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Lecture Note 14

1 Convergence of TD()\)

In this lecture, we will continue to analyze the behavior of TD()) for autonomous systems. We assume that
the system has stage costs g(z) and transition matrix P.

Recall that we want to approximate J* by J* ~ ®7. We find successive approximations ®rg, ®ry,... by
applying TD()):

Tpe1 = Tk + Yedp2k (1)
di, = glzr) + a(Pry)(Tr1) — (Pre) (k) (2)
k
2k = aAzg—1 + o(ag) = Z(ax\)Tgé(a:T) (3)
7=0

We make the following assumptions:

Assumption 1 The Markov chain characterized by P is irreducible and aperiodic with stationary distribu-

tion .
Assumption 2 The basis functions are orthonormal with respect to || - |l2,p, where D = diag(w), i.e.,
®TDO = 1.

In the previous lecture, we introduced and analyzed approzimate value iteration (AVI). The main idea is
that TD(\) may be interpreted as a stochastic approximations version of AVI. Before finishing the analysis
of TD(X), we review the main points related to AVI.

Recall the operators T and II:

T\J

1=X) ) amTmity,
m=0

IJj = ¢&<®,J>p.

Then AVI is given by
‘i)""k-ﬁ—l = HT(I)’I“k, (4)

and we have the following theorem characterizing its limiting behavior:

Theorem 1 If

m 0 0

0 T2 0
D= .

0 0 7T‘5|



and 1T P = xT, then r, — r*, and

|77 = @r*l2,p < |77 = TLT"[|2,p

1
V1 — k2
a(l—=X\)

1—aX S «.

where k =

We can think T'D(\) as a stochastic approximations version of AVI. Recall that the main idea in stochastic
approximation algorithms is as follows. We would like to solve a system of equations » = Hr, but only have
access to noisy observations Hr = w for any given r. Then we attempt to solve r = Hr iteratively by
considering

Tkl = Tk —|—’}/k(H7’k — Tk —|—wk)

Hence in order to show that TD()) is a stochastic approximations version of AVI, we would like to show
that
Prer1 = T\ ®ry — Py + wy,

for some noise wy,.

The following lemma expresses (4) in a format that is more amenable to our analysis.

Lemma 1 The AVI equations (4) can be rewritten as

Oripp1 = < @, T Pry >p, (5)
or, equivalently,
Th+1 = Ary + b, (6)
where
A=(1-)No"D (Z At(ap)t“) i) (7)
t=0
and -
b=23"D (aN)'Ply. (8)
t=0

Proof: (5) follows immediately from the definition of II. Now note that

Thr1 = < O, ThPry >p
= ®TDT\Pry
= 1-19"D Z N Z(aP)tg + o™t Py,
m=0 t=0
= (1=XN2"D Y X"(aP)" Oy + (1= X)) (aP)g )y A"
m=0 t=0 m=t
= Arp + Z()\aP)tg
t=0
= Arp+0.

At the same time, we have the following



Lemma 2 TD()\)’s equations (1) can be rewritten as

where

Tht1 = Tk + Vi (Apre — i + bi),

lim EAk = A,
k—o0
Jim Eby = b,

where A and b are given by (7) and (8), respectively.

Proof: It is easy to verify that (1) is equivalent to (9), where

A, =

b = zrg(xk).

We will study the limit of EAy and Ebg. For all J, we have

klim E[zdi] =

Letting

we conclude that

lim EAk =
k—o0

i ]
Jim B [Z(ax)k—w(%ﬂ(m
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oo

E

7=0
S

> (aN)T <@, PTJ >p
7=0

J(wp, 2pp1) = ad(Tpi1) —

oo

zp(ad(zpr1) — o(ar)) + 1,
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In the fourth equality we have used the assumption that ®7D® = I.
Similarly, letting

J(zr) = g(xr)

yields
Jim Eb, = D (aN)T <@, PTg>p
7=0
= b
If A =1, we have
o
Z(a)\)T(g +aP ®r, — ®ry) = J* + (I —aP) HaP - I®r) = J* — Or.
=0
If A <1, then
> ()P = Y aTPT(1-N)) N
=0 =0 t=T1
t T
= (1-N)D N P
7=0 t=0
Thus
> (M) PT(g+aPPr—@ry) = (1-X)Y A\ > a'P'(g+aPPr—r)
7=0 7=0 t=0
= (1-X) Z AT Z (atPtg + TP oy f@")
7=0 t=0 Ttor,
= T)\(I)Tk — CI)Tk
Therefore,

khm E [dek} =< <I>,TA<I>7‘;€ —®r, >p

Comparing Lemmas 1 and 2, it is clear that T D()\) can be seen as a stochastic approximations version
of AVT; in particular, TD’s equations can be written as

Tht1 = T + Yi(Arg + b — 7 + wi),

where wy, = (A — A)r + (bg — b). If rg remains bounded, we should have limy_, o, Ew, = 0, so that the noise
is zero-mean asymptotically. Note however that the noise is not independent of the past history, and in fact
follows a Markov chain, since matrices Ay and by are functions of z; and zpy;. This makes application of
the Lyapunov analysis for convergence of TD()) difficult, and we must resort to the ODE analysis instead.
The next theorem provides the convergence result.

Theorem 2 Suppose that P is irreducible and aperiodic and that Y oo | v = 00 and Y pey 7,3_ < 00. Then
e — r* w.p.1, where ®r* = 1T\ Pr*.



To prove Theorem 2, we first state without proof the following theorem.

Theorem 3 Let 1 = ri + ye(A(xg)ry + b(xk)). Suppose that
(a) 3231k =00, 35ty Vi < 00

(b) xy follows a Markov chain and has stationary distribution
(¢) A=E[A(z)|x ~ 7] is negative definite, and b = E[b(x)|z ~ 7]

(d) |E[A(zk)|zo] — Al < Cp*, Vo, Yk, and
[B[b(zk)|z0] — bl < Cp*, Va0, Yk

Then r, — r* w.p.1, i.e., Ar* +b=0.

Sketch of Proof of Theorem 2 We verify that conditions (a)-(d) of Theorem 3 are satisfied.
Conditions (a) and (b) are satisfied by assumption.
(c) For all r, we have

rTAr = 1T <®,(1-X0)> Na™ ' PHEr - dr >p
7=0

= <®r (1-N) Z N o™ P er >p 003

=0
Tx¢r, a contraction w.r.t. ||-||2,p
< @rlleplTa®rll2,p - 193 5
< pller| S,D - H‘I’T”g,p (B<a)
< 0

Hence, A is negative definite.

(d) We must consider the quantities

E[A; — 4] = Elz(ad(zrir) — o(zr) — Al
Elbr — b = Elzkg(zr) —b].

This involves a comparison of Elazi¢(zr+1], E[zrd(xr)] and E[zrg(xr)] with their limiting values as k goes



to infinity. Let us focus on term zi¢(xy); the other terms involve similar analysis. We have

Elzx¢(x)|z0]

E

k

Za)\k Lp(ay) d(wn) | w0 = @

t=0

2k

k
D bl @V (ar) ey ~ 7ot < 0]

Lt=—0o0

k

Z </>(a?t)(a>\)k_t¢(xk) |zg = a?]

Lt=0

Z () (N p(ay) |xo ~ W]

Lt=0

Z ¢($t)(a)\)k7t¢(l’k)|l’t ~ 7r‘|

It follows from basic matrix theory that |P(z; = z|zo) — m(z¢)| < Cp', where p corresponds to the second

highest eigenvalue of P, which is strictly less than one since P is irreducible and aperiodic. Therefore we

have

L]
< ’E [ o) (X)L p(ap) |z = w] -E

for some M < oco. Moreover,

k
p(xe) (N o) |wo = x] -E [ Z

—-E

zk:¢act oz)\k t (.Z‘k)‘.rof\‘ﬂ'] ‘

t=0

E l i () (aN)* "t p(zp) o ~ W] < M(a))*

t=—o0



