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Consider the factory in Figure 1 that consists of three parallel machines. It makes a single
product which can be produced using any one of the machines. The possible material flows are
indicated.

Assume that the cost ($/part) of using machine M; is ¢;, and that the maximum rate that M,
can operate is p;. Assume that c¢3 > ¢o > ¢; > 0 and let 3 = co. The total demand is D.

Problem: How should the demand be allocated among the machines to minimize cost?

Intuitive answer: We want to use the least expensive machine as much as possible, and the most
expensive machine as little as possible. Therefore

It D < py, r1=D,x0=23=0 cost = 1D
If uy < D < pg + po, 1 =1, 0o =D — py,x3 =0 cost = cypq + ca(D — pq)
If pg + po < D, Ty =, Ty = fo, T3 =D — g — g cost = c1pug + Copta + c3(D — 11 — p12)

LP formulation:

min ¢ 7 + coxo + c373

such that
T1+ 2o +ax3=2D
r1 < g
To < o

2 >0,i=1,2,3

The constraint space is illustrated in Figure 2 for two different values of D. The arrows indicate
the solution points.
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Figure 1: Factory

D<u,

M, <D<l~l1 +M2

Figure 2: Constraint space
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LP in Standard Form: Define x4, and x5 as the slack variables associated with the upper bounds
on r; and xo. Then

min c; 1 + coxs + c373

such that
T1+ 2o +ax3=2D
1+ T4 = 1
To + X5 = 2
r; >0,1=1,...5

In that case

Verification of solution guess:

1. D < pq:
We have guessed that when D is small, x1 = D, xy = x3 = 0. Then, also, x4 = pu1 — D, x5 = .
This is a feasible solution. It is also basic, in which the basic variables are x1, x4, x5 and

1 00 11
A= 1 1 0 Av=10 0
0 01 10

It is easy to show that

1 1
AZ' Ay =1 -1 —1

1 0

This is demonstrated at the end of this note.

Therefore,

1 1

ngcg_chglAN:(CQ C3 )—( C1 0 0) -1 -1 :(CQ C3 )—( C1 Cl):(Cg—Cl C3—Cl)
1 0
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and, by assumption,
co—cp >0
c3—cp >0

Therefore, since both components of cg are positive, the solution we guessed is correct.

2.y <D < g+ o
We have guessed that x1 = py, 20 = D — 1,23 = 0. Then x4 = 0,25 = s — D + 1. The basic
variables are x1, s, x5 and

1 10 10
A= 1 0 0 Av=1| 0 1
011 0 0

cgz(cl Co O) c]TV:(c?, 0)

Then

and
T T T -1
cp=cy — CgAjg AN:(—02+03 01—02+c3)

which is also componentwise positive.
3. 1+ e < D:

We have guessed that x1 = 1,20 = o, x3 = D — i1 — po. Then x4 = x5 = 0 and zq, x5, x3 are
the basic variables. Therefore,

Then
1 0
AZ'Av=1 0 1
-1 -1
and
1 0
cﬁzc%—chglAN:—(cl 2 03) 0 1 |=(c3—c1 c3—c9)
-1 -1
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cost

M1 “1+“2

Figure 3: Cost
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which is also componentwise positive.
Note that the cost as a function of D is shown in Figure 3.

To show that, in the first case,

11
A Ay =1 -1 —1
1 0

ARt Ay is a matrix of two columns. The first column satisfies

1 1 00 S1

Of=1110 Sy

1 0 01 S3
and the second satisfies

1 00 t

Ol=1110 to

0 0 01 ts

The equation for the first column is equivalent to

1= S1
0= S1 1+ S
1= S3
or
S1 1
S92 = —1
S3 1

and the equation for the second column is

1 - tl
0 - tl + tg
0=s3
or
tl 1
ta | =1 -1
t3 0
Putting the columns together,
1 1
AgAy =1 -1 -1
1 0
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