Computational Ocean
Acoustics

* Ray Tracing

« Wavenumber Integration

 Normal Modes
» Parabolic Equation
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Parabolic Equation

« Mathematical Derivation (6.2)
— Phase Errors and Angular Limitations (6.2.4)

« Starting Fields (6.4)

— Modal starter
— PE Self Starter
— Analytical Starters

* PE Solvers
— Split-Step Fourier Algorithm (6.5)
— PE Solutions using FD and FEM (6.6)
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Split-Step PEs

Square-root operator, Feit—Fleck splitting

Q = Jl+e+u
~ J14+pu++v14+e—-1,

Standard PE — u ~0

oY iky [ 1 0
or 2 (n l+k%8z2)¢’

Thomson—Chapman PE

o 1 &

LOGPE

o _ oot (1 2]}
o kg {lnn+ 5 In lcos ko - (R
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Padé Approximation

- a jm q 2m+1
J1+g=1 ———+ 0
+q +J§11+bj:mq+ (q )’

B 2 _2( qT )
Gm = o 1M \om+ 1)

2 Jm
bj.m = cos (2m+ 1) )

First-order Padé Approzimation

050 1+ 0.75
]_ ~ ]_ —
V= A T 025¢ ~ 14025¢°

Second-order Padé Approrimation

Tam14 0.13820¢  036180¢
= T 11065451 ' 1+ 0.09549¢°

Very-Wide-Angle Padé Parabolic Equation (Collins)

2 10
81,b ik m Qj.m (n -1+ k2 322)
2p3 1 o ’
ar J:]- ]_ bj;’fﬂ (n2 ]_ k()z 822)
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Phase Errors and Angular Limitations

Claerbout’s wide-angle PE

o 1+0.75¢
or o (1+ 0.25¢ 1) Vs
Range-Independent Environment
92\ O 0?
2 2 . 2 2
(k (.Z) -+ ng -+ 82’2) ar = 23.‘%[) (k (,Z) — k[} + @) ?7[).
Separation of Variables.
_ b =o(r)¥(z),
=k = k2 (®° — 2ik D)
d*W 5 dd , 5 AP 3
[Mw (2) xp} (dr sz[)(I)) 4 [3%{#&@&0@ ¥ =0,
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Phase Errors and Angular Limitations

Vertical "Modal” Equation

2
dq’+[kz(z)—k? |w=o0,

rrn

1.2
dz S

Horizontal Parabolic Equation PE Propagates
Normal Modes
) ) Undistorted
@ — ik 2kwn B 2kﬁ d—=0.
dr 3k3 + k2
Horizontal Phase
Radial Solution Error

. Qk?%m o 2k§
®(r) = P(rg) exp [zkg ( ey ) (r — rg)] .

Acoustic Pressure

ka k2
p(r, z) = p(ro, 2) \/T;G exXp {ik[} (3;;+3k£fr*) (r— T‘D)] :

r
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Phase Errors and Angular Limitations

Ezact Modal Phase

exp [3 k‘.ﬁ"m (T‘ - TD) ]

k‘r"m - kD Ccos Gm - kD(P

¢ = cos(0,) =1 —sin?0, Helmholtz

Clairbout Modal Phase

1+ 3cos?6,,

YT 3 + cos?4,,
N 1 2 A
= 1= 0.75 STHQ O . Claerbout
1—0.25 sin” 8,
PE Modal Phases
Q =V1-— sin” 6, , Helmholtz
sin’#,,
[See Fig 6.1 in Jensen, Kuperman, Q=1- 2 7 Tappert
Porter and Schmidt. Computational Ocean
Acoustics. New York: Springer-Verlag, 2000.] 1 — in26
Qs = 0.75 S?HQ A Claerbout, Padé (1)
1 —0.25 sin“ 6,
~0.99987 — 0.79624 sin® 4@, Greene
T 1030102 sin%6,,
0.13820 sin? 6, 0.36180 sin? 4,
=1- — . Padé (2
a 1— 0.65451 sin®6,, 1 — 0.09549 sin® 0y, adé (2)
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PE Workshop Case 3B

Oom
¢y =1500 m/s
P; =1000 kg/m3
D :100m -----------------------------------------------
C; =1590 m/s
P,=1200 kg/m3

[See Jensen Fig. 6.2]
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Numerical Starters

r Modal Starter
I
Om i >
I I r.z) oo
t\'_) p(r, z) = Meﬂ(ﬁﬁnf—ﬂ '
I VT
|
| ¢y =1500 m/s
P, =1000 kg/m3
Dzmom...:, ............. T TL = —20log = ¥
| ¢, =1590 m/s \/_
| P,=1200 kg/m3 ) )
' Normalized Modal Freld
\

‘271' M W, (z)Un(2) s o=
p(?‘ Z m e m( ) ez(krmr I)’
Z‘:’ m= 1 rm

Normalized Starting Field

P \/% M \Ijm('zﬁ) \Ijm( )
@b(U, ) P(Zs) mZ:l \/m ’
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PE Self Starter

Helmholtz Equation in Plane Geometry

dOp  Op
Ox? + 022

Forward propagation

o .|, 0*
&cz'\Jk+8ﬁp_O

Integrate Helmholtz Equation x = [—e, €]

+k*p=6(z)8(z — z,),

. Op
Jim 5y = 20— 2).
=
0?2 7
2 — _
Ak +322 25(2 2s)

Rewrite

o !
VE* + 5=

Starting Pressure

= —%5(2; — Zs)

9* i
(kQ + @) Po = —55(3 — 2)

1

Py = ——>P
JE2+ 2

At r = g

82 %
p = (k2+azg) Po

kg [ R (R 4 5 — k)
= ik, ,
j=1 k% + Bj;m(kg + (‘?—;:2‘ _ k%)

Po

Cylindrical Geometry: 1/k,m — 1/sqrtk,m

82 4i
p= (k2+@) Po
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Analytical Starters

Gaussian Source /oo O*(r, z)

—o0 022

_ (z=2s)2 Spectral Domain PE
TP(U:Z) = Ae wi 3 0 Z'kg
Parabolic Equation (8? + 21;)) W(r k) =0,
a2
rz)=1 9 _ 1 0% L

or 2k 027 Vertical Wavenumber Propagator
Fourier Transform

U(r, 2) = /_Z U(r, k.) e*=dk, |

e—:ikzzdz — _kg ¢(T, kz) 3

ik2p

Y(r ky) = (0, k) e o .

tral Condition

1 (z— z-a}

v(0,k) = — Ae Wi e Ry
(0 i 0 . 2
- -t sz — . . o0 ;2 .
/_OG (6?‘ zkg 622) 'l,b(?", z) € “ 0 — ie—zkzz,;/ E_We_“kztdt’
2T —00
t = 2z — 2.
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Analytical Starters

Solution
X _at? :I:’ibtdt — E —%
Vertical Wavenumber solution / ot € a’
Transformed Initial Field
Solution
_ikZr AW —ik.z _EEw?
b(r k) = (0, k) e o . (0, k) = ﬁe se” a4,

Initial Condition Inverse Transform

]_ {z z.;} "
@b 0,k = — AB w2 e WA s .
( ; Z) AT ’I,D(T‘ Z / 1’T )k'zz ez(z—z_.;)kzdkz '
— ie_ikzzs /OG B_%e—ikztdt
2 —00 ’
t = z— z.
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Analytical Starters

Starting Field Normalized Point-source Field
9 2 L R2 — 2 IRY:
A (2: — zﬁ) |P| - R =r"+ (Z 23) .
Pl 2) = 2 P T i2r \ |-
L+ e W (1 T k({W'3> — !
r2 [1 + i%ﬁ] ?
p[> =r~ 'Yyt p|? =~ 1 1 — (z—2)*
Pl = 12 T2 '

e = kiW*/4r?

A=k = —.
’ k
, kA2 K22 (2 — 2,)° -
Ip|” = 2w /T +e eXp | — 22 (1 +¢) ) Gaussian Starting Field

2

0(0,2) = Vhye 3,

p

o R ATWEL R WE
| 22 272 (2 —2)7) -
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Analytical Starters

r

o ; Gaussian Source

‘\ T,D(U, z) = \/’l'?ﬁe_ 2 (#=2) )
: ¢y =1500 m/s
5 00 e pecaeefeneas ey DR Matches point source field for r >> z — z,)

: ;i:llzsc?(? .I;‘ﬁﬁ Greene’s Source
1
I 2 9 _kg{z—zs}z
| (0, 2) = Vko [1.4467 — 0.4201 k3 (2 — z,)?] e 7o -

Thomson’s Source

T . k2 —1/4
¥(0,k,) = \ijo sin(k,z;) (1 — F) ;

(0,2) = F~H {4(0, k.)}

Generalized Gaussian Source

__0 2 . - .
—/k tangle U (z—2z4)* tan® 6 ezkﬂ(z z_.;)smﬁzj
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Spectral Properties of Sources

' Wavenumber
o Integration - FFP
\
[See Jensen, Fig. 6.4a
cq =1500 mis
p,=1000 kg™

Surface Condition

w(oa Z) = "L‘(Oa Z = z.‘d] - "L‘(O, zZ+ zﬁ] 9

Tappert PE
45 Gaussian
GikR ik Source
p(?’, 2,’) - Rl - RQ )
Ry = \/'r? + (z — z4)2, \/'r2 (z + ) [See Jensen, Fig. 6.4b
BeamDirections

A
sinf,, = (2m — 1) ;

4z,
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Gaussian
Source

Green
Source

Thomson
Source

13.853

Spectral Properties of Sources

Tappert PE

Lloyd-Mirror Halfspace Problem
Claerbout PE

Thomson-Chapman PE

[See Jensen, Fig 6.5]
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