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y[n]= ibkx[n — k| FIR

M
y[n] = E h[k]x[n — k] convolution
k=0
x[n = Ae”e’™ Complex exponential input

let

H(d) = fh[k]ef@k

g‘[(d\)) frequency response



H (@) = Shikle™
= h{0]e™™ +h[1]e”™ + h[2]e"”
=l+ie" 4L
%(1 +e " + e'm’)
=l (e +1+e7)
\

e (1+2cosd)



H(d)=1e " (1+2cosd)

=1(1+2cos@)(cos@ - jsind)

cr

‘Cl-[ (@) = %‘(1 +2cos®) low pass filt
H(®)

Note: ‘ﬂ—[(%ﬂ) =0 /

2‘ZCI'O é
LH (®)=-¢&  linear phase — x x SE—
={ — 27/3<w<0 L6} N

~0+7w T=0D<27/3

LH (-0)=-LH (&) I I I e T

principal value of phase fn



Normalized vs. actual frequency

H (@)

%‘(1 +2cos®)

normalized frequency

actual frequency (Hz)

1
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0.4

0.2

0

low pass filter

—T<W<T
f|A = ﬂ;f; = f; Nyqulst
et 2 2
W = 2 f.=8000Hz
2x
= z 8000 _ 8000 Hz = 1667 Hz

27



Convolution / solving the difference equation

S
Iﬁl
I

3+ 3c0s(0.67n)

input

<
S
Il

Ix|n]+ix[n-1]+ix[n-2]  FIRfilter

sample domain

y|n]=1+cos(0.65mm)+1+ cos(0.6yr(n — 1)) +1+ cos(0.6yr(n - 2))
= 3+ cos(0.67mn)

+ c08(0.6t) cos(0.65t1 ) + sin(0.677) sin(0.67mn )
+ cos(1.27) cos(0.67tn) + sin(1.27)sin(0.67tn)

=3+ 0.382c0s(0.65m — 0.677)



Multiplication in frequency domain
x|n] =3+ 3cos(0.65m)

closer @

to a zero,

the smaller the
output.

H(o)

H (@) =%(1+2c§so§) e H(0)=1 [H(0.67)=0.127
LH (D) =-& LH(0)=0 £H(0.6m)=-0.6x
y[n]=3(1) + 3(0.127)cos(0.67n - 0.67)

= 3+ 0.382c0s(0.65tm — 0.677)




fn]

hi[n]=
[1/3,1/3,1/3]

hi[n]=[1/3,1/3,1/3]

he[n]=
[1/3,-1/3,1/3]

— )]

h2[n]=[1/3,-1/3,1/3]

lowpass highpass
AN ~ //
‘\\ ‘ H ) (w)‘ Uj //
\ ] ///
L B VA
@ &
x[n] —p| lin]*hafn] |__ y[n]
bandstop
Va\
o H(d) =
H@HG)

S

hi[n]* h2[n]=[1/9,0,1/9,0,1/9]
)g_[z(

sample domain convolution
= freq domain multiplication
(and visa versa)



Ideal Ideal
x[n] > Low pass » | High pass — )]
wc=.8 wc=2.6
lowpass highnass
|, (@
® ®
n] —p| WP hafnl |y y(n]

null

SH

passbands don’t overlap




Ideal Ideal
x[n] > Low pass » | High pass » V1]
wc=.2.6 wc=0.8
lowpass highpass
H,() H.(0)
0, ®
hi[n]* hz[n]
x[n] »| Ideal Bandpass > y[n]
wc=0.8 ->2.6
bandpass

Sy

passbands overlap



Ideal

> Low pass
wc=.8
A[n] — 7]
Ideal

> High pass

wc=2.6
lowpass highpass
® ®

hi[n]+ hz[n]

x[n] __3| Ideal Bandstop > y[n]
0c=0.8 ->2.6

bandstop

passbands don’t overlap

N



x[n] |

all-pass

S .

Ideal
All - pass
O[n]

Ideal
Low pass
wc=.8

%—» y[n]

H,(0)

lowpass

S

0[n]- hz2[n]
Highpass
wc=0.8

—» )]

highpass

N



hi[n]=[1/3,1/3,1/3] h2[n]=8[n]-hi[n]=[2/3,-1/3,-1/3]

lowpass 7 highpass

. | H,(6) | /\ |
H, (@) . | o -

=‘1—H1(0A))‘ //

hs[n]
hs[n] =hi[n]* h2[n] h4[n] =hi[n]+ [1/3 -1/3 1/3]
=[2/9, 1/9, 0, -2/9, -1/9] =[2/3 0 2/3]
bandpass bandstop




FIR low-pass filter response vs. number of taps N

N=5

N=20
b =[0, -0.049, 0.549, 0.549, -0.049, 0]
N=50 N=100

. . .
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More coefficients (“taps”), can achieve more ideal response;
Longer to compute, more memory, greater phase shift

Note: These aren’t L-point averagers,
firl(), Hammingwindow, Wn=0.8



Causal FIR Filter

XL Causal FIR filter —y[n],

In an FIR filter, the output y at each sample n is a weighted sum
of the present input, X[n], and past inputs, x[n-1], X[n-2],..., x[n-M].

y[n] = box[n] + blx[n — 1] +...+ be[n — M]

M

y[n] = Ebkx[n — k]

k=0



Causal IIR filter

Infinite Impulse Response

XL Causal IIR filter —y[n],

For an IIR filter, the output y at each sample n is a weighted sum
of the present input, X[n], past inputs, x[n-1], x[n-2],..., x[n-M],
and past outputs, y[n-1], y[n-2],..., y[n-N]..

yln|=bx|n|+bx[n-1]+...+b,x|n-M]
+ayln-1]+ay[n-2]+...+a,y|n-N]|

y[n] = galy[n - l] + é}bkx[n — k] N = M proper system



IIR Impulse Response
x|n]=19|n]
y[n] = %y[n - 1] + 2x[n]

To calculate output at step n, need previous outputs.
At step n=0, assume initial rest conditions. x[n]=0, y[n]=0 for n<0

y[O] = %y[O — 1] + 2x[0]

=3-0+2-1
=2
for n>0 0
W[1]=4y[1-1]++x[1] yn]=3y[n-1]+2xn]
=%y[0]+%x[1] =3y n-1
=52+10



n=["1 2 01 2 3 4
n]=[0 0 1 0 0 0 0
n|=1y|n-1]+2x|n]

n]=[0 0 2 1 Lo

—

L2 %n] = h[n] impulse response

decays exponentially,
goes on forever
“infinite impulse response”



[IR 1mpulse response

y[n] = lgoakx[n — l] + é)bkx[n - k] IIR filter
n=0

1
x[n] =0[n] = . Delta function
0O otherwise

M
= h[n] = kEObk(S[ n— k] Can’t read filter coefficients

x=0[n] off of impulse response

impulse response

nl= \ h[nlx|n -k Convolution sum:
y[ ] k;o [ ] LTI systems: FIR/IIR



IIR convolution

x[n] = x[k]é[n - k] We can decompose x[n]
into scaled delayed impulses.
Here assume finite length x[n].

y[n] = i x[k]h[n - k] Convolution sum:
= LTI: FIR / IIR

y|n]=x[01A[n]+ x[11A[n - 11+ x[2]A[n - 2] +...

Each impulse has a scaled impulse response.

The final output is a sum of those scaled and delayed
impulse responses. Now the impulse responses are
Infinite in length.



n]=

k=—OO

26[n] 35[n

0 2
10

IIR convolution
1]+28[n-2]

—_ —

1
2
2

S x[k1h[n - k]

(8] .lkl»—t

& oo|—

204

Each impulse has a scaled

impulse response. The final output is
a sum of those scaled and delayed
impulse responses.

y[n]=2-h[n]—3°h[n—1]+2-h[n—2]

n>2
0 0 4 2 1 + + 4 24
O 0 -6 -3 = = 32 _ 3.1
0 4 2 1 ¢ 9 .%n—S
- 0 0 4 4 2 1 5 4 ...2[% " | L2 - 3442



IIR convolution
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IIR convolution

: = 25[n] - 35[71 - 1] + 2(5[11 - 3]

n]=hln]*x[n]

:j=[004-421%%

5‘1’ TTT?QO

W]=[0 0 2 1 4 & 4 2]




Frequency response

y[n] = ih[k] x[n _ k] convolution
k=0
x[n] — Ag/? e/ Complex exponential input

= (ih[ ] _J(Uk)AeJ¢ jom let
- H () = Shlkle™

g_[( ) J# g dn

frequency response

This sum must converge for
H(®) to exist.

CI-[(@) is the Discrete Time
Fourier Transform of the impulse
function h[n]



Frequency response

FIR
y[n] = 219,96[11 — k]
W[k]= 3b,6[n-k]
i

Easy to go from difference
equation to frequency response

because h[n] finite length and
h[n] = [bo, bl,...].

IIR
y[n =§ [n—l]+ gbkx[n—k]
- =1 k=0
k)= Sbo[n-k]
-7 k=0
{ Argh!
X
H (b) = Shikle™
Tough to go from diff.eqn.

to freq. response because
h[n] infinite length,
h[n]=f(a,bx) 1s complicated,
and H (@) may be unbounded.



temporal space - n complex frequency space- z

y:n =z=21 y[n_l]-l_gobkx[n_k] H( ) Eb 7" ﬁo(z—zzi)
R )= N =y
hk]= 3b,8[n K] o -Sazt M(z-z,)
= k=1 =0
foer v Argh! l

wansform @ #!  road block
Cl-[((f)) = goh[k]ejd’k - ’J—[(a)) = H(ejw) = H(Z)

z=e
Hurfay ‘ The frequency response is
H(z) evaluated on unit circle

jw

frequency space -

Benefits of z-plane and z-transforms:

1. Get around road block by using z-plane and z-transforms.
Compute system function from diff.eq. coefficients, then evaluate on the unit
circle to find the frequency response.

2. z-plane (pole/zeros) will tell us if system stable and frequency response exists.

3. By using z-transforms, solution to diff.eq goes from solving convolution in
n-space to solving algebraic equations in z-domain (easier).

And lots more...!


http:diff.eq

Frequency response

y[n] = ih[k] x[n _ k] convolution
k=0
x[n] — Ag/? e/ Complex exponential input

= (ih[ ] _J(Uk)AeJ¢ jom let
- H () = Shlkle™

g_[( ) J# g dn

frequency response

This sum must converge for
H(®) to exist.

CI-[(@) is the Discrete Time
Fourier Transform of the impulse
function h[n]



System function

ee]

yln]= 3 hlkjx{n-k]

k=—00

H(z)= 3 h[k]z*

system function k=-*

convolution

power sequence
of complex numbers

let
H(z)= kix k)"

scaled and shifted

power sequence
LTI



characteristic functions
of LTI systems

Re(<' Mw TH i + TH

s ”JWJ wy e
T Sk ! ] sinusoid

Re(z”) | ‘ N
7777 — A3
L1 PR 14 £ E SO 2=09¢

damped sinusoid

et ] ] z=0.8
o ( ( ‘ it | exponentials
o.; I T (T ¢ovonan. |




z-plane and sample responses z"

N\

n

) ) o) o)
N\ N\ N N
N N

\ =

?@mr\mmmr\

Re(z)

??@@@mmm




high freq

low freq

1

Re(z)

z=1

&N
Il

* jd

DC, w=0

unit circle
sinusoids

Nyquist sampled
sinusoid



z-plane z"

Z=O.5€ij% 0 @Uwuuumm)

Alm(z)

high freq low freq
1@
z=0.5¢"7 Ofegetecesy
1, : lzI<1
> Damped sinusoids
0.5 Re(z) 1¢
+ j3T
z=0.5¢"" of petoeceey
-1n =
16
z=-05 O veesesy Nyquist sampled

ik : damped sinusoid



+Re(z) axis

16 - exponential
0 ?@mr\r\r\r\r\) decay
.‘|n -
1@
0 o009
_1n -
Alm(z)
16
2=-05 o o . ) -Re(z) axis

-1 A) 0)5/2

> N [

1] Re) 2 samples/cycle
1@
z=-1 - Nyquist sampled

O S signals




z==lj 0lorolorold
1n & —
16 Im(z) axis
z=%j05 ofe ecceced  €VEry other
2k : sample 0
1@
z=0 0l 00O OOOOY
-1
) T Izl > 1 unstable
e em=/l -23060?0390 )
- : Izl < 1 stable




System function

ee]

yln]= 3 hlkjx{n-k]

k=—00

H(z)= 3 h[k]z*

system function k=-*

convolution

power sequence
of complex numbers

let
H(z)= kix k)"

scaled and shifted

power sequence
LTI



Ex.

Ex.

z-transtform

definition

xn] < X(2)= Y xlklz™

k=—o
impulse w
x[n]=9|n] = X(2) = Eé[k]z_k
k=—0o0
-0
=2
=1
yln] = hln]* x[n]
= h[n]*=0|n]
§ z H(z) 1s the z-transform
Y(2)=H(z)'1 of the impulse response
= ﬁi (2) h[n]
yln] = hln] H@= 3 W

LTI



Ex.

n, sample delayed impulse ny" power of z'!
x[n]= (S[n — no] = X(z2) = 25[/{ -n, ]z‘k
k=—
=7 =(")"

Ex. finite response

x[n] = 1(3[n] - 25[n — 1] + 55[n — 2] - 75[n - 3]

-

X(z)=1-2z7"+577-77"



Ex. y[n]|=ix[n]+ix[n-1]+Lix[n-2] FIR
h[n] =10|n|+ %61@ — 1|+ %5[71 —2]
2
H(Z) = Eh[k]z'k
k=0
= h[0]z° + A1)z + A[2]Z7
_+ 1Z—1 + 1Z—2

= %(Z_l)o + %(Z_l)l + %(2_1)2 polynomial in z'!

h[n]—zbé n— k @H Eb 7" FIR only!

sequence = polynomial
n-domain (sample space) z-domain (complex freq space)



2
B H(E)- e g T
37
ylnl=H(z)z"
=0 H(z)=0  y[n]=0 Z+z+1=0 ZEros

A\
Il
=

. +j2m
(—1 + ]\/g ) =e 2 roots of numerator

denom=0 H(Z) =% y[n]=o -0 poles

0,0 roots of denominator

&N
[

FIR filters only have zeros
on unit circle, and poles

are either at O or oo,
#poles=#zeros

“extra” zero/poles are at z=.

H(z)|




system response |H(z) pz plot

-
T

N o o
& o o
T T

o
N
T

Imaginary part
o
!
|

-0.2F TextEnd

| | | | |
-1 -0.5 0 0.5 1
Real part

frequency response

o
H (w) = H(e" )= H(z)
The frequency response is
H(z) evaluated on unit circle

z=e/®




Ex. IIR

{n= Sasln-1]+ $b,afn-k]

W[n]=Sah[n-1]+ 3b.5[n-k]

l

H(z)= g‘,alH ()77 + g?bkz"‘
=1 k=0

H(z)(l — :Elalz'l) = ébkz‘k

M
>bz "
H (z) = A= freqz(b,a)
1-Sa,z"
k=1
sequence = polynomial

n-domain (sample space) z-domain (complex freq space)



Equivalent ways to represent the system

@ N M @X[n] _’Q 4
y|n]= Zlaly[n -1+ gobkx[n k| o u:gielay

difference equation block diagram y[n]
<[n]=3[] ﬁ ﬁ 1mspection
M k M
@ z gobkz g(z - Zzi)
hinl=ylnl ., < H(z)=—=5—=5
impulse response 1- kEakZ I_g(Z —Z pi)
=1 i=
sequence
@ system function pole-zero
_ polynomial locations @
)
@ All poles must be inside
B jo\ unit circle for H ()
Q-[(a)) =H (6 ) =H (Z) .—J® to converge and the system

frequency response to be stable.
(FIR filter always stable)



Imaginary part
S o

T
,,,,,,,,, < N S
TextEnd 3
b 4
| |
0 05
Real p

frequency response

H ()= H(e") = H(2)

=€

jo

difference equation IIR filter
y[n] = x[n] + y[n - 1] - O.Sy[n - 2]

gbkz"‘
H(Z) =5
1-Yaz™"
k=1

1 z

B 1-z'+0.577 B 72 -z+0.5
M(e-z,)

- N

H(z—zp,.)

i=0

H(z)

<3
~ (z-0.5-j0.5)(z=0.5+0.5)

zeros: 0,0
poles: 0.5j0.5



Imaginary part

¢ ° ¢
T T
|

1 1 7

1-z"'+0.57 - 1-z"'+0.5z7 .zz
2
<

22 —7+40.5

frequency response

Cl-((a)) = H(ej“’) = H(z)

2=el®

zeros: 0,0 IIR filter
poles: 0.5£50.5
H(z)= INIO(Z_ZZi)
g(z—zm)
B 7°2
~ (z-0.5-j0.5)(z=0.5+,0.5)
z’ 1

T 77405 1-7'+057"

difference equation
y[n] = x[n] + y[n — 1] — O.Sy[n — 2]



Phase (degrees)

Magnitude Response (dB)
o

°
©
T

Imaginary part
& & o o o o
IS > )
T T T

S
@
T

-10
-1

100

50

-50

-100
-1

o
T :

n
4
%
[oR

x

| | | |
-1 -0.5 0 0.5 1
Real part

. TextEnd

i i i i i 1 L i i
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency (Nyquist == 1)

,,,,,,, TexXtERG - - - - NG ]

1 1 1 1 1 1 1 1 1
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency (Nyquist == 1)

yinl

zeros: 0,0 IIR filter

poles: 0.5£50.5
Hz) - S
(z-0.5-0.5)(z=0.5 + j0.5)
_ z’ _ 1
C22-z+405 1-7'40577

y[n] = x[n] + y[n — 1] — O.Sy[n — 2]

1

0.8

0.6

4L

2L

-0.2

-0.4
0

ol o ol T oo, L 600000
it |

I I I I I I I I I
2 4 6 8 10 12 14 16 18

20



Imaginary part

¢ ° ¢
T T
|

Real part

To go from p-z map to
impulse response:
Look at locations of
poles. Closer poles are
to zeros, the weaker
their response.

yinl

zeros: 0,0 IIR filter

poles: 0.5£50.5
() - S
(z-0.5-0.5)(z=0.5 + j0.5)
z 1

T 27405 1-7'+0577

y[n] = x[n] + y[n — 1] — O.Sy[n — 2]

1

0.8

0.6

41

2L

-0.2

ol o ol T oo, L 600000
it |

-0.4 L 1 1 1 1 1 1 I I
0 2 4 6 8 10 12 14 16 18

20



(degrees)

Phase

Magnitude Response (dB)
o

-100
-1

Imaginary part

¢ ° ¢

T T T
|

Real part

T e
. TextEnd
-10 i i i ] i 1 L ] i
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency (Nyquist == 1)
100

SOf - ewEng N

1 1 1 1 1 1 1 1 1
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Normalized frequency (Nyquist == 1)

zeros: 0,0 IIR filter
poles: 0.5£50.5
H(z) = : 2 :
(z-0.5-0.5)(z-0.5+ j0.5)
= Z2 = 1
77 -z+05 1-z7'+0.577

y[n] = x[n] + y[n — 1] — O.Sy[n — 2]

From zp map to freq response:

Go around unit circle from DC

to Nyquist. Response goes down
near zeros, goes up near poles.
Closer poles are to zeros, the weaker
their effect.



z-transform

x[n] = Ex[k]é[n — k] < X(z) = zx[k]z_k

k=— k=—
sequence = polynomial
n-domain (sample space) z-domain (complex freq space)

M
S

h[n] < H(Z) = &=
akz"k

: 1- :
impulse response L system function
sequence polynomial

0
N

H(z) 1s the z-transform of the impulse response h[n].
LTI



z-transform

x[n] = Ex[k]é[n — k] < X(z) = Ex[k]z_k

k=—0 k=—
sequence = polynomial
n-domain (sample space) z-domain (complex freq space)

Why’re we interested?
M
y[n] = E h[k]x[n — k] convolution sum
k=0

Y(2)=H(2)X(2) polynomial multiplication



z-transtform

xnl< X(2) = Y xlklz™

f=—00
impulse oo
x[n]=9d|n] < X(2) = Eé[k]z_k
L
Ex. =1
yln]= hln]* x[n]
= h[n]*=0|n]
§ z H(z) 1s the z-transform
Y(2)=H(z)'1 of the impulse response
= ﬁi (2) h[n]
yln]= hln]

LTI



n, sample delayed impulse ny" power of z'!

x[n]= (S[n — no] == X(z)= 25[/{ -n, ]z‘k
=7 = (Z_l)”o

Ex. finite response

x[n] = 1(3[n] - 25[n — 1] + 55[n — 2] - 75[n - 3]

-

X(z)=1-2z7"+577-77"



Infinite signals

x[nJuln] < X(2) = Ex[k]z"‘ right-sided signals
k=0

nl=a'uln] = X(@)=Yadz"

1+az™' + (az‘l)z + (az_1)3 .

geometric series



Infinite signals

x[n]=a"uln] < X(2) = iakz_k

=1+az "'+ (az'l)z + (az‘1)3 .

geometric series

\®)

X (Z) = - ‘az_l‘ <1 region of convergence

or [z]>d|



Infinite series:

x[n]=a"ul[n]

x[n]=0 n<0
right sided

Finite series:

< X()

IIR filter

region of convergence

N-1

xln] = a"(uln - M1-uln-N)) < X(@)= Y

X(z)=

(az‘l)M - (az_l)N

1-—az™

ImX(z)=N-M

i—a

all z

k=M

k_—k
az

FIR filter

region of convergence



X(z)="

We know:
- N |
;(az 1) e
2|>a
roc



EXx. x[n] = cos(c?)n)u[n] X(2)="

-k A -k
X(2) = Ex[k]z = Ecos(a)k)z
k=—00 k=0
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Table of z-transforms

signal z-transform ROC
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z-transtorm properties

alxl[n] + azxz[n] < a1X1(Z) + a2X2(Z)

linearity/superposition

x[n — m] <7"X (z) sample shift
sample domain convolution
h[l’l] * x[n] < H<Z)X(Z) z domain multiplication
nx[n] < -7 dX(Z) multiply by a ramp
d 7 z domain differentiation
a” x[ n] = X(i) multiply by an exponential
a

z domain scaling
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Next:

Solve difference equation using z-transforms.

Convolution problem in the temporal domain
becomes an algebra problem in the z-domain.

Need to know how to convert from z-domain
back to temporal domain (inverse z-transform).
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