Ocean Acoustic Theory

e Acoustic Wave Equation

e Integral Transforms

e Helmholtz Equation

e Source in Unbounded and Bounded Media

e Propagation in Layered Media
— Reflection and Transmission
e The Ideal Waveguide
— Image Method
- Wavenumber Integral
- Normal Modes

o Pekeris Waveguide
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Water

Bottom
Layers

l I Halfspace

Horizontally stratified environment

Layered Media and Waveguides

Integral Transform Solution

Helmholtz Equation - Layer n

(V2 4+ k2 (2)] (r) = f(r),

Interface Boundary Conditions
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Axisymmetric Propagation Problems: Hankel Transform
Solution

fr2) = [ Flkr2) Jolhr) by
flkr, 2) = fDOC f(r, z) Jo(kyr)rdr,

Depth-Separated Wave Equation

d?

[sz + (K — kf)] W(ky, 2) = S, (2 = 2)

2T

Superposition P1 Depth-Separated Green’s Function

: d?
Source contribut [ + (k* — kf.)} Go(kyy 2,25) = —

Homogeneous S

13.853

w(kraz) — _Sw Gw(kr:z: 2’5) — _Sw [gw(k'razv Zs) + Hw(kr: Z”

O(z — z)

dz? 27

d?
[@ + (k* — kf,)] H,(ksy2z) = 0

Interface Boundary Conditions

Bk, z)] =0.
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Source field

= A(k,) el

Integration of depth-separated wave equation over [z, — €, z, + €l:

9 2
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=
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Alk)) = —
(kr) 4mik,
=
ik |z —z4|
(&
w k’r: yes) & T T -
9us (ks 2, 24) dmik,

Inverse Hankel Transform - Sommerfeld-Weyl Integral

ik, |z—z4

T Jo(ker) by s

1 [oe
gw('r: z, 2,’,,) - E/D

Grazing Angle Representation

k, = kcos8,
k. = ksind,
dk,

W ~
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Horizontal wavenumber (m™)

Magnitude of the depth-dependent Green’s function for point source in an
infinite medium. Solid curve: z — z, = A/10; dashed curve: z—z,=2 A.

=
i eikz\zfzs\
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47 .
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Example: Hard Bottom - ¢, > c,

Medium 1 Radiating Evanescent
A A
' N\~ A\
0 ka Ky
| | |
| | 1 >
N\ L.
Y
Medium 2 Radiating Evanescent
\ J\_ J\ A....
Y Y
IR|<1 IR|=1 IR|<1

Spectral domains for a hard bottom, ke < kq.

1. k. < ko : Waves are propagating vertically in both media and
energy will be transmitted into the bottom: |R| < 1.

2. ks < ky < k1 : Waves are propagating in the upper halfspace
(water) but are ewvanescent in the lower halfspace (bottom):

IR| = 1.

3. k1 < k, : Waves are evanescent in depth in both media: |R| <

[See Fig 2.10 in Jensen, Kuperman, Porter
and Schmidt. Computational Ocean Acoustics.
New York: Springer-Verlag, 2000.]

1.
Magnitude and Phase
R(8) = |R(8)| ",
Critical Angle
6. = arccos (ka/k1)
5
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0om

Zg =36m
® z =36m

tesssssessebersecttenssscstnascannsnass 7 =46M

c =1500 m/s
p =1000 kg/m3

D =100m

Idealized ocean waveguide model with pressure-release surface and bottom

Ideal Fluid Waveguide

Image Method
-z |
s i,
.....-. R
. w03 S
RU]_ v 5
2a
A\ 4
" ot R P
2D Z 02 K
oy R04
2D+zS_.
A 4

Ray Fzpansion

Sw o0 eik‘le eikRmz e?:kﬁma eT:k‘Rmni

'l,/)(?‘, z) = -5 - — + , 6
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Ideal Fluid Waveguide

Integral Transform Solution

Wavenumber Integral Representation

(r,2) = [ Zp(ky, 2) Jo(ker) Ky dy |

Superposition Principle

U(kr,2) = =Sy [9ulkr, 2, zs) + Hu(kr, 2)] -

eikz|z—zs|

w k’-’"? yXg) — T
ok, 7, 2) ik,
Hw(k‘r,z) — A+Uﬁ,~) eikzz —1—A_(k,,,) e—aﬁkzz '

Pressure Release Boundary Conditions at z =0, D

ik, zg
Atk + A (k) = =
(ko) + A (8s) Ak,
A* (k) D A (k) eibr = 0
4rik,

Wavenumber Kernel of Total Field

sink,z sink,(D—z,)

w(k z) e _% k. sink.D ) z < Zg
T Qo | sink,z, sink,(D—z) S .
k. sink.D 3 z Zg .
o Lecture 5
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Singularities of the depth-dependent Green’s function for an ideal waveguide.

Ideal Fluid Waveguide

Poles of Wavenumber Kernel

k.,D = mm, m=1,2...,
or, in terms of the horizontal wavenumber k, = /k* — k2,

2
k, = k?—(%) . om=1,2...

Field Integral Representation

Dir,z) = ;f_“’ O(ky, 2) HE (kyr) by i,
Field Evaluation Techniques

1. Method of Stationary Phase: Ray Methods
2. Numerical Integration: Wavenumber Integration approach.

3. Contour integration by residuals: Normal Modes.

COMPUTATIONAL OCEAN ACOUSTICS
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Depth dependence of the first 3 normal modes in

Singularities of the depth-dependent Green’s function for an ideal waveguide. ideal waveguide at 20Hz.

Modes as Superposition of Plane Waves

Ideal Fluid Waveguide

eikzmz o ef'.ik'zmz
Normal Modes sin(k.mz) = 5
1
Se . .
P(r,z) = ) > sin(kzmz) sin(kemzs) H[()l)(kwnr) ,
D m=1 A
D
Propagating modes: kyp, real m < kTD ,
Y
FEvanescent modes:  k,,, imaginary m > kTD .
Bm = arctan (kzm/kf‘m)
2D 2D . 2mm
Lip = — — cost,, = 2Dsinb,, = —— = mA,
sinf,, tan#f,, k
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Modal Dispersion

= e ()

2
mm

=l ()
w c J”fﬂ+ D

Modal Cut-off Frequencies

f _ Wom  McC
T o T 2D
Modal Phase Velocity
w
Um =— 77— -
kf':f”

[see Jensen, Fig 2.21]

13.853

Modal Group Velocity

'l,b(t) _ fwﬁ",b(w) e~ ilwt—kmm@)r] 3.,

wW—€

dwdt — dkyy(w)dr = 0

dr dw
Uy = -, =

dt dkrm

[see Jensen, Fig 2.22]
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Ideal Fluid Waveguide

The Waveguide Field

|¢(T’ Z)l =~ T_l/z ‘Am e:':kym‘JF + Aw, eikmr
= 12 \/A'?n + A2 +2A,, A, cos [ (kpm — k)] -

Amplitude Oscillation Period - Modal Interference Length

2

L=—"
k‘rm - k‘rn '

Propagating Modes at 20 Hz

kD 2fD
M<—:fT:2.6667.

™

[see Jensen, Figs 2.23 & 2.24]
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Om

¢y =1500 m/s
P, =1000 kg/m3

D =100m

Pekeris waveguide with pressure-release surface and penetrable fluid bottom

The Pekeris Waveguide

Field in Water

ik, 1|z—z

T AT T A () e

U1(ky,2) = Sy
Field in Bottom

Uy (ky, 2) = Af (k) e*F=2G=D)

Vertical Wavenumber

Vk3 — k7, k| < k2
sz_

? o . 2 _ 2 12
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Interface Conditions

Surface Pressure Release
AF (k) + Ap (k) = 8,
LA : Y T 4rk,
Seabed Displacement Continuity

zleiszl (D—zy)

ke ™00 AL (k) —kep e ™0 AT (k) —ks2 A3 (k) = ke S ————,
47{'&32:1

Seabed Pressure Continuity

ik, D 4+ —ik.1D A— 4 jeikza1(D—25)
pre” =AY (k) +pre” AL (ke) — p2 Ay (kr) = 1S

471']132:1
Global Matrixz Fquations
r 9 ' A r . b
1 1 0 Af ek=1%s
k.1 D k.1 D - ZS"“' ik, 1(D
kz.l e’ _kz.l e el _kz.Q 9 Al (= T Ikz.l e’ 21(D=2) 5
* * * 4k, *
i 01 ezszD P e—zszD — o Il A;_ J k P ezkz’l (D—2z) ’

Normal Modes
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- a = .
e
UL LR B
okt UsF R

Pl “F
fo? Bt TS
o Iy Normal Modes
T e
det(k,) = =2i[pk,ysin(k, D)+ ipsk. cos(k, D)]
ipok; )
tan(k, D) = ———.
plk:;,‘.?
Propagating modes:|ky| < |k.| < |ky] .
Complex k -planc
Cew
C
4
Complex wavenumber plane with EJP branch cut, poles,
and integration contour.
13.853
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Mode Mode Mode

1 2 3
-0 -0 | -0 |
| |
I I
I I
I I
I I
I I
I I
I I
I I
| |
507 50 | 50 :
~ | |
g i |
A I ]
= | |
e I |
(=9 1 1
[ | |
a | |
1001 1004----- e 100----- a-m----
| |
I I
I I
I I
I I
I I
I I
I I
I I
I I
150 - 150 +——— 150 ——+
-1 -1 0 1 -1 0 1

Depth dependence of acoustic pressure for the 3 normal modes in the Pekeris waveguide at 35Hz.

Modal Expansion

1S, M (1)
77[”(?1: Z) = _E _la?’n(kwn) sin(kmbz) Sill(kzng) HC‘ (kwni*‘) !

Modal Dispersion 15
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Modal Expansion

Z'Sw M
2D

m=1

Modal Dispersion

Modal Cut-off Frequencies

k.o =0
=
koD = womDyer?—c?
= g+(m—1)7r, m=1,2,---
=
Wom
o
e

High-frequency Limats

koD — ma for W — 00,

am (K sin(kzpz) sin(kamzs) H él) (kpmr)

[see Jensen, Fig 2.28]
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The Pekeris Waveguide Field
Spectral Regimes

e 0 < k., < kg : The continuous spectrum where waves are ra-
diating into the bottom, thus leaking energy away from the
waveguide.

e ky < k, < ki : The discrete spectrum where the field is propa-
gating vertically in the water and is exponentially decaying in
the bottom. This part of the spectrum contains the discrete
poles corresponding to lossless modes.

e k1 < k. : The evanescent spectrum where wave components
in both water and bottom are exponentially decaying in the
vertical.

[see Jensen, Fig 2.29]
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Attenuation

Plane Harmonic Wave

w(mj t) — Ae—i(wt—km) ?

Linear Attenuation

'l,b(a"}; t) — Ae—i(wt—km)—ﬁm’ /8 >0
— A e—i[wt—k(l+i§)x]

Compler Wavenumber

k= k(1+1i6).

Attenuation in dB/A

a = —20log

Y(r + A, t)
P(z,t)

= —20log [e_'%ﬂ =407 loge ~ 54.58 6 .
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Reciprocity

Transmission Loss Helmholtz Equation

pV - F VP(r,ry)| + kK*P(r,r,) = 47 6(r — 14) .

P

Transmission Loss Reciprocity

p(rs) P(r,rs) = p(r) P(rs, 1) .

[see Jensen, Fig 2.30]
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