2.710 - Optics Quiz #2 April 30, 2014

Problem 1. Billet’s Split Lens

Setup

If the field UL(x) is placed against a lens with focal length f and pupil function P(x), the field
U(X) on the X-axis placed a distance f behind the lens is given by Eq. (5-14) in Goodman
(modified to be 1D and I have reinserted the constant phase factor due to propagation over f in
the z direction):

exp[ jkf ]exp{j 27X 2} ; .
U, (X)= I j U, (x)P(x)exp{— j7xX}dx Eq.1

Part (a)

Lens L (focal length f) is being illuminated by a spherical wave originating at location z = -f.
Therefore, the field UL(x) incident on L is (using the paraxial approximation):

) o expljk(z+ f)] WS
UL<x)—E(xsZ—°)‘{E° jG+ ) exp[]kﬂﬁf J}

U,(x)=E, Mexp{jk%}

z=0

The lens is partially obstructed by a block of width (/). Therefore, the field pattern Usugpud X) at
the CCD detector can be viewed as follows. Let Ux(X) be the field pattern that would result if
the lens L was of infinite extent (with no obstructing block). Meanwhile, let Um(X) be the field
pattern that would result if the lens L had finite extent W (again, with no obstructing block).
Uw(X) is essentially the field pattern blocked by the opaque block. Thus, by linearity, UsupudX)
will be Un(X) subtracted from Ux(X):

U puipua (X) = U, (X) = U, (X) Eq.2

We can use Eq. 1 to calculate Ux(X) and Uw(X) individually. Ur(x) will be the same for each
calculation. However, the pupil function P(x) will differ as follows:

P (x)=1 Lens with infinite () extent

B, (x)= rect[%) Lens with finite extent W
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To calculate Ux(X), we plug in UL(x) and P«(x) into Eq. 1:

exp[jkf]exp[ijz} )

) 2f explikfl [ x*] [ .k
U, (X)= o J;EO 1% exp[]k 2f}exp[ Jj 7 xX}dx
—expljk2f ]eXp{j ;}X 2} -
U (X)= e EOF{exp jk;—}
f - f Sx=X1
—exp[/'ka]exp jzl;X2 _ |
U, (X)= e = ‘EOF{exp jﬂ}t—xz}}
S — Tx=X 15
—exp[jk2f]exp_j2];X2_
U, (X)= s = E Al exol-jmafe],
exp[ijf]exp{jzl;Xz} .
U,(X)= E —j—X’
oo( ) Jfﬁ 06Xp|: sz :|
v o= elkfl

i

As expected for a spherical wave originating from the front focal point of a lens, Ux(X) is a plane
wave. To calculate Un(X), we plug in U(x) and Pw(x) into Eq. 1:

exp[jk2f]exp{j21;X2} .

U,(X)= T, _J; E, eij[; i exp_ jk %}rect(%) exp{— j § xX }dx
—expljk2f ]CXP{J' 2’; X 2} . 21 .
U,(X)= T E, _[cexp{jk ﬁ_rect(wj exp{— j 7 xX}dx

If the first exponential inside the integral is sufficiently constant (i.e., = 1) over the interval of the
rect function (i.e., analogous to the Fraunhofer condition /> 2IW?/)), then it can be neglected:

—exp[/'k2f]exp[j2kfX2} . .
5 E, J- rect(ij exp[— J—xX }dx
A o\ f
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—explk2 flexpl /- X°
U, (X)= L S EOF{rect[i)}
Af w e L
. k]
—exp[jk2 f]exp inpX Cw
U, (X)= pre = = E,Wsinc ﬁX
—exp|jk2 f|exp jzk)(2 sin(nZVXj
Uy (X) = pvE L 2/ | EW Wf
f T—X
Af
k W w
—exp[jk2f]exp[jX2} exp j/Z'X:|—jeXp{—j7l'X:|
U, (X) = R v
S J2mX
exp[/'k2f]exp[j2kX2} jexp——jkWX}—exp{jkWX}
Uy (X) = / E, L2/ 2
2 X
jexp{jk(Xz—WX)}—exp jk(X2+WX)}
UW(X):jexP[/k2f]Eo 2f 2f
27 X
k w? k w?
. . ) jexp{j(Xz—WXwLﬂ—exp[j(X2+WX+ﬂ
U, (X) = J CXP[]ka] E, exp{—j—W—} 2f 4 2f 4
Jj2rf 2f 4 X

ok wY K wY
, WT@XPMXzﬂexp{fzf(“zﬂ

_expljk2 /] kW
UW(X)__j27;f EoeXp{ ]2f 4 5%

To find the field pattern Upupu(X) at the CCD detector, we plug Ux(X) and Un(X) into Eq. 2:

oY S T M LG y\ @
output ] 0 f\/? 27#- X
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Parts (b) and (¢)

In the expression for Uoupu(X), all three terms have the form of a spherical wave. Thus,
Uoupu(X) essentially represents the coherent superposition of three spherical waves as follows:

e 1sterm: aplane wave, equivalent to a diverging spherical wave originating at (x, z) = (0,
-), 1.e., on-axis at infinity (to the left)

e 2" term: a diverging spherical wave originating at (x, z) = (-W/2, 0), i.e., the bottom
edge of the opaque block, with a phase factor and a 1/X attenuation factor

e 3" term: a diverging spherical wave originating at (x, z) = (+W/2, 0), i.e., the top edge of
the opaque block, with a phase factor and a 1/X attenuation factor

For each pair of waves, bright and dark fringes will occur when the phase difference (6) between
the pair is a multiple m and (m+0.5) of 2x, respectively:

e 1%t and 2" waves (Plane & Spherical): bright fringes occur at X»» with increasing
separation with m

2 2 2
2727’}’1:5172 :@2 —gpl :i _W_+(X+Ej 9 Xm — 2/1fm+K—K
21| 4 2 \ i 5

e 1% and 3" waves (Plane & Spherical): bright fringes occur at X, with increasing
separation with m

2 2 2
2mim =96, , =@, — @, :i —W—+(X—Kj > )(,,1:1/2/1fm+z+Z
21| 4 2 4 2

e 27 apd 3" waves (Spherical & Spherical): bright fringes occur at X, with constant
separation with m (as in Young’s double slit experiment with slit separation )

2 2
272771:52_3:(p2—g03:i (X+Kj —[X—Z} > sz/lf—m
2f 2 2

The total irradiance / on the CCD detector will be the aggregate of these fringe patterns,
weighted by the irradiances (/1, I2, and /3) of each wave. Note that /> and /3 decrease with
increasing X, due to the 1/X? attenuation factor.
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Parts (d

If the illumination were moved off axis by a distance of xo, then the field UL(x, y) incident on the
lens L would become:

£, L] {.kw—xo)z}
U,(x)= if J 2 f

According to the Shift Theorem, Ux(X) (from Part a) would become:

exp[jk2f]
I

Um(X) (from Part a) would become (plugging Pw(x) and the new UL(x) into Eq. 1):

U, (X)=—"F—=—=—E, exp{ ]ﬁXxo}

. exp|jk2f ]Z;L 2f }IE" expj[ ;‘kf ] exp[ it (x;;fo)2 }ec{;j exp:_ i jf{ xX} i

U, (X) = e E, L exp{ ]sz}exp{— ]kfo}exp[ ]kz;_rect(Wjexp{ fo}d
~expljk2 Jexp /(1 +x§)} o

U, (X) = 7 E, [c exp{ jkﬁ}rect(Wjexp[ 7x(X+xo)}

Once again, if the first exponential inside the integral is sufficiently constant (i.e., = 1) over the
interval of the rect function (i.e., analogous to the Fraunhofer condition /> 2/#?/L), then it can be
neglected as follows:

—exp|jk2f Jexp ji(X2 +x7)

Uy (X) = _ 2/ = EOF{rect[iJ}
A W Fx=(X+x0)/ 3
—exp|jk2f Jexp jzk()(2 +x7)
U,(X)= /1—2 / = EOWsinc[z(X + xO)]
Za Af
. k. ] (W
_exp[]ka]exp Jﬁ(X +Xx;) sm(ﬁif(X+x0)]
Uy (X) = Y = E,W——
ET(X +Xx,)
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—exp[jk2f]exp{j2];(X2 +x§)} exp{jﬂZ(X+xo)}—jexp{—jﬂZ(X+xo)
E, =

f J2m(X +x,)

UW(X) =

exp[jk2f]exp{j21}()(2 + xé )} jexp[— jzl;W(X + xo)} - exp{jzl;W(X +X,)

UW(X) =

0

27 X +x,
. exp[jkz f]EO exp{j—xé} jeXp{ jzl;()(2 ~WX - on)} - exp{ jzl;()(2 + WX + on)}
2 2f X +x,
U, (X)= %EO exp{j%(xg —WTZH X
jexp{— jzkaxo}exp{ j;;()(z -WX + W:ﬂ - exp[ jzl;WxO}exp{ jzl;(Xz + WX + ”:ﬂ

X +x,

_expljk2f] k(L oW y
Uy (X)=— onf Eoexp{fzf(xo 4 ﬂ

jexp{— jzkaxO}exp{jzl;(X - V;j } - exp[jzl;on}exp{jzl;(X + V;j }

X +x,

To find the field pattern Usugpud X) at the CCD detector, we plug Ux(X) and Uw(X) into Eq. 2:

expl/k2f] .

Unutput(X) =
k k g k k :
exp{— jk%X } R, W exr{j szxo}eXP{j Zf(X + V;J } —J eXP{— J szxo}eXp{j zf(X - V;J }
—f\/? + exp| sz[xo—4j X,

The field Uoupur(X) is still a coherent superposition of three spherical waves:

e 1% term: a plane wave propagating at angle —xo/f, equivalent to a diverging spherical
wave originating off-axis at infinity (to the left)

e 2" term: a diverging spherical wave originating at (x, z) = (-W/2, 0), i.e., the bottom
edge of the opaque block, with a phase factor and a 1/(X+xo) attenuation factor

e 3" term: a diverging spherical wave originating at (x, z) = (+W/2, 0), i.e., the top edge of
the opaque block, with a phase factor and a 1/(X+x¢) attenuation factor
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Relative to Part (a), the Uoupu(X) here has changed as follows:

e 1% term: this term is still a plane wave, but is now propagating at an angle of -xo/f’

e 2" term: this term is still a diverging spherical wave originating at (x, z) = (-W/2, 0), but
now has an additional phase factor of exp[jkWxo/2f] and a 1/(X+xo) attenuation factor
(instead of just 1/X)

e 3" term: this term is still a diverging spherical wave originating at (x, z) = (+W/2, 0), but
now has an additional phase factor of exp[-jkWxo/2f] and a 1/(X+xo) attenuation factor
(instead of just 1/X)

For each pair of waves, bright and dark fringes will occur when the phase difference (J) between
the pair is a multiple m and (m+0.5) of 2x, respectively:

e 1%tand 2" waves: bright fringes occur at X, with increasing separation with m

2 2
2Im=0,_, =@, —@, _k x; I xd +Wx, +2Xx, .
2f 4 2 w- W
> X, =,24m+————Xx,
k W2 W 2 4 2
2mm=—| ———+| X +x, +—
2f| 4 2

e 1% and 3 waves: bright fringes occur at X, with increasing separation with m

k W wY | wrow
27”":51—3:%_(01ZE{XS_T‘F(X—?} —Wx0+2)fxo}9Xm= 2me+T+?_x0

e 2" apd 3" waves: bright fringes occur at X, with constant separation with m

2 2
27zm=5273=(/)2—(/)3=i X+K —(X—K +2Wx, > Xm:@—xo
2f 2 2 /4

Thus, relative to Part (a), the bright (and dark) fringes on the CCD detector will be shifted by a
distance of -xo, i.e. in the opposite direction of the source shift. The attenuation on /> and /3 will
also be shifted by -xo, due to the 1/(X+x0)? attenuation factor (instead of just 1/X? in Part a).
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Appendix to Problem 1

My answers above were contingent on the assumption that f > 2W?/A, which allowed for easy
calculation of Uw(X), i.e., the field pattern block by the opaque block. To be more clear, I will
now show what would happen if I did not make that assumption.

Part (a)

Without assuming /> 2/, Ur(X) does not change but Uw(X) must be recalculated. Plugging
Pw(X) and the original Ur(X) into Eq. 1, the first exponential inside the integral cannot be
neglected now:

_ 2 L
Uy(X) = o f]eXp_] ZfX “E, Texp jkx—2 rect(i)exp —jﬁxX dx
" A R RV N s
—expljk2 fJexp jszz e
U,(X)= S S | EOF{exp jkx— rect(ij}
z L 2f— w fo=X1Af
—exp|jk2f Jexp jszz - -
U, (X)= e S —EOF{exp k2 }@F{recz(ij}
i - 2f ] Wl x
- exp[ijf]exp_jZsz_
Uy (X) = P L2 EyjNAf exp[— ]ﬂﬂﬁp)?]® WSinC(fo)H
f [o=X 1
k
k2 —X?
. exp[jk2f ]exp{l 2f LOW{eXp[_ ; k. Xz} ®Sin({ w XJ}
I 2f A

Note that we are left with a convolution of a converging spherical wave with a sinc, rather than a
sinc by itself (as in my Part (a) previously). To find the new field pattern Uoupu(X) at the CCD
detector, we plug Ux(X) and Un(X) into Eq. 2:

k o
U upu(X) = eXlO[isz]E L _ eXp|:j2fX }E W<ex {— 'iXﬂ@sinc(KX]
output = J 0 f\/ﬁ f\/? 0 p ]2f If
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Part (b) and (¢)

Without assuming f > 2W?/A, the expression for Uupu(X) can no longer be viewed as a
superposition of three spherical waves. The first time is still a plane wave, i.e., a plane wave
originating at infinity. However, the second term is now the product of a diverging spherical
wave and the convolution of a converging spherical wave with a sinc. It is no longer fruitful to
expand the sinc into complex exponentials in hope of creating two spherical waves (as in my
Part (a) previously). Instead, Uoupu(X) is the superposition of a plane wave (as before) and the
Fresnel diffraction pattern of a rectangular aperture with plane wave incidence (not two spherical
waves).

Part (d

Despite the changes to Parts a, b, and ¢, the answer here does not change. If the illumination
were moved off axis by a distance of xo, then Uoupu(X) would still shift a distance of —xo.

exp[jsz]exp{— jzf;(Xz ol )}

Ux(X) can be written as: - ok 2
(X) U.(X) G Eoexp{ ]2f(X+x0) }

k
: exp[jsz]exp[j.(xz + 3 )}
Uw(X) can be written as: _ 2f _k > | @ sind -
U, (X) jfﬁ EOW{exp[ i 2/ (X +x,) }@ smc( Y. XJ}

By observation, both of these terms are simply shifted versions (plus some phase change) of the
x0=0 case. Thus, the combined Usupu(X) will also be shifted.
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Problem 2. 4F Imaging System

Setup

In a 4F imaging system, the primary fields of interest are:

Uinpur(x, y): the field pattern at the x-y input plane

Upwit(X, Y): the field pattern incident on the X-Y pupil plane

U’pupit(X, Y): the field pattern immediately behind the X-Y pupil plane
Uoupu(x’, y’): the field pattern at the x’-y " output plane

The field pattern Uinpud(x, y) is simply the input image (to be specified in Parts a, b, and ¢). If
field pattern Uinpudx, y) is placed a distance d = f in front of L1 with focal length f and pupil
function P(X, Y) =1 (i.e., neglecting the finite extent of L1), the field pattern Upupi(X, Y) on the
X-Y pupil plane placed a distance f behind L1 is given by Eq. (5-19) in Goodman (Note: I have
reinserted the constant phase factor due to propagation over 2f'in the z direction):

e T k
U (X,Y)= U. .(x,y)exp| —j—(xX +xY) |dxd
pupll( ) ‘]ﬂf :[C_J;{ mpu( y)} p|: ]f( ):| y
Y.
UPupil(X’Y): iaf F{Uinput(xay)}‘ﬁ_;(//g
Jk2f R X Y
Upupil (X’ Y):e.—Uinput [_’_j
JM A A

Thus, Upwi(X, Y) is simply the Fourier transform of the input field. Meanwhile, the pupil plane
has a mask with amplitude transmission function #X, Y). If Upwpi(X, Y) is incident on the pupil
plane, then the field pattern U pupi(X, Y) immediately behind the pupil plane is the product of
Upupil()(, Y) and l‘()(, Y)Z

U;'mpil(X7 Y) = U

pupil (X7 Y)I(X7 Y)

If field pattern U pupi(X, Y) 1s placed a distance d = f'in front of L2 with focal length f'and pupil
function P(X, Y) = 1 (i.e., neglecting the finite extent of L2), the field pattern Uoupu(x’, y’) on the
x’-y” outuput plane placed a distance f behind L2 is given Eq. (5-19) in Goodman (Note: I have
reinserted the constant phase factor due to propagation over 2f'in the z direction):

jk2f oC  oC

e k
Ul (X, Y)exp| — j—(x'X +y'Y) |[dXdY
‘]if _J;_J; puptl( ) p|: ]f(x Yy ):|

Uoutput (x'5 y') =
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/k2f oo k
U s (61,9 =< o [ j U i (X, VX, Y) exp{ JF(x X+y Y)}an’Y
PV k
U x',y) = U X.Vexp|—j—(x'X +'Y) |[dXdY
(X123 = H l,,pm(if ﬂf]( ) p[ Sy )}
ks .
Uoutput ('x'7y') = %F Umput( X Y ]t(X Y) Eq’ 1
Jrf A e
Jy=y"14
K4 s .
Uy 3) =~ FIO, (X ! ] ® Fli(X,Y)
JAf MM o
Sy=y'"17f
jkaf
Uuutput(x"y') = j/lzfz /szzUinput( AﬂX’ /IffY)®t(fX’ fY X ’f//lf
e.l'k4f A X y|
U x',y)= u (—x',—))&®t —,— Eq.2
output( y ) ] mput( y) {/flf //Lf q
jk4f

Uoutput(x' b y') = eTUinput (_ x' ’_y')® PSF(X' s y')

Thus, the output field Ususpud(x’, y”) can be calculated in two equivalent ways (whichever is more
convenient for the given input field):

. Eq 1: Usupudx’, y’) is the Fourier transform of the product of the Fourier transform
mpm(X [ Af,Y | Af) of the input image and the amplitude transmission function #(X, Y)

of the mask.

o Eq.2: Usupulx’, y’) is the convolution of the inverted input image Uinpu(-x’, -y’) and the
Fourier transform 7(x'/Af,y'/ Af)of the mask’s amplitude transmission function ((i.e.,
the point spread function PSF(x’, y")).

In either case, the intensity pattern can then be calculated as follows:

2
Uoutput ('x' s y' )‘ Eq' 3

Ioutput (X',y') =
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Part (a)

In this case, the output field Usupu(x’, y’) is most easily found using Eq. 1. If the input plane is
illuminated by a coherent plane wave, the input field Uinpulx, y) is a constant and its Fourier

transform Umpm( S, fy) 1s a d function:

Uyt (X, 7) =1 > U fer [y)=F{}=0(f.. 1))

Meanwhile, the pupil plane’s mask is a rectangular grid of squares, specifically a a x b (Y-width
by X-height) rectangle of (A — d) x (A — d) squares repeating every A in each direction.
Therefore, #(X, Y) is the convolution of the square with a comb function bounded by a rectangle:

HX,Y)= rect( X rect( Y ® comb(£ comb(z rect(z}rect Zj
A-d A-d A A b a

Note the grid has a transparent square at the center, such that #0, 0) = 1.

Plugglng Uinput(f)(a fY) and l‘()(, Y) il’ltO Eq‘ 1

K4S N
Uuutut(x"y'): .ez zF input £7£ t(X,Y)
! VZaa T\ A

Fe=x'l 3
Ty =y if
Lo e X Y
Upipud (X' V') =———5 F6| —,— |[{(X.T)
JAf M A o
7=/ of
' ' e.i/f4f X Y
Uoutput(x ’y ): S F 5 e T . t(0,0)
JAS MM Fy=x'13f
Fo =y 2f
Jk4f X Y
U pipud (X5 ¥") =%F ol —,— since #(0,0) =1
JAf A )| re=er i
=yl of
jka s
Uoutput(x' H y') = 12]02 Sfy=x'"12f

JAf? Ty=y'1 3

Uoutput(x' > y' ) =

Uoutput(x"y') = .
J
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By Egq. 3, the output intensity pattern lougpux’, y’) is:

2
Ioutput (x' > y' ) = ‘Uoutput (‘x' s y' )‘ = 1

Putting the results together:

e/
Uoutput(‘x'iy') = j ]output (x"yl) =1

Thus, the output field Usupudx’, y”) 1s a plane wave (with some phase delay) and the output
intensity pattern loupud(x’, y’) is a constant. This result is easily explained. The input field is a
plane wave, i.e., with only a DC component. Because the mask is transparent at the point (X, Y)
= (0, 0) (via the center square), the DC component of the input is passed by the mask. Therefore,
the entire input is preserved and a plane wave appears again at the output.

Below, I have plotted the intensity pattern (generated in Matlab), which is simply a constant
background.

X, y7)

10

x’ (mm)
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Part (b)

In this case, the output field Uoupu(x’, y’) is most easily found using Eq. 2. If a coherent point
source is placed at the origin of the input plane, the input field Uinpud(x, y) is a 6 function.

Uinput (X, y) = §(X, y)
The Fourier transform 7( f,, f,) of the mask #(X, Y) can be calculated as follows:

{(fy. fy) = FlXx,Y)}

e ol oy 2ol
el o oo e

(fyr f3) = (A= d)sind(A —d) £, kind(A ) f; |- [N2comb(Af,, )eomB(Af, ) ® absind(bf, Jsinc(af; )]
{(fy. fy) = abN (A —d)’sind(A - d) £, kind(A - d) £, ] HZ Za‘(AfX m)(Afy—n)j@smc(bfx)smc(afy)}

m xcLn=

{(fy. fy) = abN (A =d)sind(A - d) £, kind(A - d) £, ] { ié fx—%jf?[fy—%D%im(bfx)sim(afy)}

{(fy 1)) = abA (A —d)sinc[(A —d) f, ind(A - d) £, | i Z sind ( fi- %ﬂsinc{a( f - %ﬂ

55 )

{(fyrfy) = abA (A —d)’sin(A —d) f, sinc|(A —d) £, ] i i sing ( fy— %Hsinc{a( f, -

> =

(o) =sind(A - £y bind A=) ] Y Y S“‘"{b(f x —%ﬂsm{“(f y —Xﬂ

m=—oc p=—0oC

where the constant factor abA%(A - d)* has been dropped for simplicity in the last step above.
Thus, 7(fy, f,) is a grid of skinny 2D sinc functions modulated by a wider 2D sinc function
envelope.

Plugging Uinpui(x, y) and £(f,, f,) into Eq. 2:

I RN
Uoutput(x Y ) = j Uinpur (_'x sV )® (—f _f
Jjkay 5 ,
Uoutput(x'ay'): 5( x' —y)@ _f Lf
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D e./'k4f R ' '
Uoutput(x ’y ) = Tt(_’LJ

U, (X' 3') = ef:tf Sinc[ (A/i} d) x}sinc[( 7 } niocnzx smc[ [_f - %ﬂsinc[a[% - %ﬂ
. _e’“f .| (A=d) ,|. | (A=d) < A 1o H
Uvpipd (X' ") = ; smc{ g x}smc{ g } mzmzm smc[ (x A mﬂsmc[ﬂf ( y A nﬂ

Plugging in A =10 um, d =2 pm, a = Smm, b =3 mm, A = 0.5 pm, and /= 10 cm:

Jk4f 8 8
J

0.5pum -10cm 0.5um-10cm
R mm , 0.5um-10cm . Smm , 0.5um-10cm
Z Z x'- m | [sinc y'—- n
Pt 0 Sum 10cm 10um 0.5um -10cm 10um
Jkaf
Uampm(x',y') _¢ sinc 8M—mx' sinc 8M—my' .
j 0.5um - 100mm 0.5pum - 100mm
S el 3000pm , 0.5um-100mm . 5000um . 0.5um-100mm
Z Zsmc x'- m | [sinc y'= n
o oot 0.5um - 100mm 10pum 0.5um - 100mm 10um
Jkaf
Uvpipud (X5 3'") = ¢ smc[O 16mm™ - x ]smc[O 16mm’ y]

i i:sinc[60mm'1 -(x'—Smm'm)]sinc[IOOmm'1 '(y'—Smm~n)]

m=—cCn=—0o

Thus, the output field Usupudx’, y’) is a grid of skinny 2D sinc functions separated by 5 mm in
each direction and modulated by a wider 2D sinc function envelope. Each skinny sinc function
has a main lobe with a width of Ax” =2/ 60 mm™ = 0.033 mm in the (vertical) x -direction and
Ay’ =2/100mm" = 0.02 mm in the (horizontal) y -direction. The wider sinc function envelope
has a main lobe with a width of Ax’= Ay’ =2/0.16 mm™ = 12.5 mm.

The output intensity pattern loupu(x’, y’) can be calculated by Eq. 3. Since each sinc function is
reasonably far from all neighboring sinc functions relative to their widths (5 mm > 0.033 mm),
let’s assume for simplicity that there is negligible overlap among the sinc functions in the
intensity calculation:

Loy (X' V") = sinc” [0.16mm'] -x’]sinc2 [0.16mrn'l -y']-

i i sinc’ [6Omm'1 -(x'-5mm- m)]sinc2 [1 00mm™ - (y'-5mm - n)]

Mm=—C n=—o
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ik4
e’ f

U,y (X', V') = — sinc[0.16x']sinc[0.16y']i isinc[60(x'—5m)]sinc[100(y'—Sn)]
J

m=—oC p=—0oC

Ly (X5 V") = sinc’ [O.l6x']sinc2 [0.16y‘] i i:sinc2 [6O(x‘—5m)]sincz [IOO(y'—Sn)]

m=—oC p=—0oC

where x’ and y’ are in units of millimeters (mm). Because the input field was a point source, the
output field Uoupu(x’, y’) and intensity loupudx’, y’) here are equivalent to the coherent and
incoherent PSF(x’, y”), respectively, of this 4F imaging system.

Below, I have plotted the intensity pattern (generated in Matlab) on a logio scale, which makes it
easy to see the grid of sinc functions repeating every 5 mm in each direction. For more clarity,
the bottom figures show the horizontal (@ x’ = 0) and vertical (@ y’ = 0) cross sections of the
intensity pattern. In the “zoomed out” figure, one can easily see the amplitude of the skinny sinc
functions decreasing outward from the center, due to the wider sinc envelope. In the “zoomed
in” figure, the vertical cross section is broader than the horizontal cross section because the mask

is wider than it is tall, i.e., a>b.
10§10! (X, ¥’ !l
!! gizidd oE 5. fEdEiaEh.

10

sr- == 22 'u?-' vm rEnt —q

x’(mm)
o

y'(mm)
Cross Sections Cross Sections (Zoomed into Central Sinc)
1
0.9 pm— Hori.zantal @ x'=0 0.9
63 Vertical @ y’ =0 0.8
0.7 0.7
= 0.6 gg 0.6
X 0.5 §0-5
T 04 0.4
0.3 0.3
0.2 0.2
0.1 0.1
L 1 ) ] : )
15 10 -5 0 5 10 15 -0.1 -0.05 0 0.05 0.1
x' or y' (mm) x"or y’ (mm)
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Part (¢)

In this case, the output field Uoupudx’, y’) is most easily found using Eq. 2. If the transparent
stamp of Tim the beaver is illuminated by a coherent plane wave, the input field Uinpudx, y) is a
equivalent to the (amplitude transmission of the) stamp itself:

Uinput (‘x’y) = Tlm(‘x’y)

Plugging Uinpud(x, y) and (f,, f,) (calculated in Part b) into Eq. 2:

ik4 f oc oc
U (X5 ¥") = e]' Tim(- x',—y’)@[sinc[O.16x']sinc[0.16y’] > Zsinc[60(x'—5m)]sinc[lOO(y’—Sn)]}
J

m=—x€pn=—0o

2
Uoutput (x' > y' )‘

]autput(x'hy') =

where x’ and y’ are in units of millimeters (mm). The output field Uoupudx’, y’) is the
convolution of the Tim stamp Tim(x’, y’) and the coherent PSF. The result is a grid of Tim
stamps repeating every 5 mm in each direction and modulated by a sinc function envelope. Each
Tim stamp is blurry due to convolution with a low-pass filter, i.e., the skinny sinc function
repeated in each direction in the PSF.

Below, I have plotted the intensity pattern (generated in Matlab). The left figure is plotted on a
linear scale. On this scale, only the central Tim is clearly visible, due to the sinc envelope
making the neighboring Tims considerably darker. For more clarity, the right figure is plotted on
a logio scale. On this scale, the grid of Tims, repeating every 5 mm in each direction, is clearly
visible.

1(X’, ') logio[1(X, y'])

x' (mm)
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