The Point-Spread Function (PSF) of a low-pass filter
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wave
illumination
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ideal ideal truncated wave converging
(infinitely wide) (infinitely wide) plane wave to form the PSF
spherical wave plane wave at the output plane

Now consider the same 4F system but replace the input transparency with an ideal point source,
implemented as an opaque sheet with an infinitesimally small transparent hole and illuminated with a plane
wave on axis (actually, any illumination will result in a point source in this case, according to Huygens.)

In Systems terminology, we are exciting this linear system with an impulse (delta-function);
therefore, the response is known as Impulse Response.
In Optics terminology, we use instead the term Point-Spread Function (PSF) and we denote it as #(x’ ,y").

The sequence to compute the PSF of a 4F system is:

= observe that the Fourier transform of the input transparency d(x) is simply 1 everywhere at the pupil plane
= multiply 1 by the complex amplitude transmittance of the pupil mask

= Fourier transform the product and scale to the output plane coordinates x’ =ulf,.

MIT éﬂlgrlefgre the PSF is simply the Fourier transform of the pupil mask, scaled to the output coordlnateslx =uif2
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Example: PSF of a low-pass filter
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The pupil mask is gpm(z”) = rect (ch

) . If the input transparency is 8(x), the field at the pupil plane to the

right of the pupil mask is gpp+(z”) = gpp— (2") xgpm(z”) = 1xrect <3cm

> = @op (a0 = (R cmlsine (o < Scm) .

The output field, i.e. the PSF is

/

aal z' X 3 cm

Gonfal) = Bilah) — Een <v> = (3 c¢m) sinc (0.5,um X 200m> = (8 cm)aine <3.3§,um> '

The scaling factor (3x) in the PSF ensures that the integral [|4(x’ )|2dx equals the portion of the input energy
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Example PSF of a phase pupll filter

pupil mask — . PSF
— ﬁ4-
5 0.75F 5
o, S, 3+
— 0.5} =
= X2
Py =
0.25} s
I I I 0 -_—
-4 -3 -2 -1 0 1 2 3 4 -20 15 20
x” [em]

pi_ T T T T T T T ] pl—
T 5
8 pi2r 8 pir2
= =
= O £ o0
2 2
e —pier T —pi/2
s S

—pi‘ 1 I i I i ! I 7] —pi- | h | | | | L 7]

-4 -3 -2 -1 0 1 2 3 4 -20 -15 -10 -5 0 5 10 15 20

x” [cm] X’ [um]

Syl

The pupil mask is gem(z”) = rec

',L,// :E//
, — L) zect .
(36m> T4 - Vg (1cm)

The PSFis  h(z') = Gpu ()\f) = (3 cm) sinc (3 3?’)/1111) + (¢ —1) x (1 cm) sinc (1Zm) ;

ot = [osne (5 -ome (5)] -+ e ()]

sinc (2')
3 sinc (0.3 2’) — sinc (x')

MIT 2.71/2.710 1Y NUS l
04/15/09 wk10-b-24

dblal = anghan




Comparison: low-pass filter vs phase pupil mask filter

PSF: low-pass filter . . . PSF: phase pupil mask filter .
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Shift invariance of the 4F system

pupil 2"’ " T x’
\O
mask O

N
00

T x
input transparency
ideal point source

h(z') = a Gpu ( ;f)

wave
illumination

T s
input transparency

ideal point source
shifted

plane T + Lgs=
wave E
illumination
lateral
magnification

MIT 2.71/2.710 me NUS l
04/15/09 wk10-b-26



The significance of the PSF
4 . pupl g o A &
arbitrary complex : q\as NE
input transparenc '

spatially coherent
illumination

S |

input field fl 1

gin(gj) » gillum(x) X Gt (:E)
diffraction from the diffracted field diffracted field wave converging

input field after objective  after pupil mask to form the image

at the output plane

Finally, consider the same 4F system with an input transparency whose transmittance is an arbitrary complex
function g¢(x) and the field gi,(x) immediately to the right of the input transparency.

+00
According to the sifting theorem for 8-functions, we may express gin(x) as gi,(x) = / gin(21)0(z — z1)dx,

Physically, this expresses a superposition of point sources weighted by the input field, i.e. Huygens’ principle.

Using the shift invariance property, we find that the field produced at the output plane by each Huygens point
source is the PSF, shifted by —x1xf2/f1, (note: —f>/f1 is the lateral magnification) and weighted by gin(x1); i.e.,

i

the output field is almost a convolution (within a sign & (') = T (@b (2 + 2 f2 &
a scaling factor) of the input field with the PSF: Zout gin\¥1 1 !

— o0
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The Amplitude Transfer Function (ATF)

T x : pupil "’ & i @b
)

arbitrary complex
input transparenc

spatially coherent
illumination

Zilum(x) /\ ~\ [
input field\ fl 1

gin(gj) » gillum(x) X Gt (:E)
diffraction from the diffracted field diffracted field wave converging

input field after objective  after pupil mask to form the image

at the output plane

To avoid the mathematical complications of inversion and lateral magnification at the output plane, we define

h

the “reduced” output coordinate z; = —f—a:’. Inverted and re-sampled in the reduced coordinate, the output
2 -
field is expressed simply as a convolution gout(z() = / Gkl — zida .
—00

Using the convolution theorem of Fourier transforms, we can re-express this input-output relationship in the
spatial frequency domain as Gyt (u) = Gin(u)H (u), where H(u) is the amplitude transfer function (ATF).

Inverting the Fourier transform relationship between gem(x ) and the PSF, we obtain H (u) = a gpm ()\flu)

That is, the ATF of the 4F system is obtained directly from the pupil mask, via a

coordinate scaling transformation.
MIT 2.71/2.710
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Example: ATFs of the low- pass filter and the phase pupll mask
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Today

« Lateral and angular magnification
« The Numerical Aperture (NA) revisited

« Sampling the space and frequency domains, and
the Space-Bandwidth Product (SBP)

* Pupil engineering

next two weeks

« Depth of focus and depth of field
 The angular spectrum

« “Non-diffracting” beams

« Temporal and spatial coherence
« Spatially incoherent imaging
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4F imaging as a linear shift invariant system

Z pupil "’ < 7' A| /. reduced
T “\\q\aSk \QC}'O Ti 0 coordinates
. 7”7 7”7 O\
gem(x”y”) & output

arbitrary complex
field

input transparenc

spatially coherent
illumination

=~ N
input field ) fl 1 .f2 ) f2 \>

diffraction from the diffracted field diffracted field wave converging
input field after objective  after pupil mask to form the image
at the output plane

\

lllumination: g;jjym (2, y) Input transparency: 9+(Z,y)
Field to the right of the input transparency (input field):  gin (T, ¥) = Gillum (%, y) X g¢(x, y)

Pupil mask: gpm(z”,y") Amplitude transfer function (ATF): H (u,v)| & |gpm (Afiu, Af1v)
x/ /7

h(x’,y’) o |Gpm (V, %) in actual coordinates
Point Spread Function (PSF): ; . g ;

h(zg, yo)| € |Gpm | — fo _ in reduced coordinates

’ Ak’ Ak
Output field: g i ol — // gin(z,y)h (g; - _x b 4 ;2 )dx dy in actual coordinates
1

Gl ol EI// gin(z,y)h (x5 — z,yy —y)dax dy  in reduced coordinates



Lateral magnification

. I/ /
& pupil < X T
T , mask &
arbitrary complex

input transparency
gi(x,y)

—p N T T N

spatially cohere
illumination

Zilum(x,y)

Huyge_nswavelet / ]Fl \ Xa > € ](2

from input field,
departing at x1 spherical plane wave  clear pupil mask  Huygens wavelet
wave converging to form

point image at Mx1=—x1/2/f1

An ideal imaging system with a point source as input field should form a point image at the output plane.
Therefore, the ideal PSF is a d-function. This is of course the limit of Geometrical Optics and in practice
unachievable because of diffraction; alternatively, it implies that the spatial bandwidth is infinite, or that the
lateral extent of the pupil mask is infinite. Both conditions are non-physical; however, for the purpose of
calculating the geometrical magnification, let us indeed assume that

Bl ol o / / e (x’+éx g4 2 )dxdy —— <x’,y'>|§gm( b, & )

fi e f2 720
So our calculation has reproduced the Geometrical _ f2
Optics result for a telescope with finite conjugates: 4 fi
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Angular magnification

4 P pupil "’ § :C'T
mask \Qc‘}
arbitrary complex 60\ gpm(x 7,y ”) oo\
input transparency ofl_Jtrl)(;Jt
gt(X,J/ o

< | AN
plane wave input field fl v fl \ )&\ fz \

(or angular spectrum

:

spatially coherent
illumination

gilum(x,»)

component pf input field), spherical focusing plane wave exiting
departing at 6 wave at x”=01f1 at angle Mth==61f1lf2
Now let us consider a plane wave input field exp i27fﬁx = exp {i2mu1x} ; Uy = fu spatial
A A frequency

Still assuming the ideal geometrical PSF, the output field is

out ( |E|gm <— N /> = exp {22770—)\1 (—%) '} = exp {i27r§ (—% > x’}

So the angular magnificationis My = —f— again in agreement with Geometrical Optics.

2
Based on the interpretation of propagation angle as spatial frequency, the magnification results are also in
agreement with the scaling (similarity) theorem of Fourier transforms:

roo _ _ﬁ ’_ﬁ s é 2 i _é _é
Jout (ZE , Y )|E|gm ( f2337 f2 > <~ Gout(u7'l)>|z|<f1> Gln ( fl fl )



Example: PM, ATF and PSF for clear apertures

Rectangular

rect (g) rect (%)

Circular

2R




Numerical aperture (NA) and PSF S|ze

18 S il
arbitrary complex 60\ gpm(x 7,y ”)
input transparency
gi(x,y) |

_> .............................................................. S

spatially coherent
illumination

gilum(x,»)

on-axis point source fl V fl \

truncated by
pupil-plane mask plane wave  clear pupil mask converging spherical wave

The pupil mask is the system aperture (assuming that the lenses are sufficiently large); therefore,

(NA), (NA) = |My| x (NA);,

in fl out ™ f2
Let Ar’ denote

the radius of the

Let Ax’ denote
the half-size of

the PSF main PSF main lobe;
lobe; then, then,
A A
Ax' = Ar' =0.61 ———
(NA)out (NA)out
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A note on sampling

/77
input Y spatial TV pupil Y
field frequency mask
domain
x u x /77
Sx :pixel size Su :frequency resolution Sx:PM pixel size
) Ax :field size " 2Au .frequency bandwidth T 2Ax” :pupil mask size ]
1 " A1 Af1
. A - & _ & no _ M1 _
Nqu!St “ 201 Az Su ar 20x az Qxl
sampling . » - N
relationships Ay = = 1 no _ Al _ A
P g 20y & = v Ay 20y Ay oy’
Axr 2080y 28z¢ Space-
- - " = Nw .
» 0z ou 0 Bandwidth
MIT 2.71/2.710 Ay _ 24w 24/ _ N, Product
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Pupil engineering
reduced

pupil 2"/ $ T A xy e
&NaSk > coordinates
R AN

output
field

T x
arbitrary complex
input transparenc

spatially coheren
illumination

Zilum(x,y)

input field

f_2 > € ](2 \>

diffraction from the diffracted field diffracted field wave converging
input field after objective  after pupil mask to form the image
at the output plane

Amplitude transfer function (ATF): H(u,v) oC gpm (Afiu, Af1v)

.'LJ /
Point Spread Function (PSF): h(z',y") &€ Gpum (Af )\yf ) in actual coordinates
2 %

Output field: @b il // Gt 2 (m +;— 4 +§ )d:z: dy in actual coordinates

Pupil engineering is the design of a pupil mask gpm(x”,y”) such that the ATF, the PSF
or the output field meet requirement(s) specified by the user of the imaging system

MIT 2.71/2.710 1Y NUS l
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Example: spatial frequency clipping

f;=20cm ,
= ) " L S
2=0.5um x:L Jfl o Jfl x‘. ﬁ - ﬁ ‘:x
1 AN i AN g
monochromatic :
coherent on-axisf’ i
illumination | | |
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' I |
i |
object plane pupil:mask Image plane
transparency circ-aperture observed intensity
Intensity at input plane Intensity after Fourierrfilter Intensity at output plane
5 4 L L L e

2.5
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o
y'(mm)

25

. - -1 0.5 0
x(mm) x"(mm) x'(mm
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Spatial filtering examples: the amplitude MIT pattern

Original MIT pattern

y(mm)

MIT

x(mm)

MIT 2.71/2.710
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Weak low-pass filtering

Pinhole, radius 2.5mm

Filtered with pinhole, radius 2.5mm

y'(mm)

-5 2.5 0

2.5 5 -1 -0.5 0 0.5 1
x"(mm) x'(mm)
fi=20cm pupil mask Intensity @ 1mage plane
A=0.5um
MIT 2.71/2.710
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Moderate low-pass filtering

(moderate blurring)

Pinhole, radius 1mm Filtered with pinhole, radius 1mm

y'(mm)

x"'(mm) x'(mm)
fi=20cm pupil mask Intensity @ 1mage plane
A=0.5um
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Strong low-pass filtering

(strong blurring)

Pinhole, radius 0.5mm Filtered with pinhole, radius 0.5mm

y'(mm)

"l

-5 2.5 0

2.5 5
x"(mm) x'(mm)
/i=20cm pupil mask Intensity @ 1mage plane
4=0.5um
MIT 2.71/2.710
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Moderate high-pass filtering

Reflective disk, radius 0.5mm

Filtered with reflective disk, radius 0.5mm
5
2.5
-2.51
-5 : : .
-5 2.5 0 2.5 5 -1 -0.5 0 0.5 1
x"(mm) x'(mm)
fi=20cm pupil mask Intensity @ 1mage plane
4=0.5um
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Strong high-pass filtering

(edge enhancement)

Reflective disk, radius 2.5mm

Filtered with reflective disk, radius 2.5mm
2.5
e B
E o £
-2.51
-5 ‘ : .
-5 2.5 0 2.5 5
x"(mm) x'(mm)
/i=20cm pupil mask Intensity @ 1mage plane
4=0.5um

MIT 2.71/2.710
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One-dimensional (1D) blur: vertical

Horizontal slit, width 2mm Filtered with horizontal slit, width 2mm

y"(mm)
y'(mm)

-5 -2.5 0 2.5 5
x"(mm) x'(mm)
fi=20cm pupil mask Intensity @ 1mage plane
A=0.5um
MIT 2.71/2.710
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One-dimensional (1D) blur: horizontal

Vertical slit, width 2mm

Filtered with vertical slit, width 2mm

y'(mm)

x"(mm) x'(mm)
/i=20cm pupil mask Intensity @ 1mage plane
4=0.5um
MIT 2.71/2.710

04/22/09 wk11-b-17




Phase objects

. thickness
TOP 1(x) CROSS
VIEW t Y 5 SECTION
i protrusion i | o —
. (transparent) 1 . !
e, protrusion
phase-shifts
glass plate coherent illumination
(transparent) by amount ¢(x) =2m(n-1)t(x)//
This model is often useful for imaging

biological objects (cells, etc.) gin(%,Y) = Gium (T, y) X exp {ig(z, y) }

If we illuminate

. Originalﬁ/Z«phase MIT pattern (iptensity) \ TO Visualize 1 Original 0.1 rad phase MIT pattern (phase)
this object phase objects in
uniformly (e.g., subsequent
with a plane 051 - slides, we use the °®
wave) the color
resulting intensity = representation of
|gin(x)|? is also £ ° ‘ phase as shown
uniform, i.e. the
object is invisible.

054

here. Physically,
phase may be
measured with
interferometry.
-1 05 05
MIT 2.71/2.710 o
04/22/09 wk11-b-18

-0.5




The Zernike phase pupil mask

7 phase-shift mask (magnitude), radii 5mm & 1mm /2 phase-shift mask (phase), radii 5mm & 1mm (phase)
5

5

1.5

2.5

y"(mm)
y"(mm)
(=)

=05

2.5

-5 2.5 0 25 5 -5 2.5 0 2.5 5 ’
x"(mm) x"(mm)
The Zernike mask is a phase pupil mask n/zl 1mm <«
used often to visualize input transparencies Y T
that are themselves phase objects. The |

Zernike mask imparts phase delay of n/2
near the center of the pupil plane, i.e. at
the lower spatial frequencies. The result at
the output plane is intensity contrast at the
edges of the phase object.

MIT 2.71/2.710
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Use of the Zernike phase mask is also
called phase contrast imaging.




Phase contrast (Zernike mask) imaging

. I/ /
& @ pupil < T %
T /2‘,\\\\ mask @6‘0
@

phase object » o phase contrast
gi(x,y)=expfip(x,y)} image lout(x’,y’)

ﬁ-- ------------------------------------------------------------- [ CUGGRECEECEREERERRE] | CERCEETETEETEETRE S EETTETPETPETPRLEROPEeE >

plane
wave n
illumination /2 phase
shift

arbitrar;< ﬁ ﬁ ](2 sz

. Suppose that the phase object is weak, |¢(z,y)| < 1 rad, so we may write it as

A
- gin(z,y) = gs(2,y) = exp {ig(z,y) } = 1 +id(z, y).
'-g The intensity immediately after the phase object is
—C I
c c , 2 . 2
_g o Iin(ZL'?y): ’exp {ng(x,y)}’ > 9 |1+Z¢($7y)| ~ 1,
q) et
(_% 8 since powers ¢*(z,y) and higher are negligible.
Q After passing through the pupil mask, the DC term will be phase shifted by
g. e’™/2 = j. However, if we assume that ¢(z,y) contains only high frequencies,
o @=/2 not affected by the pupil mask. Therefore, the ¢(z,y) terms is not phase
shifted. The resulting output field and intensity are
v

. . 2
Jout (@, ¥) mi+id(a',y);  gour(d',y) = (L+ (2, y))" =1+ 2¢(a,y).

MIT 2.71/2.710 : : : :
04/22/09 wk11-b- 20 The term 2¢(z,y) in the output intensity provides the phase contrast.



Phase contrast imaging the MIT phase object

1t/2 phase-shift mask (phase), radii 5mm & 1mm (phase)
5

Filtered with /2 phase-shift mask, radii 5mm & 1mm

2.5

y"(mm)
(-]
y'(mm)

2.5

-5 2.5 0

25 5 _ -1 -0.5 0 0.5 1
x"(mm) x'(mm)
/1=20cm pupil mask Intensity (@ image plane
A=0.5um
MIT 2.71/2.710

=e NUS -
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Phase contrast imaging the MIT phase object

m/2 phase-shift mask (phase), radii 5mm & 0.1mm (phase)
5

Filtered with ©/2 phase-shift mask, radii 5mm & 0.1mm
1

2.5 0.5

y"(mm)
(-]
y'(mm)
-]

MIT

25 -05

5 -1
- . -1 -0.5 0 0.5 1
x"(mm) x'(mm)
£/1=20cm pupil mask Intensity @ 1mage plane
4=0.5um
MIT 2.71/2.710
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The transfer function of Fresnel propagation

T A

A/

Fresnel (free space) propagation
< may be expressed as a

9in(T,9)

convolution integral

;o 73 _x? +y?
gout(x 7y) :gin<x>y)*< i exXp {277 J })

INZ A2

! o % (@ —x)+ W —y)?
Jous (2, Y5 2) = 5 OXP {z%x}//gin(x,y)exp {m( ) Az(y y) }dxdy

o 0i27 % a2 g2
gin(z,Y) > ei2m X 22+ y? Jout (%', Y') = gin(2,y) % < e exp {m > })
IAZ A Az
Gin(ua U) Gout (U, U) = Gout (ua U) ’ <ei27r§ exXp {_ZAZ <u2 + 1)2) })
Pl "X exp { — Az (u2 + v2)} >
Wz, y) = e ex d i z? + y? Point—Spread Function
=T P (Impulse Response)

MIT 2.71/2.710
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H(u,v) = e?™X exp { — iz (u® + ’()2)} Transfer Function
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The Talbot effect

L 1 x sin Y + y cos
gt(CE) = B [1—|—mcos (271‘% +¢)] gt(x’y) — 5 [1+mcos <27r (0 Ay (0 +¢)]
m = 1.0 m = 10
6 = o0 o — 0
YV = 30°

MIT 2.71/2.710
04/08/09 wk9-b-27




Talbot effect: still shots

1000

intensity at
z=0

500

1
1

. . 1000
Intensity at

2 = 10,000\

500

y)
o

Talbot
plane g o
(phase
reversal)

-1000 i
-1000 -500 0 500 1000
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-1000
-1000 -500 0

intensity at
z = 5,000\
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intensity at
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(in phase)

500 1000




Physical explanation of the Talbot effect

one three

plane plane 2

wave waves Ar=+/22122 5 =~ ;7_

z

A

r=ztanf~60 = n

phase delay

Ar Az
AQb = 27'('7 ~ WP.

A¢p =0,+2m, H4m, ...
replicates field at grating

\

A¢p = xm, +3m,...

% period shift wrt grating
Ap=+Z, £33 ..
+15t — 15 orders interfere
destructively

MIT 2.71/2.710
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Mathematical derivation of the Talbot effect /1

* Field immediately past grating
1
g(x;0) = 5 {1 + m cos (277%)}

1
— also expressed as g(x;0) = 5 {1 + % exp (iZﬂ'%) + % exp (—ZQT(%)}

* Fourier transform (spatial spectrum) of field past grating

o3 35(c—3) 3o}

« Fourier transform (spatial spectrum) of Fresnel propagation kernel

H(u,v;z) = exp { —imAz (u® + 02)}

1 A
— value at grating’s spatial frequencies H(+—,0) = exp {—iﬂA—z}

A?

MIT 2.71/2.710
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Mathematical derivation of the Talbot effect /2

» Fourier transform (spatial spectrum) of field propagated to distance z,

G(u,v;z) =

Q
S

,0;0) X H(u,v; 2)

(5(0)+%5 (u— %) +%5 (u—i—%)} x H(u,v;2)

H(0,0;2)5(0) + 5 H (% 0: z) 5 (u - %)

I I
DO | — DO | —
——

(el
- ooy
oo (i) o (14 5))

* Inverse Fourier transforming,

o (r)a(e
)

( ) = 1 . + 2 + m A2 ( 9 x)
: —exp | —im— Jexp (1 7r —exp | —imr— | exp | —127m—
9(z;2) = 5 p p 5 XD Az ) OXP X
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Mathematical derivation of the Talbot effect /3

*  Our previous result

1 m . Az . m . Az .
g(x; 2) = 5 {1 -+ 5 eXP (—MTP> exp (ZQﬂ'K> + 5 eXP (—mp) exp (—22ﬂ'K>}

— also expressed as

1
g(x; z) = 3 {1 + m exp (—iw%) CcoS (277%)}

— Intensity is

I(z;2) = |g(z;2)]

— i {1 + m? cos? (27%) + 2m cos <W%) cos <2W%)}

— note intensity immediately after grating

100 = {3 [temeos (2n2)] )

= i {1 + m? cos? (27r%> + 2m cos (2#%)}
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Mathematical derivation of the Talbot effect /4

» Special cases of propagation distance

A2
'F

2pA?
I(x:
(‘/’U7 )\ )

Az
# p

I(z; (2p ;DA )
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2p (p integer) = Talbot plane
1
1 {1 + m? cos? (277%) + 2m cos (277%) }

I(z,0) [replica of original grating]

2p+1 (p integer) = (shifted) Talbot plane
1
1 {1 + m? cos? (2%%) — 2m cos (277%)}

i {1 — M COS (2%%) }2

loriginal grating shifted by half period]

(p integer) = Talbot subplane

14
1
1 {1 + m? cos? (2%%)}

period doubling|

—




The Talbot planes
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