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Period of a Discrete Sinusoid

Descrote Sinusoid wi evenly SVSEile frequency
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y[n]=sin2w-55-n)  T=50 samples

y[n] = y[n + 50]
sin(0) = sin(27)
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y[n] =sin(2x - = n)

50 2.7175%'1’l=2ﬂk

y[n]=yln+T] T=2? samples 1 _ 50 samples  Ratio of
sin(0) = sin(27k) k 3 cycle
k=1.2... rational number

periodic
T=n=50 samples, k=3 cycles

y=sin{2"p"¥50"n)

y[n]=sinQ@m- 3 n)

y[n] =y[n+T]
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Discrate Sinusold w/ rananal fraquency
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T=7? samples [integer]  50/3 # integer

=sin(2"pisqri(2)/25"

y(t)= sin2 -2+ 1)
T = % sec

continuous function
periodic

y[n]=sinQ@x- 2 n)

y[n] =y[n+T] n_
sin(0) = sin27k)  k=12... k2

Ts=1/25 sec

2n%-n=2nk

2542

T=77 samples

Equiv. discrete sinusoid not periodic  irrational number



Period of Sum of Sinusoids

Period of Sum of Sinusoids
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Least common multiple

seconds to complete
cycles o
T1=1/5 seconds i

1/5s, 2/5s, 3/5s ...

4/20s, 8/20s, 12/20s,

16/20s, 20/20s, 24/20s,
28/20s, 32/20s, 36/20s,
40/20s, 44/20s, 48/20s,
52/20s, 56/20s, 60/20s

1/5%k=3/4*]

15 cycles k/1=15/4

Tsum=15*T1=15/5=3 seconds

Tsum=3 seconds

seconds to complete
cycles

T2=3/4 seconds
3/4s, 6/4s, ...

15/20s. 30/20s,
45/20s, 60/20s

4 cycles

rational number

Tsum=4*T2=3/4*4=3 seconds
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T1=0.2 seconds, T2=.75 seconds
2— . 7 . — ‘ —
1f,J: J \JI [ ]J \J; ,\J‘ 1 \1
11 (1 [ LA ) YA 1 [
ou\rl/\ U I J v h “ ,J
ABr ] A ;;rl VLA UL VAL fl"l;\”
WS YL
| U | | \] ¢ [ | ‘
ab Y | ) v |
( J \ 1 L, ! 1 1 v J | v
-2 h L ! I L ¥ I J I Al
0 1 3 4 5 6
time (sec)
Tsum=3 seconds
Complex Conversions
cartesian —* polar polar —* cartesian
s=a+jb s=a?+brel %) s=rel® s=rcosO+ jrsinf
Complex Arithmetic
Addition cartesian (a,+ jb)+ (ay + jb,) = (a, + a,) + j(b, + b,)
Subtraction cartesian (a,+ jb) = (a, + jb,) = (a, - a,) + j(b - b,)
Multiplication polar ’,iejHl . rze./Hz - rirzej(9|+92)
Jo,
re oo, -
Division polar 1 = 11, i(6:-6,)
r,e T,
Powers polar (re 7 )n = r"ej”e
Roots polar "o g=rel? B
§= Vn _ Ain, j(0n+27k/n) k=12...n-1




Complex Conversions

cartesian —* polar polar — cartesian

3+ j4=3"+ 427 n(h) _ 50927 2¢77 = 2cosZ + j2sinZ =1+ 3

Complex Arithmetic

1+ j2)+ (3+ j4)= (4 + jo)

Addition cartesian

Subtraction cartesian (1 + j2) - (3 + j4) = (_2 — j2)

Multiplication polar 5075 6e’ T =5- 6ej‘(%+%) —30e’ 7

Division polar 10e’? +5¢7% = (%)ej‘(%_%) =2’

Powers polar (361"%)3 =33 ej'(KT”) _ 2761"(37”)

Roots polar 2’ =64 =64¢” i jar3)
7= 64113 o (013%27k13) _ 4, j(27k13) 4:(” )

multiply cosines of different frequency

A, cos(w,1)* A, cos(w,t + ¢)

Al ejrult + e—j{ult A2 ej(w31+¢) + e—j(ruzl+¢)
2 2

AA, (ejrmtej(ww) + oIt i00) | oy iwsnes) | e—/rmte—j(wzur»))

A1A2 (ej(wlmwzm.p) j(wyt-w,1+¢) j(wyt-w,1+¢) re

. +e! +el i(w,t+w2r+¢))

A12Az (coS((w1 +,)t+ qb) + cos((w2 ~w)t+ ¢))

Representations of Sinusoids

Acos(2mkf,t + ¢;) Re{Aeﬂrmw} A - (2 se
=Re{Agf¢e/2ﬂ/t} _ X‘(e,'z,,f,;_,m)
= Re{XeJZTW}

Sum multiple cosines same frequency

n

SAk cos(2xft + ¢,) = iRe{Akez"f“"’k } = ERe{Ake“"e“ﬁ}
k=1 k=1

k=1
iRe{Ake"’*}

k=1

62#1

Ex.  3cos(2740¢ + £)~1cos(2740¢ - £)+ 2cos( 27407 + %)

L L Ed
Red 3672727401 _ 1,76 pi2nd0t | 5 5 j2m 400

7] i T
Re{(Se’z —1e 6 +2¢3 )6/2”40'}

Re{5.234ejl,545e2n40r}

5.234cos(27401 +1.545)

Composite signals (waveform synthesis)

x(t)= A, + EAk cos(27kfyt + ¢, ) = X, + Re{E Xkej2nkfux}

k=1 k=1

decompose a periodic signal x(t) into a sum of a series of
sinusoids - the Fourier series.

Note: The sum of periodic functions is periodic.

€X.
k odd

0 k even

fo=25Hz



Composite signals (waveform synthesis)

x(t) = A, + EAk cos(27kf,t + ¢, ) = X, + Re{z Xkej'z”k"”’}

k=1 k=1
-8 8 .
—— k odd ——e™ k odd
I T D )
X, =17% X, =
0 k even 0 even
k=1
x(1) = 0.8105cos(27125¢ + 7)
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Composite signals (waveform synthesis)

x(t)=A,+ EAk cos(2nkf0t + ¢k) =X, + Re{z XkejZJrk/Ur

k=1

et
8
X, =17%

k=5

x(1) = 0.8105cos(27251 + ) + 0.0901cos(272751 + ) + 0.0324 cos(27125¢ + 1)

e™ k odd

2
0 k even

ra\ A

!

0.08

x(t) = A, + EAk cos(27kf,t + ¢, ) = X, + Re{z X e/

k=3

x(1) = 0.8105cos(2725¢ + ) + 0.0901cos(2775¢ + x)

Composite signals (waveform synthesis)

k=1

_8
7w’k

e™ k odd

2
0 k even

k=1
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x(1) = 0.8105cos(225¢ + ) + 0.0901cos(27751 + ) + 0.0324 cos(27125¢ + 7T) + ...



Fourier Series

For a given signal, how do we find X, = A,e i

for each k ?

Fourier Analysis

x(f)= A, + EA cos(27kf 1 + ¢,) = X, +Re{z I }

k=1 k=1

where

Xo = F f x(1)dt Jofundamental frequency
0 T, =111,

— j 27kt

2"
X, == [x(t)e "ndt
T v

Fourier Series
x@)=t 0=t<T

x()= A, +EA cos(27kf,t + ¢, ) = X, +Re{EX ejanfux}

k=1 k=1

2k 23k _1
T2 T, T,
2 7%k 27tk 27tk

Fourier Series
x(t)=t O0st<T,

x(1) = Ay + EAk cos(27tkfyt + ¢, ) = X, + RC{E Xkejanfat}

k=1 k=1

Ty o W T T T
-— f x(¢)dt
T
1T° 12 117 T N
= —ftdt =— | =_—_70 _70 5 [ 0 03 83
Ly T2, T,2 2
Mathematica:
athena%add math
athena%math
In[1]:=1/T*Integrate[t,{t,0,T}]
Out[1]:=T/2 7fx(t)e 2 T“dt
Fourier Series
Mathematica:

In[2]:= 2/T*Integrate[t*Exp[-1*2*Pi*k*t/T],{t,0,T}] X —*ffe i

()U

2DkPi
(-1+E -2DkP)T)

Out[2]=

2DkPi 2 2

2E k Pi
e—Zjnk - 1
In[3]:= Simplify[ % Element[k,Integers]] o — 1k
IT

Out[3]= - vl T

k Pi ko ak



Fourier Series

x(t)=t O= 1< T,
x(f)= A, + EA cos(27kf,t + ¢,) = X, + Re{EX 72! }
k=1 k=1
T
X, = 50
T Jfo fundamental frequency
Xk=7oej§ 72)=1/f0
Ttk
DN
x(t)=—+ —052th t+
=3 gnk ol +5)
T, T, T
x(t) = 50 ;Ocos(anot +Z)+ icos(Zanot +2)+
0.04 004 f,=25Hz
L V' 1,=1/f,=004
7 70 7 terms
! 0 0.01 0.02 0.03 0.04
O, t 0.04,
Fourier Series:Square Wave
I O0=t<7 / 2 o ' '
x(1) =

-1 7:)/2$t<72) Ao

—}1dt+—f 1dt

0 0 ﬁ/

In[1]:=1/T*Integrate[1,{t,0,T/2}]+ 1/T*Integrate[-1,{t,T/2,T}]
Out[1]:=0

X,=0

0

Fourier Series
x(t)=t Os= 1< T, {

E £ ﬂnk/;,z}

k=1

x(f) = A, +EA cos(27kf,t + ¢,) = X, +Re

k=1

T
X0=?°
T
X, =—"2e”
7k

x(f) = L, 25 cos(2mkf, + Z)
7
k=1

2
L5
2:1

?\7‘

cos(ngfot + %) + ZT—OCOS(ZJTZfOt + %) +
u1

0.04 0.04 T

Defined between 0<t<0.04
Periodic with period 0.04

0.04
~0.04 t 0.04,

Fourier Series:Square Wave

A T,
2 - Jj2ak, 2 - j 2k,
X, == [1e Pare = [-1e Vvar

In[2]:=2/T*Integrate[Exp[-[¥2*Pi*k*t/'T],{t,0,T/2} ]+
2/T*Integrate[- Exp[-I*2*Pi*k*t/T],{t,T/2.T}]

-1k Pi Ik Pi
-I(1-E ) I(-1+E )
Out[2]= +
k Pi (2D kPi
E k Pi
— Simpli . 2
In[3]:= Simplify[%,Element[k,Integers]] ‘ e - ]( 1 1) _ ](_2)
k2 X _](_1 * (_1) ) k km km
ks - .
T +CD) o -2
(o111 iy [ —— 4 ”
K Pi X, = —ja k odd i
0 k even —j(—l + 1)
X, =7



1 0=r<T,/2
-1 T,/2=t<T,

x(1) ={

2 Lotk odd
Xk= —JE k odd Xk= k]'[e O
0 k even 0 k even
x(t)=A, + EAk cos(2nkfot + ¢k) =X, + Re{z Xkeerrkjgt}
k=1 k=1

x(1) = £cos(2fyt — Z) + stcos(2x3 fyt - L) +... | i
| !
|




