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Linear Time Invariant Systems

x(t) I{iirr:‘iar y(t)
Invariant
System
Linearity
input output
AX,(H)+Bx,(1) Ay, (D+By,(t)

scaling & superposition

Time invariance

sin(-0)=sin(0) cos(-0)=-cos(0)

x(t-T) y(t-t)
Characteristic Functions
et  s=atjb
complex exponentials
Sinusoids
_ 0(rad)| y,=sin(0)| y,=cos(0)
N ,"'ﬂ;\ll | | T .'_.a-\.__.;n.\l‘l T 0 0 )
Ay A Y e 5 | 0866
WLy w4 0707 | 0707
SV L as | 0ses | 05
04: I'.I II!.- ‘.II '-II. .:_ III. '.:.. :III II!i T /2 1 O
a6 | I,I'I' i IIIJ:: f!i; \ Ii':l-': I;,' T 0 -1
"l VAVARRAVAVA BN 77 -1 0
L ".‘.“. |-c:-- 23‘( O 1
Periodic
y(6)=y(6 +2mn)
sine odd_ cosine even

s=a+jb
s=0
s=tjw

$=-0 £jm

Complex Exponential Signals

est
et exponential decay
et sinusoids |
e-oHot exponential sinusoids ;7
cost) = e

characteristic functions of LTI systems

X(t)ZSiH(U)t) Linear y(t)=A Sin(o‘)t+¢)
— lTlme_ >
nvariant
System

output has same frequency as input

but is scaled and phase shifted

Continuous sinusoids  06=0(t)

amporal )

A X ™

1 C y(D=A sin(ot+¢)

y()=A sin(2rft+¢)
I:'.! ~ Parameters:

A: amplitude

’ . ¢: phase (radians)
. : radian frequency (radians/sec)
a8 I", |,"I II'-\ .'I. I’-\ ,-': or
) Ao M M f: frequency (cycles/sec-Hz)
Relations:

w=2nf rad/sec= (2n rad/cycle)*cycle/sec

T:period (sec/cycle)  y(t)=y(t+T)
T=1/f=2n/0

sec/cycle= 1/ (cycle/sec)= (2m rad/cycle)/(rad/sec)



Continuous sinusoids ~ 0=0(t)

T ey y(O)=A sin(ot+¢)
| y(t)=A sin(2rft+¢)
& Parameters:
1/ ‘BT R .' A: amplitude
A% i ¢: phase (radians)
- / : radian frequency (radians/sec)
sl | I"._ ,-': ".I‘ or
L f: frequency (cycles/sec-Hz)
Phase shift
In: x(t)=1sin(t) x(0)=0
Out: y(t)=0.5sin(t-mt/3) y(71/3)=0
Discrete sinusoids 6=6[n] n=0,1,2...
y[ll]=A SlIl((Dn+(I)) cel : :- . : Z . : °:\
y[n]=A sin(2nfn+¢) i il e
A: amplitude Ifff 0: ? I
¢: phase (radians) S S 1110 1
: radian frequency (radians/sample) of||[ffe [1]]fe 114
f: frequency (cycles/sample) off||e o [|]e .
Relations: iy . " W " . iy
w=2nf rad/sample= (2r rad/cycle)*cycle/sample “™
N:period (samples/repeating cycle [integer])
Smallest integer N such that y[n]=y[n+N]
Find an integer k so N=k/f is also an integer N =5

f=k/N (f: rational number -> k/N is ratio of integers)

Sampled Continuous Sinusoid

sampled continuous sinusoids

Continuous Sinusoid ool Al

TextEnd ¢

y(t) =sin(27t)

Sample rate: T =4sec 3 i

t=nT,

Discrete Sinusoid

o L1 ; W 48
y[n] -_— Sln(zﬂ 50 n) 0 10 20 30 40 R 50 60 70 80 90 100

y[n] =sin(%-n)

=

y[n]

0.125
0.249
0.368
0.4818

AW N = O

Period of discrete sinusoids

ex: y[n]=cos(2w(3/16)n)
What is the period N?

y[n]=A cos(2ntn+¢)
frequency: f=3/16 cycles/sample

)
S 9
I —]

N:period
(samples/repeating cycle [integer])

[Hp
‘
g
o —

Smallest integer N such that y[n]=y[n+N]

Find an integer k so N=k/f is also an integer

£=3/16
let k=3
N=(3)*16/3=16

f=k/N (rational number -> k/N is ratio of integers)



Period of discrete sinusoids: ex2. Period of discrete sinusoids: ex2.

discrete function

y[n] = Sln(2.7[ . 5_30 . n) : Dr,cr:.\'n Sinusokd wi ri'ﬁm '-on-mnc:-‘. ‘ X - 1 h: '.fm:“mw ot i
. i - ‘ y[n] =sin(2m -3+ n) ” |¢
f —3 cycles ask | I . 11 : -
50 sample : it | ; | 1T frequency: f = % zrﬁziex
04 L
y[n]=yln+N] £ o2 | iflithy - ilflths period: N=?? samples
N=7? samples ‘,L 02 || Teena i i I i y[l’l] = y[l’l + N] .
N: integer - '
S N=k N, kintegers o
08 1[I e L P i % -N=k h
N = % 4 2
a 10 20 a0 40 ;i ;.,1st|:1|¢§. &0 el 8d ] 100
50/3 # integer N 50 samples  ratio of integers periodic
k 3 cycle rational number N=50 samples, k=3 cycles
Aperiodic discrete sinusoids , inaional requency Periodicity
continuous function osf] \ arbitrary continuous signal .
y( t) = sin(27 - ﬁ 1) ool T:period (sec/cycle)

y(t+T)=y(t)
After what interval does
the signal repeat itself?

02|

T =-4fsec  periodic

sample

y=sin(2°pi*sqrt(2)/25"n)
°

s y=sin(3tp+sin(41)+sin(a)

t=nT, T =55sec ‘\ ‘ ‘
0.6 |\ \I‘. \Ih
1| P |
discrete function | 4 L P O B
=di RV imeeed T l‘l Y. l‘\ A "‘ v
sln]=sin@z-35-m _s UL Y
f B | [ | B [ 1]
) 0 25 = Wax[en:u‘lul “‘I Jl‘l‘l I“ "HM \|
period? fN=k Nk:integers 40 H l‘ | W] ‘|| Wl |
n|=yln+N . . \ | .
yn] =)l ] N _ 2542 not a ratio of integers Y ' l‘] b |
N=?? samples k 2 irrational number ! i |
(integer) 730 2 4 ‘ﬁ 8 12 14 16 18 : 20

sampled discrete sinusoid aperiodic e



Ex: Period of sum of sinusoids

0.
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T1=0.2 seconds, T2=0.75 seconds

6

| 1 | I
0 1 2 3 4
time (sec)

Tsum=? seconds

Instantaneous frequency
y(0)=sin(6)
06=0(t)
instantaneous frequency
w=do/dt
sinusoid constant frequency
y(t)=A sin(wt+¢)

O=wt+¢
do/dt=w

—r

time varying argument

iy

chirp linearly swept frequency

w=d6/dt t 1w
o =((0;-wy)/T)t +w, 0| w,
integrate T o,

0 =(,-0,)/2T t> +o,t + C

Yenirp(D=A sin((w-0g) /(2T) 2 +ogt + ¢)

Least common multiple

seconds to complete -

cycles
T1=1/5 seconds

1/5s, 2/5s, 3/5s ...

4/20s, 8/20s, 12/20s, !
16/20s, 20/20s, 24/20s, -
28/20s, 32/20s, 36/20s,
40/20s, 44/20s, 48/20s,
52/20s, 56/20s, 60/20s

15 cycles

seconds to complete

cycles

T2=3/4 seconds
3/4s, 6/4s, ...

15/20s. 30/20s,
45/20s, 60/20s

4 cycles

1/5%k=3/4*]

k/1=15/4 rational number

Tsum=15*T1=15/5=3 seconds ~ 1sum=4*T2=3/4*4=3 seconds

Tsum=3 seconds

Representations of a sinusoid

y(t)=A cos(wt+¢)

y(t)=Re{Aeitei@v}

X= Ael¢
y(O=Re{Xei®"}

trig function

complex conjugates 0 = gir+9)
= el pion

real part of

complex exponential

complex amplitude (constant)

rotating phasor

Euler’s relations
eif=cos(0)+jsin(0)

cosO =

0 e ) -
e’ +e” e — e




Complex Exponentials
Why use complex exponentials?

Trigonometric manipulations -> algebraic operations on exponents

Trigonometric identities Properties of exponentials

cos(x)cos(y) = %[cos(x - y) - [cos(x + y)]]
1+ cos(2x)
2

reXey= reXty
(rex)nz henx

W _ xl/n

cosz(x) =

Vector representation (graphical)

Representations of a sinusoid

y(t)=A cos(wt+¢) trig function

y(1) = Ae” 7[ - ;W]

y(t)=Re{Aeitei@} real part of

complex exponential

X= Ael® complex amplitude (constant)

y(t)=Re{Xei@V} rotating phasor

Euler’s relations

. L. j0 -jo Jjo _ -jo
elf=cos(0)+jsin(0) cosf = £ sing= &~ ¢

Complex Exponentials

Amplitude modulation (multiply two sinusoids of different frequencies)

Acos( w,t) B cos(w,t+§)= C(cos(wst +,)+ cos(m,t +¢,))

complex conjugates /(%) = ¢/(“+7)

A-cos (w1) - (B-cos (02 + ¢2))
A-B-cos (o) - ((cos (w2) -cos (¢2) — sin (w2)-sin (¢2)))
A-B-cos (w1)-cos (¢2) — A-B-cos (wl)-sin (w2)-sin (¢2)
AB cos (02 + wl) + cos (w2 — wl) sin (w2 + ol) + sin (w2 — ol)
2 2
A_B_cos (ws) + cos (wd)
2

os (¢2) — A‘B

sin (¢2)
sin (ws) + sin (wd)

-cos (¢2) — A'B 3

-sin (¢2)
%'A'B' (cos (92) -cos (ws) + cos (¢2) -cos (wd) — sin (¢2)-sin (ws) — sin (¢2)-sin (wd))
;~A~B- (cos (s + ¢2) + sin(wd + ¢2))

or
A-cos (o1) - (B-cos (w2 + ¢2))

|:e]~ul| e (jva]:| [ |:ej- (02+6) 4 o (.‘,2+¢):H
A |B-
2 2

*sum formula
for sin & cos

trig id

*product formula
for sin & cos

trig id

*sum formula

for sin & cos
trig id

cos = complex conj

mult. exponentials

%-A-B-[exp[j-(d) + 02+ ol)] +exp[-j (¢ + 02 + )] + exp[-j (¢ + 02 — 01)] + exp[j- (¢ + w2 — w1)]]

1
X~A~B~(2«cos (¢ + 02 + wl) + 2-cos (¢ + 02 — wl))

1
E-A-B-(cns(q) + 02 + ol) + cos (¢ + w2 — wl))

complex numbers

cartesian s=a+jb j=A-1
polar s=rel®

5" conversion
4 5
2 a=rcos(@)
2=t b= rsin(@)
Lo .

5 -4 -li 2 A 0I1 FIE! 45
;
) r=+a’+b’
! b
l 0 =atan2| —

a

6l

. quadrants!

conjugate

s*=a-jb=re1®

cos = complex conj

eld=1
e
ei=-1



complex numbers

cartesian  s=a+jb =1
polar s=rel®
sp conversion
4 5
2 a=rcos(f)
2 ! - b= rsin(@)
N
5 14 -ll 2 1 [} : 1 2 3 4 i ‘x
,
) r=va’+b’
3 b
l 0 = atan| —
| a
sl
conjugate

s*=a-jb=re1®

complex arithmetic

Addition  Subtraction
Multiplication Division
Powers Roots

remember:
elf=1
ejn/sz
ein=-1
ex.
li= (ei%)i
= i)
— 100

complex numbers

connect origin to s,

cartesian
$;=3+j2 5"
=A% Ak
= A5 0588 ,
S2:‘2+j1 /‘2’ S:iﬂ‘\
1 :|+,,] s=-'3+i1/’\/; _Eui-‘m\ A3
= 22+ 12 2 ! }
) 1 1 ! L T \ 1
= 45 el2078 5 4 3 -2 -1 |01 2 3
polar L ke
s =\ el 0588
=13 05 (0.588) + j- (13 -sin (0.588) ) 20
=3+j2 3
s,= 5 2678 al
= A5-cos(2.678) + j- (4f5-sin (2.678)) :
=-2+j1
Addition
cartesian
s1:al+]_g1 S;+s,=a;+jb; + a,+jb,
$,;=a,+]b, =(a, + a,) +j(b,+b,)
polar )
01 convert to cartesian
S,=r,e ad
- a
s,=T,ei%?
convert back to polar
s
vector 1
3
. 2 £amgiega
place tail of s, at L
head of s, —— . :
5 4 3 2 4 a9 2 3 4 5



Addition - example

cartesian
8, =3+j2 $;+s,=a, + a, +j(b,+b,)
$,=-2+jl =3-2+j(2+1)
=1+j3
polar
8= @0 g = T c0s(0.588)+j 4T sin(0.588)= 3+j2
— . 2678
S;= ¢ $,= 4 cOS(2.678)+j+ sin(2.678)= -2+jl
vector ) si+sy=1+4j3
i — '12 + 32_ei~atan(3)
3 = ,\/E-ei'”‘w

b W o =
(—

Subtraction - example

cartesian
$;=3+j2
$,=-2+jl
polar
s =17 el 0.588
$,= 45 2678

vector

- M W B

Wk W R =

S1-5, :(al - az) + j(bl'bZ)
=(3-(-2))+j(2-1)
=5+l
$;=413c0s(0.588)+j 413 sin(0.588)= 3+j2
S,=+5 €08(2.678)+j+5 sin(2.678)=-2+jl1

- j-alan[l]
P 4/12 +5%¢ s
i = ,26'6‘].‘0‘197

Subtraction

cartesian
s;=a,+jb,
s,=a,+jb,

polar
s,=r,e0!
—r 82
S,=T,¢&/

vector

rotate s, 180° (-s,)
place tail of -s, at
head of s,

connect origin to s,

Multiplication

cartesian
s;=a,+jb,
s$)=ay+jb,

polar
—r eifl
s,=re
—r aif2
S,=T,el

vector

$1-8,=a,+jb; - (a,+jb,)
=(a, - a,)+ j(b;-b,)

convert to cartesian
add
convert back to polar

- MW B

woh W o =

$18,=(a;+jb; ) (a,4jb,)
=a,a,+ ja,;b, + jab; + jbyjb,
=a,a,+J’b;b, + j(a;by+a,b, )

—=r.eifl . ei62

1S, =1 e
- 01 gj62
=r,1,e"" e
= j01+62
=T1,0)

magnitudes multiply e L

angles add

xaxb=xa+b



Multiplication - example

cartesian .

] $18,= a,2,-bb, +J(a_1b2+azb1)
$;=3+j2 =3(-2)-2(1) +j(D+(2)(2))
S,=-2+j1 _ .

=-6-2 +j(3-4)
=-8 -]l
polar
5= 475 @i 0588 8,8, =T T,eif1+02
s,= A5 ei2678 = T3 A5ei(0.588+2.678)
e = & ei3:266
al $1S, =+ c0s(3.266)++6s j sin(3.266)
vector d .
B =-8 -]l
' o 7 3 4

Division - example

- 2
S1/8, =848, / Is, |

cartesian =(a,+jb, ) (a,-jb,) / (a,2+b,2)
$,=3+j2 =(3+j2) (-2-j1) / (2*+12)
s,=-2+jl =(3(-2)-j3(D+j2(-2)+2(1)) / (5)
~(-6-3-j442) / (5)
polar =(-4-J7) 1 (5)
5= A7 €1 0588
_ 5 ai2678
S,= A5¢e ] s,/s,= (r,/t, ) €012
-
4 =(\/T3 I5) i0.588-2.678
vector | —( [ ) el0-588-2.678
simre? i o3 "'(v; = E -j-2.09
~. 1 ‘ si=rie =5 ¢
RN R =[2c0s(-2.09)+j [Zsin(-2.09)
sy 21 a .
Tl =0.8-j1.4
3

Division

cartesian
s;=a,+]jb, s1/8,=(a;+jb; ) / (a,+jb,)
s,=a,+jb, . . . .
=(a,+jb, ) (a,-jb,) / (a,+jb,) (a,-jb,)
=(a,+jb,) (a,-jb,) / (a,>+b,?)
— o * 2
polar =5,8, /Is, |
s,=r,el%! s,/s, =r,ei® / 1,eif?
s,=r,ei"2 =r,el (r,ei02 )1 T
=(r,/1,) ci‘_’l 192 :
= (r,/r, ) e1-62 ..
vector o }
. 1 {52,» . 81
L ’4\
5 4 3 2 -1 1 2 3 4
divide magnitudes smsva 031 [0
angles subtract 2r
3
-4
a/xb—yab
x3/xb=x? .
Powers
cartesian
S:a+Jb Sn:(a+Jb)n Binomial expansion
= E(Z)a"’*(jb)k where (kj= n(n—l)(n—zzl...(n—(k—l))
polar s=(rei®)n
s=rel® gh=rheind
som
4
3k ("136
2
vector L

magnitude raised to power n
angle multiplied by n

O
T

(Xa)n:Xan



Powers - example  s2=(2+j1)?2 Roots

cartesian cartesian
) s=a+jb sin=(a+jb)!/n 27?
s=2+jl , . .
jqnanH w(1+ »é) s -iL(lﬂ)(-é) +(VJ)( -é) N
=2 412e L2 vector = a U R Y b el Ui 3 s
= ,\/g oir0.464 ’
Al .
polar . e polar sl/n=(rej6)ln
s=rel® LS s=rel® gln=plingi®/m+2mk/in)  k=0,1,2,...,n-1,
= '\ls_.ei-O.464 ]_"," .Msmu .
.'f" 'f
gi=pneind 5 -4 ‘3 ‘2 ‘1 01 2 3 4 5 3
= gk Re
2—12aj20 2
s*=r%el 2h vector “//1'\
Sz=4\/§ 2@2(0464) 3 L L 1 1 ; | A "15: =" L
-4 5 4 3 -2 'k()“lg 34
s?= 5ei0-927 5 nth positive root of magnitude O
=5cos(0. j5sin(O0. circle evenly divide n starting at angle/n “r
5 0.927)+j5sin(0.927 1 ly divided by n starting at angle/ :
. 3+
=3+j4
%/; - xl/n -4 [
5
Roots - example s!3 =(a+jb)!1”3 Complex Conversions
cartesian cartesian —* polar polar —* cartesian
s=2+il gln—plmgj®m+2mkn) k=0,1,2,...,n-1 s=a+jb s=Aa?+brel ) s=re® s=rcosf+ jrsinf
1/3 =,\/§1/3ej(0.464/3+2nk/3) k=0,1,2 i i
polar S o Complex Arithmetic
= of5.0i 0464 s!3 =1.308 ei(0-4643) Addition cartesian (a,+ jb) + (ay + jb,) = (a, + a,) + j(b, + b,)
=1.308 ej(0.464/3+2nl/3)
5™ 1.308 ei(0.464/3+2n2/3) Subtraction cartesian (@, + jb) - (a, + jby) = (a, - ay) + j(b, - b,)
vector 4
173 — j0.155— 3 . . .
3k s1¥=1.308 eJ —1292+_]0202 Multiplication polar ’,ie_lel . rze.lﬁz — rlrzel(81+62)
=1.308 2249=-0.821+j1.019 o
= j4.343— ; re’! o oig -
= 1.308 e4343=-0.472-j1.22 Division polar ! — = 11, i(6:-62)
L L L I rzej ’ r2
-5 -4 1 ‘5 o\ ;
s - Powers polar (re'/g) =r"e?
2L
3r Roots polar 7" =5=re’ 12 el
_4[ P I g (0 I+ 27k /) =5a
5



