
P\T, =) = 2 m=1 aw(zﬁ*? k’f')/akrlkrzkrm
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Derwative of Wronskian

oW [0k, D P2 d L d b
/ — 2‘%??” m(z) dZ— (f/g) \Ij?ra(o)+ (f/g) le?”(D)
plzs) O (2) dkr 1, dhr |y,
Pressure Field
P, 2) = o 5 Wi (2) i (2) HY (o) — |
. 4 p(ze) S~ m\~s T 0 T CE.IP 1
Mode Normalization
DV (2) 1 d(f/g)" 1 d(f/g)"
LA P2 U2 (D) =1
/ﬁ P (,2 ) : Qk’rm dkr L M(U)—{_2krm dkr k m( )
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Branch Cut Selection

2
Yo = _ikz.b — \l k,? - (E) )
’ Cp

Complex Square Root

Z =R exp(i0)=R exp(i06+n2x)
7= R"exp(i6/2+nn)

Pekeris Branch Cut Z~Positive Imaginary

Re(y,) <0

- w/c

o

Pekeris Branch Cut: Uncovers Virtual Modes gn un-physical Riemann Sheet
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Pekeris Branch Cut

Pekeris waveguide Problem

; Complex k -plane \IJ(Z) — A Slﬂ(kzz) 3
| C 2
i ® )
77T ke =\l =) — ka_ .
o-0-0 | sRe(k,) cC
| C cy - .
| | Characteristic Equation
- ofc o +o/c Normal Modes
Location of eigenvalues for the Pekeris problem using the Pekeris branch cut. t (k, D - _ pr kz
an(k.D) = o
PRzb
[See Jensen, Fig 5.8. Modal Field Contribution

Modes 1 and 4 are normal modes;
Modes 10 and 12 are virtual modes]

D= (Eikzmz + E—ikzmz) Eik,qm*r .
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