Lecture 5 - 2003
Twist closed sections

As this development would be almost identical to that of the open section, some of the
development is simply repeated (copied) from the open section development.

pure twist around center of rotation D => neither axial (c) nor bending forces (Mx, My) act on
section

from equilibrium

pure twist
c dA =Ny t-hpdA=J( q~h.pds=Tp cdA=0
) c-ydA=-Mz t-cos(oc) dA = J q~cos(oc) ds = Vy c-ydA=0
) G.ZdA=MY r-sin(a) dA=J q-sin(oc)ds=VZ c-zdA=0
a) equilibrium of wall element:
pure twist =>.£=n=0=>
o _ S_W.cos(a) + 2 gin(o) + 3% becomes L hD-@
ox X X Ox Ox Ox
b) compatibility (shear strain)
d d _
T TY  |hereis first change. we cannot sety = 0 as we did in the open problem
_ d _ (d\_od _=x 3¢
R R Pe, s
i i = u= | —ds——- [ hpds+ uy(x)
and integration along s => J G 5x J D Yo

0

for open sections u= —@J( hpyds + ug(x) as yis small =>=0
5x

other assumptions: section shape remains etc. same
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S
r L See: Torsion of Thin-Walled, Noncircular Closed Shafts; Shames Section
E s 14.5 particularly; equations 14.17, 14.18 and 14.21 (Bredt's formula)
also: Hughes 6.1.19, 6.1.21, 6.1.22 and section 6.1

MX =2.q-A qi=— and ...... Mx = GJ— => = ﬂ@
2:A ox 2:A 8x

A in these relationships is the "swept area" i.e. per Shames; "total plane area vector of the area enclosed by the
midline s." near 14.21

3¢
s s GJl— s s 442 integral 0 to b =>
[ lds=ﬂ( Las= 5"-[ lols=i-r 1422 == circular (all way
J G G J t 2-A-G J t 2-A J t & r 1 around) defining J
0 0 0 0 —ds f '
J t rom 14.21 (Bredt's
0 formula)
S s A s s )
) J 1 )
u= r Zds- J hpyds 2 +uy(x) = —r —ds—J hp ds ) + uy(x)
J G 0o ) 2A | . 8x
0 0 J
as with open sections define "sectorial" coordinate = Q, by its derivative
Q wrt arbitrary origin and o wrt normalized sectorial coordinate
rS 1
definition: L ds
t
s s s
J 1 J 1 Y0
dQ = hD——-—\-ds=dco Q= hDds——-r —ds = hpds — 2-A-
2A t) 2A J t b
0 0 0 1
—ds
t
Y0
. . . Y0
the warping function then becomes (as previously): u = ——-Q + uy(x) = —¢"-Q + uy(x)
Ox
rS 1
—ds
S t
the warping function Q has a "correction" to the J hpy ds term of DA Y0
0 rb
1
—ds
t
“0

otherwise everything is identical. hD and hc still have same meaning inQ and o
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b) warping stresses
as before: axial strain = du/dx => u' = —¢"-Q + u'((x) and

axial stress:
6 = Eu' = -E¢"Q + E-u'((x)

J' ocdA =0 determines u'n(x) J( (_E.¢".Q + E-u'y(x) ') dA =0 =>
QdA QdA
, o and stress becomes: _ " ; _ .y
E-u'o(x) = E-¢ 6 =-E¢"Q +E-¢———— =-E-¢"0
A A
J' QdA | J QdA
thatis: c = -E-¢"| Q - —— =-E-¢".®  where o=Q -
A ) A
axial stress: ¢ = -E-¢"»
shear stress
shear flow follows from integration of Qq + d—cs\t = 0along s and leads to :
ds dx )
Lo={ls) = a(5.%) = | o 1%
ds dx ) J dx

using the expression for axial stress o = E-u' = -E-¢" o

s

s s
q(s,x) = qq(x) — ( [d—c\-tds =q(x) - J -E-¢"-0-tds = qi(x) + E-¢" J o-tds
J dx ) 0 0 )

0

where q;(x) is f(x) unlike open section we cannot setit=0 q;(x) # 0
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we can superpose an open and closed problem setting the "slip" i.e.y at an arbitrary cut =0
this is equivalent to collecting all the s variation into the open solution and the x variation into

the constant

dopen(8>X) = Topen't =

s
QQ):,[ (odA=J o-tds
0

the o derived above is the value with the constant of integration set to zero, i.e starting from open end.

To
q(s,%) = q1(%) + Gopen(s,X) = q(x) - I—-Qm
0o
lip => d=0=(ld=[‘
no slip J' yds J s J
T
( [ (0 — —=-Qq
=> O=J %dS=J| tcoco
T
I_(DJ Qg ds
0o
=> qx)=——
[ 1,
J t
J Qg ds
T
4(s.%) = 4 —| Qg -
alo) ( ]
—ds
J t

N.B. these integrals are circular

L ds=0 i.e. no slip results are for
complete way around the closed
section

T
1
ds = q(x)- ( —ds - —. r Qg ds
J t loo J
SO we can say:
J( Q(D ds

thus a "correction" is applied to Qo for

the closed section. the o is for the closed section
(with it's correction applied)
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c) Center of twist

as for an open section, the second and third equilibrium condition above requires:

J' c-ydA=0 J' c-zdA=0 for pure twist

using ¢ = -E-¢"-o this requires J' o-ydA =0 and J owzdA=0as E=0and ¢"# 0

as shown above this relationship is identical with the new "corrrected" o so the shear center and
center of twist can be calculated the same way.

—I Jo+ 1 -
- (chodlz_ Iyz'lzo)c) and ... 7 = ( zoc 'y - yz ymC)
YD = 5 (I 11 2)
(Iy.lz - Iyz) vl =1y,
and for principal axes Iyz =0 Iyz -0
(lyoclz = lyz o) (aeTy *+ Ly Ly)
yD = P ZD = 5
(Iy'lz — Iy, ) (Iy'lz -1y, )
_choc _IZ(J)C
D7 I and ... p— |
y Z
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