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EQUATION SHEET - Quiz 2
Number Representation

- Floating Number Representation: x =m b°, b <m <h°

Truncation Errors and Error Analysis y = f(x,,x,,x;,...,x,)

F) = G+ A £+ S )+ 5
Taylor Series: Ax”” ’

m

—1’ (&)

I (x,..,X,)
ox,

1

The Differential Error (general error propagation) Formula: &, < Z
i=1

The Standard Error (statistical formula): E(A y) =

_|rr@®
f()

Condition Number of f{x): K,

Roots of nonlinear equations ( x_, =x, —A(x,) f(x,) )

Bisection: successive division of bracket in half, next bracket based on sign of

f(xlnﬂ)f(xrr:ir(i—point)
False-Position (Regula Falsi): x, =x, — S Oxy) o, = xy)
VACHRNACH)
Fixed Point Iteration (General Method or Picard Iteration):
= g(xn) or xn+l = xn _h(‘xn )f(x )

Newton Raphson: x,

f() 5

(x, —x,.1)
Secant Method: x, = x, ——— 2 %!
ceantMethod: X = = G

Order of convergence p: Defininge, = x, —x°, the order of convergence p exists if there

e
exist a constant C#£0 such that: lim ’”; =C

n—»0
en



Conservation Law for a scalar ¢, in integral and differential forms:

d d
P av =t —| v+ [ pg(ii)da =—j Add+ Y[
{dt J‘CM p¢ dt CVﬁxed p¢ cs p¢ ( ) q¢ Z Vixed
%/—J
Advective fluxes Other transports
(Adv.& diff. ="convection" fluxes) (diffusion, etc) Sum of sources and

sinks terms (reactions, etc)

P B -
- %+V.(p¢v):—v. qs+S,

Linear Algebraic Systems:
(k)

i 0D
k> i
kk

s . : k k k k k
Gauss Elimination: reduction, m, = a) —my ay’, bV =b" —m, b

followed by a back-substitution. x, = Lb —~ Z ag’x j / al
J=k+1

min(i, ;)

- LU decomposition: A=LU, a, = > m,a;"

k=1
- Choleski Factorization: A=R*R, where R is upper triangular and R” its conjugate transpose.

- Condition number of a linear algebraic system: K(A) = HA‘IH ||A||
- A banded matrix of p super-diagonals and ¢ sub-diagonals has a bandwidthw =p + g + 1
i Zl_ _n(n+1) and zl_z _n(r+D2n+1)

i=1 2 i=1 6
- Eigendecomposition: Ax=A4Ax and det(A—-Al)=0
- Norms:
||A|| = 11??3,3 Z| y| “Maximum Column Sum”
|A|| = {?,%ﬁ Z| | “Maximum Row Sum”

2
||A||F = (iikﬂ J “Frobenius norm” (or “Euclidean norm”)

i=1 j=1

AL, = A {A*A} “L—2norm” (or “spectral norm”)

Iterative Methods for solving linear algebraic systems: x*"' =B x* +¢ k=0,1,2,...
- Necessary and sufficient condition for convergence:
p(B)= max |/1,| <1, where A, =eigenvalue(B, )

- Jacobi’s method: x*"' =-D'(L+U)x*+D'b
- Gauss-Seidel method: x**' =—(D+L)'Ux* +(D+L)'b

- SOR Method: x**' = (D + o) '[-0U + (1 — @)D]x* + (D + wL)'b
T

. T,
- Steepest Descent Gradient Method: X, =X, + T’—A’rl., r,=b-Ax,
I, AL

- Conjugate Gradient: x,,, = x, + ¢, v, (ai such that each v; are generated by orthogonalization
of residuum vectors and such that search directions are A-conjugate).
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Finite Differences — PDE types (2nd order, 2D): 4¢_+ B¢ +Cg,, = F(x,y,4,9..9,)
B? — AC> 0: hyperbolic; B> — AC =0: parabolic; B> - AC < 0: elliptic

Finite Differences — Error Types and Discretization Properties ( £(¢) =0, LA'AX(&) =0)
Consistency: ‘[ (9)— Z’Ax (9) ‘ — 0 whenAx— 0

Truncation error: 7, = £(§)— Z'M(¢) — O0(Ax") for Ax—>0
Error equation: 7, = £(¢)— Z’M(é +&)= —LA’AX (&) (for linear systems)

Stability: HLA'ALIH < Const. (for linear systems)

51
[Ax

<a O(Ax?)

Convergence: ”8” < ‘ ||rAY

Finite Differences — General schemes and Higher Accuracy

0"u
m

Higher Order Accuracy Finite-difference based on Taylor Series: (8
X

S
J - zai Uii = Tae
j i=—r

Newton’s interpolating polynomial formulas, equidistant sampling:

A A2
@) = fot Bl my DB e
A" (n+1) {;-
+ nlh‘}:f(r—IO)(I—Il)-.-(I—In—1)+ ‘}En+§)1)(q;—3;o)(r_rn)

n n x — x .
Lagrange polynomial:  f(x) = ZLk (x)f(x,) with L (x)= H /
k=0

J=0,j#k X —X;

. . . X 0"
Hermite Polynomials and Compact/Pade’s Difference schemes: Z b, (8 :
X

q
- Z QU = Tax
j+i o =

i=—r

Finite Differences — Non-Uniform Grids, Grid Refinement and Error Estimation

For a centered-difference approximation of /”(x) over a 1D grid, contracting/expanding with a
constant factor r., Ax,,, =r, Ax, , the:

(1-1) Ax,

- Leading term of the truncation error is: 7y ~ 5

Jx)

- Ratio of the two truncation errors at a common point is: R ~

Grid-Refinement and Error estimation:

- Estimate of the order of accuracy: p = log [um—uw] /log2

A T Uoax



Uy, —Ups

- Discretization error on the grid Ax: &, ~ 71

I(hs) —I(h .
Richardson Extrapolation for the Trapezoidal Rule: I = I(hs) + ((h-—;h)z(ill) + O(h%)
1/ha)™—

4'p

J+Lk—-1

4511

-D

Jok—1

“Romberg” Differentiation Algorithm: D, =

Finite Differences — Fourier Analysis and Error Analysis

af _o'f.

A o : With f(x,t) = i f, (t) &', one obtains:

k=—o0

(ik)' fu=cf,(t)  for o=ik)'

Fourier transform of a generic PDE,

df(0) _
dt

Finite Difference Methods — Effective wave number and speed
ikx

sin(kAx)

Effective Wave Number: [ )

= j =ik, "™  (for CDS, 2" order, k, =
X .
J

Effective Wave Speed (for linear convection eq., aa— +c—=
t

d‘f;cﬂum.

s I s . C O
. — _f}(num(t) ci keff = —— (x’ t) — Z -]pk(o) elkx*lkeﬂ\t — Z f;{(o) elk(x—Ce“\t) — et _ Zeff _
k=—0 k=—0

Finite Difference Methods — Stability

Von Neumann: &(x,t)= > &,(t) €™, &,(1) €™ =& " (y in general complex, function of )
P=—0
Strict condition for stability:
‘em" <1 orfor £ =e™, |§| <1 VB (for the error not to grow in time)
Useful trigonometric relations:
e* +e " =2cos(x), €' —e ™ =2sin(x) and 1-cos(x)=2sin’(x/2)

CFL condition: “Numerical domain of dependence of FD scheme must include the mathematical
domain of dependence of the corresponding PDE”



Figure 23.1
Chapra and
Canale

Forward
Differences

2.29

Forward finite-divided-difference formulas: two versions are presented for each derivative. The

latter version incorporates more terms of the Taylor series expansion and is, consequently, more

accurate.

First Derivative

Fx) = M
—fxi+-2) + Af|x;1) — 3H(x)

{'(X,‘) = 2h

Second Derivative

” fxi+2) = 2f(xi41) + fix)

f()(,'} = h2

—f{xi+3) + 4f(xi2) — Sflxis) + 2f(x)
h?

f "(xi) =

Third Derivative

iy Hxixa) = 3fxia2) + 3flxin) — Fx)

f [XI', - h3

_3f(Xi+4) * ]4f(Xi+3] - 24ﬂxi+2' ¥ ]8f(Xi+I’ - 5f(Xi)
2h?

lx) =

Fourth Derivative

w1 Hxiva) = Aflxia3) + Of(xipo) = 4fixi) + flx)
f '(X,') - hA
—2fxix5) + 11fxir4) = 24f(xi43) + 26f(x;1-2) — 14H(x11) + 3f(x)

f ""(X,') = h4

Numerical Fluid Mechanics

Error

Ofhl

Olh?)

Ofhl

ah?)

Ohl

Olh?)

Ofhl

Olh?)

PFJL Lecture 10, 15



Backward
Differences

FIGURE 23.2

Backward finite-divided-
difference formulas: two
versions are presented for each
derivative. The latter version
incorporates more terms of the
Taylor series expansion and s,
consequently, more accurate.

2.29

First Derivative

Error

f,(X,') = f(X;) _hf‘xi—ll Qh]
o 3fx) — 4f(xi=1) + fixi—2) Oh?)
(xi) =
2h
Second Derivative
Plx) = Fxi) — Qf(X;,—;) + flx;—2) Olh)
vy 2f0x) = Sfixic) + 4flxi—o) = fixi—s) Oh?)
f'X,') — h2 —
Third Derivative
P"(X,') = )((X,‘) - SHX,'—]) -:)33f(xl—2) - f(xl'—'3} ah]
fm(xi) - ‘SHXI) - ]8f(xi—]) + 24“;1};—32) _ 14{(X,'_3) + 3”&'—4’ qh?]
Fourth Derivative
) = fix) = 4fxi-1) + éf(x};z) — 4fixi—3) + fxi-a) Ol
) = 3x] — 14fxi-1) + 26f(xi-2) —h 424f(><,--3) + 1 1x-a) = 2f{xs) o)
Numerical Fluid Mechanics PFJL Lecture 10,

16



Centered finite-divided-

difference formulas: two
versions are presented for each
derivative. The latter version
incorporates more ferms of the
Taylor series expansion and s,
consequently, more accurate.,

2.29

Centered
Differences

First Derivative

f[xi+l) - 'EIXF—I]
2h
—HX;+2| + 8'([?‘{#1' = SF[K:'-I:' + f':»‘ff—z}
12h

Fx) =

f'lx) =

Second Derivative

Fxie) = 2/} + Fxizn)

fﬂ{ X } = hz

f”':&' =

—Hx;42) + 16fx:1) = 30fx) + 16Hx-1) — fixi—2]

12h2

Third Derivative

() = fxiea) = 2Hxis1) + 2fx1) = flxi-2)
X = 2R3

o =

~flx:a] +81(x42) = 13fxi41) + 1 3Axi-1) — BHxi—z) + Alx;-3)

8h*

Fourth Derivative

. Hxiv2) = Aflxie1) + Oflx) = 4flxi1) + flxizg)
l:xl') Y

hzi
'rw[xl'h =

—Hxia3) + 12f(xi12) + 39f(x:i 1) + 56fx) — 39fx—1) + 12f(x—2) + flxi=a) oLd

Error .
Clh?)

Ol

Olh)

oLy

Olh?)

Olh’)

O[h?)

Numerical Fluid Mechanics
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Finite Difference Methods — Schemes for specific PDE types

Hyperbolic, 1D: u,+bu,=0

TABLE 6.1. Various Finite Difference Forms for u + bu =0

Symbolic Explicit or Computational
Finite Difference Form Difference  Stability Implicit Molecule

“r+l‘3_urvlv: ur,:+|‘ur_,;— . bh i
= +b 5 l=0 Cc-C ==l Explicit
Uriis — Urs Ups+1 " Urs—1 _ - ‘.
p +b 7k =0 E=E Unstable Explicit
Herts Yoot g pMhe Yoo ©-B  Unsuble  Explici
2h k
Upi,s  Ups U, s Uy 51 = = ﬂ'_gl Explicit
; +b ™ 0 F—B X p
unl.s_u,——l,s+bu,+l.”|_u,-1.x— 1 =0 C"C,H Stable Implicil
2h 2k
U,y U, s Upiys+1 " Ups15-1 =0 F—C Stable Implicit
h +b 2k r+ 1 P
“"'-\h' Rrs 4 portls “k“" bi-l=0 F-—B,,, Stable Explicit

Implicit e/

Elliptic PDEs: 2D Laplace/Poisson Eqg. on a Cartesian-orthogonal uniform grid
k k k k 2
u . u . u . tu . —h'g
SOR, Jacobi: u' = (1— ) u}, + @w——L——1——0 /= 8is

4
k k+1 k k+1 2
. ., Au+u . Au . —h'g
SOR, GauSS-Seldel: ulk;rl =(1—C()) uikj +w i+1,] i—1,j 1,2-1 i,j-1 i,j



Parabolic PDEs: 2D Heat Conduction Eq. on a Cartesian-orthogonal grid
n+l n n n n n n n
7;,/‘ _T;,j — 2 7;71,,' _2];,,' + 7;+1,j P 7;,/'71 _27;,/' + 7;,/41
Ax? A
. . . . At c?
* Crank-Nicolson Implicit (for Ax=Ay, withr = —):
Ax

* Explicit:

(420 = (=20, = 2T 4 T+ T+ T )+ 2 (T T+ T T )

i+l,j i,j+1 i,j—1

n+l1/2 n n n n n+l1/2 n+l1/2 n+l/2
« ADI: ]:/ B ]:] -2 7;—1,]' B 27:21 + Tz"+1,j e Tz",j—l B 27;,_; . + 7;,_141
At/2 Ax Ay

n+l n+l/2 n+l n+l n+l n+l/2 n+l/2 n+l/2
Ty =T 2 Th, =215 + T g L =215 + T,

J C
At/2 Ax’ AY?
(for Ax=Ay):  —rT""P + 20+ NI =T =T +2(0=0T + 7T}

i,j+1
n+l n+l1 n+l __ n+1/2 n+1/2 n+1/2
=10, 20+ 0T =T, =T+ 20 =0T + T

i+l,j

o dd = . =_1 _
Finite Volume Methods: VE+LF¢'H d4=S,, where @-;Lp¢dl/ and S, —IVS¢ dv

Cartesian grids

NW N oNE " : I" 2 i
T Rn N
- Az
nw. 0 nel h °n
W NIRRT T, oE L. oFE W “ eS| E
. il e 1
W si7 sel o
i | . B
y . oSW s oSE . e | 3
Ax | | y X
' Ly I
d i L Ax L
i L3 7% x; Xist i 1
! IS SO X
T
Fig. 4.3. A typical CV and the notation used for a Cartesian 3D grid

Fig. 4.2. A typical CV and the notation used for a Cartesian 2D grid

e Surface Integrals: F = L S, dA

- 2D problems (1D surface integrals)
= Midpoint rule 2" order): F, = [ f, dA=7.S,= /.5, +O(\") = 1.5,

* Trapezoid rule (2" order): F, = IS f,dA=S, (f"ezﬁ +0(M?)

*  Simpson’s rule (4" order): F, = L Sy dA=S, (e +4ér" ) +0(AY)

- 3D problems (2D surface integrals)
= Midpoint rule (2" order): F. = L f,dA=S,f, +O(N*,Az%)

— 1
e Volume Integrals: S, = IV s, dV, ®©= ;J‘V podV
- 2D/3D problems, Midpoint rule (2™ order): S, = J.V s, dV =5,V =~s,V

-9.



- 2D, bi-quadratic (4" order, Cart.): s, = % [165, +4s, +4s, +4s, +4s, +5,, +5,, + 5, +5,,]
e Interpolations / Differentiations (obtain fluxes “Fe=f(¢)” as a function of cell-average values)
@ if (ﬁ.ﬁ)e >0

- Upwind Interpolation (UDS): ¢ =
b P (UDS): 4. {¢E if (v.i) <0

- Linear Interpolation (CDS): b = +d,(1-1) where 4, = X, —Xp
X, —Xp

P=gA+d(1-1), with 1= X" %r 99 ~ b — &

Xp—Xp x|, Xp—Xxp

- Quadratic Upwind interpolation (QUICK): ¢, =d, + g, (4, —&,)+ & (4, — D))

3 A3
For uniform grids, ¢, = §¢U + 3 @, _1¢UU _3M70¢

——2 +R
8" 8" 8 48 ox’|,

- Higher order schemes:
For example, for ¢(x)=a, +a,x+a,x" +a,x’,
27¢P + 27¢E — 3¢W — 3¢EE

Convective fluxes ¢, =

48
Diffusive Fluxes, for a uniform Cartesian grid: 0P| _ 270 =27hp + Py — e
x|, 24 Ax
: + Ax( 0 0
For a compact high order scheme: ¢, = bt +— o9 96 +O(AxY)
2 8 \Ox|, Ox|;
Solution of the Navier-Stokes Equations
apv
+V. =-Vp+ Vv +
Newtonian fluid + incompressible + constant: ot (pV V) =-Vp+ Vvt pg
Vy=0

Strong conservative form, general Newtonian fluid:

opv, _ . ou, Ou, 2 Ou,
Lt 4V. ) =V.l - 4+ +_ e ——u—=Le +
y (,OVI V) { P e ,U( J d 3/,1 € pglx ]

Kinetic energy equation, CV form:

—~112
8t P ”V” av=-[_ p@(ﬁﬁ)dfl [ pvidd+| (Ev)iidA+| (-&:VV+pVi+pgv)dV
Pressure equation: VVp=V’p= —V.% —V.(V.(pv V))+V. (,uvzﬁ) +V.(pg)

For constant x and p: V.Vp=-V.(V.(pV V))

-10 -



Pressure-correction Methods
oo o(puy, uj) N 51’@7
' ox, ox,

(pu,)"™ = (pu,)" = At (Hi”_5_p J

5 (op")_om
ox, | ox, ox.

1 1

Forward-Euler Explicit in Time:

- . 5(p u.u A)n+1 5 r. n+l é‘p n+l
) (o) = Ar| = T 0P
() ~(puy < au| 20T 58T

J

i 5_pn+l :i _5(,0uiuj)n+l+57ijn+l
ox, |\ ox, ox, ox; ox;

J

Backward-Euler Implicit in Time:

Backward-Euler Implicit in Time, linearized momentum update:

. . S(puu) Spu'Au) 6(pAuu”) oOt." SAr
(pul) 1_(pui) =pAul =Af _ (p i _]) _ (10 i j)_ (p i j)+ ij +
ox, ox, ox, ox, ox, Ox
Steady state solver, matrix notation:
m—1
Outer iteration, nonlinear solve: AY uf"* = b:,;l - §—p
i X

u;

N du” 8 ([, ur\'Op" Ct (awt ) e
Outer iteration, pressure update: — = —[(A i ) i j, u’ = (A i ) b}
: : : u” m m 6]7
Inner iteration, linear solve: A" u’=b". ——

Steady state solver, matrix notation, pressure-correction schemes:
Based on the above, but introduce U =u™ +U' p” = p” + p'and further simplify to
get varied schemes (SIMPLE, SIMPLER, SIMPLEC, PISO, etc.)

-11 -
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Projection Methods, Pressure-Correction Form

Non-Incremental:

ot . 5 . n+l 5 “n+1 N
D WP
J J
5 5pn+1 ~ 1 5 N . 5pn+l
sl Jraallor) 5 -
n+l
(,0“1')’1+1 = (p”i* )n+1 - At j:_fl
Incremental:
. ) 5 u. n+l 5 “n+l n ne
(ou )" = (pu,) +A{— (’;:””f) + 5;” —55’; } (pu,") laD:(bc)
J j i
s{s(p™-p)) 1 s aey o S(p-pt)
5—[ 5 J_E5_xi((p e
. e 5 n+1_ n
(pu,)’ lz(p“i ) I_At%
Rotational Incremental:
ot ) 5 U n+l1 5 [An+1 5 n e
(ou’ )" = (pu,) +Az[— (’;zj”f) " 5;{ - ;;j; (pu’)"], = (b0
5 5(5pn+1) B 1 s Ry 5(5pn+l)
5_%[ ox, ]A_tg_xz((pu[ ) )’ on ap i

n+l n

-12 -
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