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Mathematical Preparation of Fourier Transform

- Fourier Transform in time domain
A time signal f (t) can be expressed as a series of frequency components F():

f@#t) = ffooo F(7, ) exp(—iwt) dw
1 [00]
FGw) = o f F @, 6) exp(+iwt) dt
The functions f(t) and F(w) are referred to as Fourier Transform pairs.

- Fourier Transform in spatial domain
A spatially varying signal f (x, y)can be expressed as a series of spatial-frequency
components F(ky, k)

flx,y) = (2;2 ffooo ffooo F(ky, ky) exp(ik,x) exp(ik,y) dk,dk,

F(ky, ky) = ffooo ffooo f(x,y) exp(—ik,x) exp(—ikyy) dxdy

Accordingly, the functions f (x, y)and F (kx, ky)are referred to as spatial-Fourier
Transform pairs.

- A few famous functions

o Rectangle function

{17 |x|<% “1
rect(X
rect(x)E{%, |x|=% ()
0, |xl > L

o Sinc function
sin(mx)

sinc(x) = p—



Lecture Notes on Wave Optics (03/19/14)
2.71/2.710 Introduction to Optics -Nick Fang

sinc(x)

zeros at x=
nz(n#0)

o Triangle Function

_ (1= x|, x| <1
A(x):{ 0, |xl>1

A(x)

1, x>0
H(x) = ! =
= 2’ X =

0, x<0

o Comb function

comb(x) = Z §(x —n)

n=-—oo
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- Interesting properties of Fourier Transform:

o Scale theorem f (ax)
f(x) F(k,)

IR
Ao A

k

x

_LL"J_

o Shift theorem f(x — a),

(e.g. double slit)
t(X) = rect[(x+a)/w] + rect[(X—a)/W]

o W, W

—>

o))
<y

a 0

o Complex Conjugate f*(x)

..o d
o Derivative = f(x)



Lecture Notes on Wave Optics (03/19/14)

2.71/2.710 Introduction to Optics -Nick Fang

o Modulation f(x)cos(zTn X)

f(x)cos (2777 0 F(k)®(8(k — Go) + 8(k + Gy))

- Practice problem: can you apply these theorems in (%, y) plane?

-.

Accordingly, the following functions f(x, y)and F(kx, ky)are referred to as spatial-
Fourier Transform pairs.

Functions Fourier Transfol:m Pairs
X a
rect (3) la|sinc (77:)
, a
smc}EE) |a|rect (2_7;;)
a
A (E)x la|?sinc? (?)
a
comb (E) lalcomb 2(2_7:)

. x?
Gaussian exp (— ;)

a2
exp | — Ekx

Step function H(x)

1 1
E+ E(c?(kx))

()
circ|\———

a

2m)y (a /kxz + ky2>

a |k.* +k*

la|?
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