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13.853 COMPUTATIONAL OCEAN ACOUSTICS

Lecture 4



Water

Bottom
Layers

| Halfspace

Horizontally stratified environment

Layered Media and Waveguides

Integral Transform Solution

Helmholtz Equation - Layer n

[V + ke (2)] 9 (r) = f(r)

Interface Boundary Conditions

13.853 B [1,0(1‘)] |z=zn =0, n=1---N, Lecture 4



Plane problems: Fourier Transform Solution

fa,2) = [ flke 2) " dk,

1 0 —ikyx
f(kﬁz) - Ef_ocf(maz)e d.?:,

Depth-Separated Wave Equation

P , , (5(2’ — Z.s')
[dz? (- k)] ke 2) = 5, =5 =

. o Depth-S ted Green’s Functi
Superposition Principle ep eparated Green’s Function
dj(kﬂf? z) - _Suj Gw(km?z} z-"') — _St.d [gud(kf} z} Z_r,') + Hu)(k,f'} z)}

N d’ 2 2 0(z — zs)
Source contribution: [@ + (k - km)] Qw(k:m 2, %) T o

d? 0 )
Homogeneous Solution: [@ + (A - kx)} Hy(ky,z) = 0

Interface Boundary Conditions

13.853 Blv(ks, 2,)] = 0.
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Axisymmetric Propagation Problems: Hankel Transform
Solution

fr,2) = [ fke,2) Jo(kr) ke
[k, 2z) = fo’x f(r,2) Jo(k,r)rdr,
Depth-Separated Wave Equation

=) vtk =5, 5

d 2

SUPGI‘pOSitiOIl Principle Depth-Separated Green’s Function

o d?
Source contribution: [d + (k* — kf,)} 9ok, 2,25) = —

Homogeneous Solution: [@

13.853

#"(kra Z) — _Sw Gw(kr: 2 Zs) — _Sw [gw(kr: 2 Zs) + Hw(kr: Z”

d(z — z)

22 27

d?
+ (kQ—ki)] Hy,(ky,z) = 0

Interface Boundary Conditions

B(k,,2,)] =0.
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Vacuum

Point source in a fluid halfspace.

Example: Source in Fluid Halfspace
Homogeneous Solution

Hy(kr,z) = A" (k) ek 4 A~ (k,) o ik:2 ’

Vertical Wavenumber

b, = Jk2— k2

VE? — k2, k. <k Radiating Waves
ivk? — k%, k. > k. Evanescent Waves
Radiation Conditions
A+ k.r ikzz, -+
H,(ky, 2) = (k) . T
A= (k,) e7k:7 | Z— —00.
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Source field

= A(k,)erlm=l

Integration of depth-separated wave equation over [z, — €, 25 + €|:

] row=a
=
1
Ak = _47rz'k3
-
9u(ky,z,25) = _%;;'

Inverse Hankel Transform - Sommerfeld—Weyl Integral

ik.|z—z4]

1 o e
gw(ra z, Z.‘:’) - Efo T Jo(kr“r) kr dkr,

Grazing Angle Representation

k, = kcos8,
k. = ksin#,
dk,

g~ F

50
F=150Hz
407
[
o
3307
bl
en
<
S 207
] Radiating Waves Evanescent
] Waves
10
\
0 : . . s e - _
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Horizontal wavenumber (m™)

Magnitude of the depth-dependent Green’s function for point source in an
infinite medium. Solid curve: z — z, = A/10; dashed curve: z—z, =2 A.

=
: ik |z—zs
i k€ _
gu(r,r’) =~ af_kTE’k”dkx
T[T iplses s
_ I[D e?k\~ zg|sin B +ikx cosl de .
m
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Halfspace Problem: Surface and Radiation Conditions

b(ky, 0) ==

1(k,,z) radiating for z — o0

=
w(k'ra O) - *Sw [gw(k'r: O; Z.‘s) + Hw(k'r: 0)]
e:ikzz_? N
= Sy|———A" (k)| =0,
[4mkz ( )]
Total field
[See Fig 2.7 in Jensen, Kuperman, Porter and Schmidt.
_ _ Computational Ocean Acoustics. New York: Springer-
eiheli=zl  gik(atz) Verlag, 2000.]
U(k,, z) = S, =
4mik, dmik.,

Loyd-Mirror Minima and Mazima

] (2m—1)w
9 = -
Sln max 2kzs 1
. (m—1)w
g z p— —_— .
sm min kzs

Free Surface Reflection Coefficient

R=-1.
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.

Sf\\
2N\ Boundary Conditions

Continuity of vertical|displacement
fluid (water)
Ci/ Py 6?,01(11;,., z) o a"va(kf': z) 2 =0
X 3z n 3z ' a
> =
fluid (bottom) koo Ay (ke) ko1 AT (k) = k1goa(k,0,2,)
Cor P
o Continuity of |pressure
zZv
Two fluid halfspaces Pl ?,Dl('lﬁm 2’) = P2 ¢2Uﬁm Z) ) z=0
=
Reflection and Transmission p2 Ay —p1Ar = p1gea(ks,0,z)

Reflected and Transmitted Waves
Homogeneous Solutions

k.1— pk.
Al_ — Pl — P12 gw=1(kraoazs):

Hya(ky,z) = A (k) e ™ pokz1 + pik: 2

_ 2p1k. 1
e + Zkz,zz A+ - :
Hw:Q (k'r: z) AQ (k!f’) € 2 ,Ozkz:l + Plkz,Q

Guwa(kr, 0, 25)

Source Field Reflection Coefficient for Fluid—Fluid interface

i-':kz|z_zs|

e koy — pik
w k'r 2y Zg = -_-— = p2 %1 ad %2
g :1( 3 < ) 4’m'kz R p2k2:1+,01kz=2’
_ 2p1k;a




Example: Hard Bottom - ¢, > ¢,

Medium 1 Radiating Evanescent
AN A
' N\~
0 k; k4
1 | |
| | 1 >
D
%
Medium 2 Radiating Evanescent
\ J\_ A
Y Y
IR|<1 |R|=1 |R|<1

Spectral domains for a hard bottom, ky < k.

1. k. < ko : Waves are propagating vertically in both media and
energy will be transmitted into the bottom: |R| < 1.

2. ko < kr < k1 : Waves are propagating in the upper halfspace
(water) but are evanescent in the lower halfspace (bottom):

|R| = 1.
3. k1 < k. : Waves are evanescent in depth in both media: |R| <
1.
Magnitude and Phase
R(0) = |R(0)] e,
Critical Angle
6. = arccos (ka/k1)
13.853 COMPUTATIONAL OCEAN ACOUSTICS
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Example: Soft Bottom - ¢, < c,

Medium 1 Radiating Evanescent
A A
' N\~
0 II(1 Il(z
|
| | 1 >
D
%
Medium 2 Radiating Evanescent
\ J\_ A
Y Y
IR|<1 |R|=1 |IR|<1

[see Jensen, Fig 2.12]

Spectral domains for a soft bottom, ky < ks.

1. k. < ky : Waves are propagating vertically in both media and
energy will be transmitted into the bottom: |R| < 1.

2. k1 < ky < ka2 : Waves are evanescent in the upper halfspace
(water) but propagating in the lower halfspace (bottom): |R| =
1.

3. kg < k, : Waves are evanescent in depth in both media: |R| <
1.
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The Point Source Field

Wavenumber Integration Kernel

_Sm [gmil(k'mz: zs) + Hwil(k'r:z)} ’ z2<0
— S, Hoo(ky 2) 2>0,

Reflected Fueld

o , [see Jensen, Fig 2.14 and 2.15]
Vr(r,z) = /D A7 (k) e=*=2% Jo (k) Ky dk,

= [ AT e O k)

Farfield Approzimation - k.r > 1

S e —im/4
” —1[¢(k +kz1(z+z.?) k r] dk‘
Vr(r,2) Am/27r / %kz 1
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Stationary Phase Approzimation - k,1(z + z5) > 1,

0 (p(ky) + kon (24 25) — kyr] = 0

ok,
-
The Point Source Field ¢ (ky) K (2 + 25) =0
ak'r kz;l
Wavenumber Integration Kernel
-~
9¢(ky)
_ = — - ;) cot .
’gb(]ﬁ,.,z) _ Sw [gw,l(kr:z: 2,’3) +Hw,1(k'mz” ) z < O r akr (z+z.)co
_SwHw:Q(k'r;z); z > 0 5
Source( Receiver
Reflected Field (0,,) <i ; (r.z)
Vr(r,z) = / e *=2 g (k) ky dk,
_7 2,12 1
- 2/ Az ( ke g (k) ky dk,
Farfield Approzimation - k. r > 1
zZv
—im/4 . —
G ) = S, e/ / Vkr i) s )] gy 1. 0<8.: A=0¢/0k >0,
dmy/2mr Niks 1 2. 0>0: A=0d¢/dk =0.

Critical Range

r. = —(z + z,) cot 8,
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Spherical wave incident on half-space:

direct, reflected, transmitted, and
head/lateral/conical waves

S(t) = sin(w.t) — %sin(cht) for 0<t<1/f,

0 else

[See Fig 8.2 in Jensen, Kuperman,
Porter and Schmidt. Computational Ocean
Acoustics. New York: Springer-Verlag, 2000.]
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“s=> Spherical wave incident on a halfspace
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