2.710 Optics Homework #1 February 18, 2014

Problem 1. Refracting Surface (Modified from Pedrotti 2-2)
Part (a)

Fermat’s principle requires that every ray that emanates from the object and passes through the
image point must be isochronous (i.e., have equal optical path lengths).

The common optical path length (OPLcommon) Can be easily found using the ray that passes along
the optical axis from the object to the image point, while taking into account the refractive
indexes of air (n,) and glass (n;):

OPLcommon = NoSo + NiS;

Let x and y be the horizontal and vertical coordinates, respectively, with the origin at the object
point. The optical path length (OPLawirary) Of any arbitrary ray that emanates from the object at
(0, 0), enters the glass at coordinate (X, y), and then passes through the image point at (s; + So, 0),
can be found from the in-air propagation distance (d,) and in-glass propagation distance (d),
while taking into account the indexes of refraction:

d, =X +y?

d, :\/(s0 +s, —Xx)*+y?

OPLarbitrary = nodo + rlidi
OPLarbitrary =N, VXZ + y2 + ni\/(so +S; — X)2 + y2

The correct refracting surface corresponds to all (x, y) such that OPLarpitrary €quals OPLcommon.

OPL OPL

arbitrary — common

noA/X% + Y2 + ni\/(s0 +s,—X)*+y? =ns, +ns,
Plugging inn, =1, nj=1.5,s, =20 cm, and s; = 10 cm:

JX2+y? +1.5J(30-x)* +y? =35

Note: This equation is only 2-dimensional. The 3-dimensional solution would be a radial-
symmetric surface, where each cross-section (through the vertex) follows the 2D equation.
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Part (b)

Below is a plot of the refracting surface using labels from Part (a).

I found (x, y) coordinates on the surface by substituting d, back into the surface equation, as
follows:

X2 +y? +1.5)(B0-x)2 +y? =35

VX2 +y? +1.5,/900 - 60x + (x? + y?) = 35

d, +1.5,/900 - 60x +d? = 35
1.5%(900 - 60x +d2) = (35-d,)?

In this form, x can easily be found from d,, and y can be found from x and do:

‘o 1.5°(900+d?)-(35-d,)°
60-1.5°

y =4/dZ —x?

By choosing a series of values for do, | can calculate (x, y) coordinates that satisfy the original
surface equation, as follows:

d, X y
20 20 0
21 | 20.90 | +2.07
22 | 21.81 | +2.85
23 | 22.75 | +3.38

After calculating many closely-spaced (x, y) coordinates in this way, | was able to plot the
refracting surface above with Matlab®.
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Problem 2. Ice-cream Spoon

First, let’s define some variables:

Let s; and s, be the initial and final object distances, respectively.
Let s’; and s’ be the initial and final image distances, respectively.
Let m; and m; be the initial and final magnifications, respectively.
Let d be the distance moved by the mirror (initial to final)

The described problem can be quantified by 5 equations with 5 unknowns (s, s,,s;,s,, f):

Mirror equation at the initial object distance 1 + i' = % Eqg.1
S1 S1
. : . . : 1 1 1
Mirror equation at the final object distance —+—= T Eq. 2
SZ SZ
Magnification at the initial object distance m, = 5 Eqg. 3
S1
Magnification at the final object distance m, = _% Eq. 4
SZ
Difference between initial and final distances s, =5, +d Eq.5

Combine Eq. 1 and Eq. 2 I el
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Use Eq. 3 and Eqg. 4 to remove s’y and s’; 1 1 :i_ 1

S MSy S, MyS,

1 1 1 1
Use Eq. 5 to remove s; = - -
s, ms, s +d m,(s, +d)
d-(mm,-m
Solve for s; S, = (m,m, —m,)
m, —m,
Solve for remaining unknowns s, =5, +d S, =—Mm,;S,
S5,
S, =—M,s, f=—"11
S, +5,

In this problem, we are given |[d| = 2.5 cm, |my| = 0.5, and |m,| = 1/3, but we are not given their
signs (+ or -). Fortunately, we can safely (but arbitrarily) set d = +2.5 cm. After all, the sign of d
should be inconsequential, since the solutions (to the system of equations) for d = +2.5 will
simply be the reverse of one another (left becomes right, right becomes left). However, the
solution to the system of equations will, indeed, depend on the signs of m; and m, (i.e., whether
the images are inverted or not)

The table below shows the solutions to the system of equations for all 4 combinations of m; (+ or
-) and m, (+ or -). The table reveals that, depending on the signs of m; and m,, the mirror may
take on a concave or convex geometry for the initial and/or final object-to-mirror distances. As
highlighted below, only the last combination of m; (-0.5) and m;, (-1/3) conforms to the premise
of the problem (i.e., that the ice-cream spoon is being used as a concave mirror).

KNOWNS Solution to Systgm of Equations _
(in centimeters) Mirror Geometry
do(cm) | my | m,. S, S s, 5, f
2.5 0.5 1/3 2.5 5 -1.25 | -1.67 | -2.5 | Convex mirror for initial and final distances
2.5 0.5 -1/3 | -05 2 0.25 0.67 0.5 Convex for initial; concave for final
2.5 -0.5 1/3 -1.5 1 -0.75 | -0.33 | -0.5 Concave for initial; convex for final
2.5 -05 | -1/3 7.5 10 3.75 3.33 2.5 Concave for initial and final distances

The position (p) of the image, relative to the object, at each object-to-mirror distance is:

pr=s1-s1=7.5cm-3.75cm=3.75cm
p2=S2—-S2=10cm-3.33cm = 6.67 cm

Thus, the answers to the specific questions are:
e When the spoon moved 2.5 cm (i.e., S, — s1) further away from the object, the image
moved 2.92 cm (i.e., p2 — p1) further away from the object.
e The focal length of the spoon concave mirror is 2.5 cm.
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Problem 3. Horse and Camera

Part (a)

The image distance of the horse’s nose (s ’05¢) can be found with the thin-lens equation, given the
object distance of the horse’s nose (5,5 = 15 m) and the focal length of the thin lens (= 3 m):

Ll s g s 153 4
s s, f Swee —Jf  15=3 12

nose nose

3.75

The height of the image of the horse’s nose (4 ,,5.) can be found with the magnification equation,
given the height of the horse’s nose (/p5c = 2.25 m):

m=—Sme - 375 g5
SﬂOSe 15
= Z_ > . =mh,,, =-025-225=-0.5625

nose

Thus, the image of the horse’s nose is located 3.75 m to the right of the lens and 56.25 cm below
the optical axis.

Part (b)

The magnification is m = -0.25. In the vertical direction, the image is inverted, as indicated by
the negative magnification. In other words, the horse appears upside-down. In the horizontal
direction (as calculated in Part (d)), the horse’s tail comes to focus closer to the lens than the
horse’s nose does. In other words, the image of the horse’s tail is to the left of the image of the
horse’s nose. The graph above shows the orientation of the image (but not to scale), as described
here.
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Part (c)

The image is 56.25 cm tall (but inverted), as calculated in Part (a).

Part (d)

The image distance of the horse’s tail (S’w;) can be found with the thin-lens equation, given the
object distance of the horse’s tail (St = 17.5 m) and the focal length of the thin lens (f = 3 m):

1,1 1 5 o _Sy-f 1753 525

s s/ f W _f 175-3 145

tail tail

~ 3.62

tail
The length of the image (L) can be calculated as follows:

L = S1nose— S,tai| = 375 - 362 = 013

Thus, the image of the horse is 13 cm long (from nose to tail).
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Problem 4. Prism Pair

Part (a)

At the first surface of the prism, the angle of incidence is zero, so no refraction occurs. At the
second surface, as indicated in the drawing, the angle of incidence is « and the angle of refraction
is (o + 6). Snell’s law then gives the relation among &, o, and n (assuming the index of
refraction of air is 1):

‘nsin(a) =sin(a + 0)| for a < sin‘l(l)
n

If o> sin‘l(lj , then total internal reflection (TIR) occurs and the rays must cross the bottom
n

interface of the prism to escape. Thus, the geometry of the original prism pair becomes invalid.

Part (b)

As indicated in the drawing, the length (L) over which the beam intersects the second surface of
the prism is:

_ hin
cos(«x)

The width of the beam after the prism is:
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cos(a + 0)

h=Lcos(a+8) =
cos(«x)

in

Thus, the width of the beam is reduced by a factor (r) of:

o _cos(@+0) _y1-sin*(a+0)
~ cos(a) cos(a)

To remove 6 from the equation, we can substitute in the relation from Part (a):

. J1-n?sin?(a)

cos(x)

The second prism simply repeats the same process, giving a total reduction factor of r.

Thus, the reduction factors (r; and r») after the first and second prism, relative to the initial beam
width, are:

_yJ1-n?sin®*(a)

L=r= for o <sin™ 1
cos(«x) n

 h2ein?
2 _1=n"sin*(a) im (@) for o <sin L
cos”(a) n

L=r

Note: For sufficiently small o, then sin(a) = a, sin(o. + 0) = o + 8, and cos(a) = 1. The answers
to the problem could then possibly be approximated as follows:

na~a+6 > O~(n-1)-«a

r,=r>~1-n’a’
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Problem 5. Two Thin Lenses
The focal length of a combination of two thin lenses (f; and f,), separated by distance d, is:

1_ 1.1 d 5 . ff
f, f, ff, f,+f,—d

Plugging in f; =20 cm, f, =-8 cm, and d = 15 cm:

:M: 53.33 cm
20—-8-15

The distance from the negative lens to the film plane should equal the distance past the negative
lens at which a horizontal, collimated beam would come to focus. This can be determined as
follows. The matrix (Mgystem) representation of the two-lens system is

. { 1 0}{1 d}{ 1 0}_ 1_%1 ‘
system — _}/fz 1lo 1 —%1 1™ %lfz_}/fl—}/fz 1_%2

The vector (i) representation of a ray that has a height of 1 and is parallel to the optical axis
(i.e., corresponding to a horizontal collimated beam) is:

S

If i, is sent into the two-lens system, the output ray (Xot) would be:

I £
- MSySteme _ %1 fa _}/fll_ }/fz

If Xout IS allowed to propagate a distance (L) past the negative lens, the resulting ray (Xsocus)

would be:
L S T
0 %1 fa _}/fl _}/fz

The distance from the negative lens to the film plane should equal the L at which the height of
Xfocus 1S Z€ro (i.€., Xfocus(1) = 0):
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Xies() =0 > L‘(%fz‘%l‘%zj:%‘l

(Por-F- )

BRACERS
d _(fl + fz)
Plugging in f; =20 cm, f, =-8 cm, and d = 15 cm:
L=M:13_33 cm
15— (20-8)

If a distant object subtends 2 degrees at the camera, then that means:

h, =tan(2°)
S

(0]

The magnification formula says:

Plugging in s, = f = 53.33 cm (since the film plane is at the focus of the system):

ho = -tan(2’) -53.33 = -1.86

Thus, the image of a 2 degree distant object is 1.86 cm tall.
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