Computational Ocean
Acoustics

* Ray Tracing

« Wavenumber Integration

 Normal Modes
* Parabolic Equation

13.853 COMPUTATIONAL OCEAN ACOUSTICS Lecture 12



Normal Modes

« Mathematical Derivation

— Point and Line Sources in Waveguide (5.2)

» Modal Expansion of Depth-Dependent Green’s Function (5.3)
 |deal Waveguide (5.4)

— Generalized Derivation (5.5)

» Pekeris Waveguide
* Virtual Modes

— Deep Water Problem — The Munk Profile (5.6)

 Numerical Approaches
— Finite Difference Methods (5.7.1)
— Layer Methods (5.7.2)
— Shooting Methods (5.7.3)
— Root Finders (5.7.4)
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Location of eigenvalues for the Pekeris problem using the EJP branch cut.

Contour Integral

M

/_O:C +f(3m + o = 2mi Yy res(kym)

m=1

res(k,,, ): residue of the mth pole enclosed by the contour.

?: ﬂf p Z ;k’!"’fﬂ. p z ;k’!’?’ﬂ.
p(?‘, z) _ ! 1( < ) 2( > ) H(l)(hf.mr) k. _/E;p ’

2 m=1 OW (255 k) | Okr |y, . ’

where k,,, is the mth zero of the Wronskian, ordered such that

Re{k‘,,.l} > Re{k}g} > e
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Branch Cut Selection

2
w
Yb = _ikz.b — \l kg - (_) )
’ Cp

Complex Square Root

Z =R exp(i0)=R exp(i06+n2x)

7= Rl/zexp(i9/2+nn)

EJP BranchCut —  o.-r=e= o

-
.
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EJP Brach Cut: Bottom field decaying for all £, => Physical Riemann Sheet
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Re(Z?) > 0
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Branch Cut Selection

2
Yo = _ikz.b — \l k,? - (E) )
’ Cp

Complex Square Root

Z =R exp(i0)=R exp(i06+n2x)
7= R"exp(i6/2+nn)

Pekeris Branch Cut Z~Positive Imaginary

Re(y,) <0

- w/c

o

Pekeris Branch Cut: Uncovers Virtual Modes gn un-physical Riemann Sheet
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Pekeris Branch Cut

Pekeris waveguide Problem

; Complex k -plane \IJ(Z) — A Slﬂ(kzz) 3
| C 2
i ® )
77T ke =\l =) — ka_ .
o-0-0 | sRe(k,) cC
| C cy - .
| | Characteristic Equation
- ofc o +o/c Normal Modes
Location of eigenvalues for the Pekeris problem using the Pekeris branch cut. t (k, D - _ pr kz
an(k.D) = o
PRzb
[See Jensen, Fig 5.8. Modal Field Contribution

Modes 1 and 4 are normal modes;
Modes 10 and 12 are virtual modes]

D= (Eikzmz + E—ikzmz) Eik,qm*r .
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A Deep Water Problem: WKB Approximation

The Munk profile
¢(z) =1500.0 [1.0+€ (2 —1+¢77)] .

e = 0.00737,

2 (z — 1300)
1300

z =

[See Fig 5.9 and 5.10 in Jensen, Kuperman, Porter and Schmidt.
Computational Ocean Acoustics. New York: Springer-Verlag, 2000.]
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Ray-Mode Analogy

WKB approzimation

el j;jz k.(z)dz el ‘K k.(z)dz
U(z)~ A + B :
k.(2) k.(2)

where

w?

kg (Z) = CQ(Z)

2
=y

Turning points

k2(z) =0

[See Jensen, Fig. 5.11]
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Deep Ocean Wavegquide

Modal Cycle Distance

B — 2T
N dk’!"’fﬂ/dm j

L’ﬁ'!.

Finite Difference Form

27

L.~ [See Jensen, Fig. 5.12]
m — 2 I .
rm — fr(m+1)

Mode 30

L3 = 57.4km
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Numerical Approaches

20 = =-m-mmemsmoooszesoeoseoe- z=0 Finite Difference Formulation
1
2, Depth-separated Helmholtz Equation - Source
T (C—-kI)x=b,
Lh
- Modal Figenvalue Problem
Bl s e s z=D

(C—kT)x=0.

Algebraic Eigenvalue Problem

det A(k?) =0.
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Z() = wmesemessccsocspemcsosans z=0
21
22_
Ih
ZN"l_
ZN = =mmeemeeeeececeeNeeean. z=D
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Constant Density

w?

¢*(z)

U (z) + l — k{:’] U(z) =0,

Taylor series expansion

\P' . \I]-+\I]’h+lp”h—2+ql”’h—3+n--
A A CTREE T

Forward difference approximation

W, -V, h V. —

/A b R 1/ Rt bt S ) h) .
f ; ig T ; +O(h)
From governing equation
Vi) = - | k|

z) = () 3 z).
Wi — w? ] h
Ul S — K| U -+ O(R?).
7 h + [Cz(.Zj) r_ J 2 + ( )
Backward Difference Approzimation
/ " hg 1" hS \Pj - lj[!jfl
V=0, — ¥ h+ 1, 5_% 5—{— o T+O(h)’
U, — W,y w? h
s J _ _ 1.2 - 2
v o~ . [Cg(zj) k,,,l \F 5 + O(h%) .

Centered Difference Approximation

Wi =20+ U4
72

v = +O(h?).
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Continuous Modal Equations

2

W (2) + L;Ez) kf] U(z) = 0,

g' (k) d¥(0)

T¢1.2 r —
7 wioy+ SO
FP(k2) (D) + gBEfE) WD) _ o,

Discrete Modal Equations

{J.‘J‘2 .
\Il31+{2+h2 [Cz(zj)k.?']}q!j—i—q!j—l-lo} J = ]‘?"
fT \Ill \I!D {.U2 9 h
— k| Y- =
g Wy + p h + CQ(O) r 02 0,
fB 1 lI!qu.‘r—lIfN_l w2 9 h
A _ _ oyt = 0.
PR h (D) ]2 !
1 2+ h? [w?/c*(z) — K] 1
— W, v, U..1=0.
hp 1 hp +hp j+1
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P2

\\g Algebraic Eigenvalue Problem

AT =0.
Field Vector

‘I‘:\IID._,\III’...;\IIN

Tri-diagonal Coefficient Matriz

dy

€1

13.853

€1
dl €9
ea dy e3

en—2 dy—2 en—_1

en—1 dy-1 en

EN dN

—2+ W [w?/A(z) — k7] FT(RD)
2hp g (k7)
—2+ h* [w? /() — kP .
' , o J=1
hp
2 B[P (a) — K P
2hp gB(k2)
1 :
ej:%? j=1,...N.

Free Surface

f/lg—o00=Vy=0
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Solving the Modal Eigenvalue Problem

1. QR algorithm - designed for subsets of modes.
2. Sturm’s method

e Bi-section, Sturm sequences
e Newton’s Method, Sturm sequences
e Inverse Iteration

e Richardson Extrapolation
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Sturm Sequences

Bi-section
Real Eigenvalue Problem
1 1 | |
A(K)¥ = (B— \)¥ =0 R, %, & >
3 1
B2 kB Kpax
A — T
p
Tri-diagonal Matriz Newton Iteration
a A : ] >
11 oay By kB 3 f2 kmax
B— Y2 a3 [33 |
YN-2 an-1 Bn-1
TN-1 ON Sturm Sequence
2 (w)e) () = 0
i =
, he m(A) =1
B = v = » pe(A) = (A —a)pr-1(A) = Ye-1Bk-1pr—2(N), k=1,2,...N
N 2 e Number of eigevalues > A equals number of zero-crossings in
- hp Sturm sequence pi(A), k= 1,2,.ldotsN.
2/ .2(,
ay = -2+ (h;‘;) /€ (z)) —2f8/4P o If py(A) =0 then )\ is an eigenvalue .
p
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Inverse Iteration

(B - )\mI) Vi =0

Ergenvalue estimate

Km = Am — € where 0 < |\, — k| < min|\; — £, 1 #m

Starting Vector

Wo=C1V1+---CpyVp, CF#0

Recurrence

*

A X

N ——
Aok
»‘ ——
Y

(B_"imI)Wk:Wk_L k=1,2--. %

max
n

wi; = ci(B— K:mI)_IVi

/ 1\

Eigenvaluespy; = ——— =
)\i — Km
c ) . .
W1 = — Vit Lw etV Improved Discrete Problem Eigenvalues
A1 — Rm A? — Rm
1 A'm — Ry
A Y P o
(Am - f‘i'm)k { e i#m )\;.- — Km
Asymptotics
. Wikj N 1
W v, , .
k m Wik 15 Am — Fm Continuous Problem Eigenvalues

Richardson extrapolatio

kl(h) = ki + boh® + byh* + - - -, ACOUSTICS Lecture 12



Other Methods

Layer Method

e Analytical Solution in each layer
e Direct Global Matrix as for Wavenumber Integration
e Search for zeros of determinant.

e Modal amplitude through Wronskian

Numerov’s method

e Standard scheme: O(hQ)

e Numorov’s method: O(h4) . Twice CPU time
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Bottom

p

b

Treatment of Interfaces

Water

2
qu_1+{ 2+h,?ﬂ[ Tz) kQ]}\I!ﬁ—lI!JH 0, j=1,...N—1,
M

Bottom

2

2()

Continuity of Pressure

IIfj_1+{ —2+ h? { —kf”\I/j+\I!j+1:0, j=N+1,...

Uy = ¥(D7) = (DY)

Continuity of Particle Velocity

d¥(D)/dz _ d¥(D)/dz

)
Pw Pb

\I]N — \IIN_l B w2
hw CQ(

_) 21 Wy %} /Pm

D
Uy — Uy w? 2 hy,
— — kYN — h
{ T L?(Dﬂ r| TN /v

Uy N —Uy + [w?/A(D7) — k2| Uy h2 /2

hwpw h pu
*\I’NjL[wQ/CQ(D—F) ]\I’Nh /2 /SN
+ =0.
thb hbpb
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Mode Normalization

Ur(2) 1 d(f/g)"
No= ;s e

RRVENED D 1
/D o(2) dz N( ~Po + 1 + P2 + ‘+¢N—1+2¢N):
v
7 = p(z)
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