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Composite signals (waveform synthesis)

∞

∑
Ak cos 2πkf0t + φk ) = X0 + Re( 





∞

∑
1k=

Xke
j 2πkf0t






x(t) = A0 +

k=1 

 8

Xk = 


π 2k 2 e

jπ k odd 

 0 k even

k=5


x(t) = 0.8105cos 2π 25t + π ) + 0.0901cos 2π 75t + π ) + 0.0324 cos 2π125t + π( ( ( ) 
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x(t) = 0.8105cos 2π 25t + π ) + 0.0901cos 2π 75t + π ) + 0.0324 cos 2π125t + π ) + ...( ( ( 
Complex conjugate form 

x(t) = 0.8105 
e j(2π 25t+π ) + 

2 

e− j(2π 25t+π )
+ 0.0901 

e j(2π 75t+π ) + 
2 

e− j(2π 75t+π )
+ 0.0324 

e j(2π125t+π ) + 
2 

e− j(2π125t+π )
+ ... 
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Complex conjugate form 

x(t) = 0.8105 
e j(2π 25t+π ) + e− j(2π 25t+π )

+ 0.0901 
e j(2π 75t+π ) + e− j(2π 75t+π )

+ 0.0324 
e j(2π125t+π ) + e− j(2π125t+π )

+ ...

2 2 2


x(t) = 0.4053e j(2π 25t+π ) + 0.4053e− j(2π 25t+π ) + 0.0450e j(2π 75t+π ) + 0.0450e− j(2π 75t+π ) 

+ 0.0162e j(2π125t+π ) + 0.0162e− j(2π125t+π ) + ... 
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“two sided Fourier Series” 

) = Re





=

∞

∑

∞

∑

∞

∑
ZkXke
j2πkf0t e j2πkf0tx(t)
= A0 +
 Ak cos 2πkf0t + φk(

k=1 n=0 k=−∞ 
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Fourier Series


For a given signal, how do we find Xk = Ake 
jφk 

for each k in the Fourier Series ? 

Fourier Analysis 
∞

∑
Ak cos 2πkf0t + φk ) = X0 + Re( 





∞

∑
1k=

Xke
j 2πkf0t






x(t) = A0 +

k=1 

where 

X0 = 
1 

T

∫ 
0 

x(t)dt f0:fundamental frequencyT0 0 T0 = 1/ f0 

Xk = 
T
2
0 

T

∫ 
0

0 

x(t)e 
− j 2πkt 

T0 dt 
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Fourier Series: Sawtooth 
x(t) = t 0 ≤ t < T0 

∞

∑
Ak cos 2πkf0t + φk ) = X0 + Re( 





∞

∑
1k=

Xke
j 2πkf0t






x(t) = A0 +

k=1 

X0 = 
T
2
0 Xk = 

π
T
k 
0 e j π 

2 

x(t) = 
T0 

∞

π
T
k 
0 cos 2πkf0t + π 

2 
+ ∑ ( 2 ) 

k=1 

x(t) = 
T
2
0 + 

T
π 
0 cos 2πf0t + π 

2 ) + 
2
T
π 
0 ( 2cos 2π 2 f0t + π ) + K( 

0 

0.02 

0.040.04 

0 

y t 

t 
Defined between 0<t<0.04

Periodic with period 0.04 

0.04 0.02 0 0.02 0.04 
0.04 t 0.04 
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Fourier Series:Square Wave 

x(t) = 




−

1
1 T

0

0 

≤ t < T0 2 

2 ≤ t < T0 

  4 
2 k oddX0 = 0 Xk =  kπ 

k odd =  
− j 4 

Xk 

 
kπ 

e− j π 

  0 k even  0 k even 

∞

∑






1.2 

1 

∞

∑
1k=






x(t) = A0 +
 Ak cos 2πkf0t + φk ) = X0 + Re( e j 2πkf0tXk 
k=1 

x(t) = 4 cos 2πf0t − π 4 cos 2π 3 f0t − π ) + Kπ ( 2 ) + 3π ( 2 
0.5 

y t 
0 

x(t) = π 
4 ( 3

4 
π ( 

z tsin 2πf0t) + sin 2π 3 f0t) + K 
0.5 

1 

1.2 

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 
0 t 0.04 
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Fourier Series:Square Wave Spectrum

  

Xk = 
− j 4 k odd Xk = 


 
4 e− j π 

2 k odd(1,3,5…)
X0 = 0 kπ kπ 

 0 k even  0 k even(2,4,6…) 

Ak cos 2πkf0t + φk ) = X0 + Re( 





∞

∑
1k=

Xke
j 2πkf0t






∞

∑
x(t) = A0 +

k=1 

x(t) = π 
4 ( ) + 3

4 
π (sin 2πf0t sin 2π 3 f0t) + K 

1.4 

1.2 

0.8Complex conjugate form 
1 

e j 2πkf0t + e− j 2πkf0t 0.6 amp∞

∑


 


x(t) = X0 +
 Xk 

0
-10 -8 -6 -4 -2 0 2 4 6 8 10  

e j 2πkf0t 
2 

0.4





2
 0.2

k=1 

e j 2πkf0t∞

∑


 
 ∞

∑
x(t) =
 Xk Zk







=

2
 “two sided Fourier Series”k= k=

 1 

− j 2 k = ±1,±3,… =  0Z0 = 0 Zk kπ 
0.5 

phase
 -0.5 0 k = ±2,±4… 

2 k
π 

1.5−∞
 −∞


2

-1


e−
 k = ±1,±3…
Xk

 



-1.5 

Zk =
 k π
 -2
-10=
 -8 -6 -4 -2 0 2 4 6 8 10

2
 0 k = ±2,±4…
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Properties of Fourier Series


Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex. Square wave 1.2 

1 

x(t) = 
 1 0 ≤ t < T0 0.5 

2 odd function 
−1 T0 2 ≤ t < T0 

 4 
y t 

0 
z2 t 

X0 = 0 Xk = 
 
kπ 

e− j π 
2 k odd 

 0.5 0 k even 

1 

( 1.2 

π 2 3π 2 
0.04 0.03 0.02 0.01 0 0.01 0.02 0.03 0.04x(t) = 4 cos 2πf0t − π ) + 4 ( 0.04 ,

cos 2π 3 f0t − π ) + K 
t t 0.04 

x(t) = π 
4 sin 2( πf0t) + 3

4 
π (sin 2π 3 f0t) + K 
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Properties of Fourier Series 
Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex. Square wave 
1.2 

1 

x(t) = 
 1 0 ≤ t < T0 0.5 

y t 

2 odd function 
−1 T0 2 ≤ t < T0 z2 t 

2. π. t 4 e− j π 
4 . sin 0 

T0 

2. π. 5. tX0 = 0 Xk = 
 
kπ 

2 k odd 
π 

4 . sin 
3. π 

 
T0 

0.5 

 0 k even 

1 

1.2 

t t 0.04x(t) = π 
4 ( 2 3

4 
π cos 2π 3 f0t − π 

2 ) + K 0.04 ,cos 2πf0t − π ) + ( 

x(t) = π 
4 sin 2( πf0t) + 3

4 
π (sin 2π 3 f0t) + K 

0.04 0.03 0.02 0.01 0 0.01 0.02 0.03 0.04 
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Properties of Fourier Series


Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex. Square wave 
1.2 

1 

x(t) = 




−

1
1 T

0

0 

≤ t < T0 
0.5 

2 odd function 
y t2 ≤ t < T0 
z2 t 

2. π. t 4 sin 0 
T0

X0 = 0 Xk = 
 
kπ 

e− j π 
2 k odd 

 
2. π. t 

T0

 0 k even 
cos 

0.5 

x(t) = 4 cos 2πf0t − π ) + 4 ( 1.2 

1

cos 2π 3 f0t − π ) + Kπ 2 3π 2 0.04 0.03 0.02 0.01 0 0.01 0.02 0.03 0.04
( 

0.04 , 0.04t t 

x(t) = π 
4 sin 2( πf0t) + 3

4 
π (sin 2π 3 f0t) + K 
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Properties of Fourier Series 
Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex.Triangle wave 
1 1 

x(t) = 


−

4
4
t
t 
+

+ 

T
T
0

0 

−

0 

T
≤ 
0 /2 

t < 

≤ 

T
t 

0 

< 0 even function 
2 0.5 

0X0 = 
T
1
0 

T

∫ 
0

0 

x(t)dt 

0.5

X0 = 
T
1
0 

T

∫ 
0 

(−4t − T0 )dt + 
1 

T

∫ 
0 

z t

2 

(4t − T0 )dtT0− T0 02 1 1 

.5 t .5In[1]:= 1/T*Integrate[-4*t-T,{t,-T/2,0}]+
0 0.2 0.4 

1/T*Integrate[4*t-T,{t,0,T/2}] 

Out[1]= 0 

X0 = 0 
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Properties of Fourier Series


Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex. Triangle wave 
1 1 

x(t) = 
 4t + T0 −T0 /2 ≤ t < 0 even function 

2 0.5−4t + T0 0 ≤ t < T0 

0 

T0 

Xk = 
2 ∫ 

2 

x(t)e 
− j 2πkt 

z t 

T0 dt
T0 −T0 

0.5 

2 

1 1 
0 0.2 0.4 

.5 t .5 

Xk = 
T
2
0 

T

∫ 
0

0

2 

(−4t + T0 )e 
− j 2πkt

T0 dt + 
T
2
0 −T
∫ 
0

0 
2 

(4t + T0 )e 
− j 2πkt

T0 dt 
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2 
T0
2 − j 2πkt 2 0 − j 2πkt

Ex. Xk = 
T0 

∫ 
0 

(−4t + T0 )e T0 dt + 
T0 −T
∫ 
0
2 

(4t + T0 )e T0 dt 

In[3]:= 2/T*Integrate[(T+4*t)*Exp[-I*2*Pi*k*t/T],{t,-T/2,0}]+

2/T*Integrate[(T-4*t)*Exp[-I*2*Pi*k*t/T],{t,0,T/2}]


I k Pi I k Pi

(-2 - I k Pi + E       (2 - I k Pi)) T (2 + I k Pi + E         (-2 + I k Pi)) T


Out[3]= -------------------------------------- +  -----------------------------------------
-
I k Pi  2 2 2 2


E k Pi k Pi


In[4]:= Simplify[%,Element[k,Integers]] 

k k k

(-1 + (-1) ) (2 - 2 (-1)  + I (1 + (-1) ) k Pi) T


Out[4]= ------------------------------------------------
-
k 2 2


(-1) k Pi


. . k.π1 k 1 k1 2 2. 1 k 1j. 1 .T0
Xk k 

1 k.k2.π2 

.4 T0 .Xk k 1 k 1 
k2.π2 

−2 k odd 
 8T k odd(−1)k −1 = 

0 k even 
Xk = 


k 2
0
π 2 

k even 




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Properties of Fourier Series


Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )
2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0)


Ex.

1 1 

x(t) = 


−

4
4
t
t 
+

+ 

T
T
0

0 

−

0 

T
≤ 
0 /2 

t < 

≤ 

T
t 

0 

< 0 even function 
0.52 

 8T Re Y t 

z t 
0

X0 = 0 Xk = 
 
k 2π 2 k odd



 0 k even 
0.5 

 8T 
Xk = 

 
k 2π 2 e

j 0 k odd 

 1 1 0 k even 
1 0.5 0 0.5 1 1.5 
1 t 1.5 

x(t) = 
π 
8T 
2 cos 2πf0t 32

8T 
π 2 cos 2π 3 f0t( ) + ( ) + K f0 = 1 
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Properties of Fourier Series


Odd functions f (−x) = − f (x) consist only of sums of sines (φ = − π )
2 

Even functions f (−x) = f (x) consist only of sums of cosines (φ = 0) 

Ex. 

x(t) = 


−

4
4
t
t 
+

+ 

T
T
0

0 

−

0 

T
≤ 
0 /2 

t < 

≤ 

T
t 

0 

< 0 even function 1 1 

2 
Re Y t 

z t 

0.5 

 8T

X0 = 0 Xk = 

 
k 2π 2 k odd 8 . cos 2.π. t
 02 

 π

0 k even 8 . cos 2. π. 3 t. 

0.5 8T 
9.π2 

Xk = 
 
k 2π 2 e

j 0 k odd



 0 k even 1 1 
1 0.5 0 0.5 1 1.5 
1 t 1.5 

x(t) = 
π 
8T 
2 cos 2πf0t 32

8T 
π 2 cos 2π 3 f0t( ) + ( ) + K f0 = 1 
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Properties of Fourier Series


Symmetric functions with f (−x) = − f (x + T /2) only have odd harmonics
Symmetric functions with f (−x) = f (x + T /2) only have even harmonics 

Ex. Triangle wave (only odd harmonics) 

x(t) = 

 
4t + T0 −T0 /2 ≤ t < 0 1 1 

−4t + T0 0 ≤ t < T0 2 

0.5 

z t 

= 0 Xk = 
 

k
8
2π 
T 
2 k odd Xk

Y t

1 cos 2. π. t 0
X0  0 k even Xk 3 

.

cos 2. π. 3 t.
. 


.Xk 5 cos 2. π. 5 t. 


Xk = 

 

k
8
2π 
T 
2 e

j 0 k odd 
0.5 

 0 k even 1 1 
1.5 1 0.5 0 0.5 1 1.5 
1.5 t 1.5 

x(t) = 
π 
8T 
2 cos 2πf0t) + 

32
8T 
π 2 cos 2π 3 f0t) + K( ( f0 = 1 
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Properties of Fourier Series


Symmetric functions with f (−x) = − f (x + T /2) only have odd harmonics

Symmetric functions with f (−x) = f (x + T /2) only have even harmonics


1 1Ex. Abs sine wave (only even harmonics) 

X0 = 
T
1
0 

T

∫ 
0

0 

x(t)dt 0 0 
0 0.2 0.4 0.6 0.8 1 
0 t 1 

x(t) = sin 
2
T0 

 

 


π
 0 ≤ t < T0
t
 z t 0.5



f0 = 1
T0 
2T0 

dt
+

1


T0


T0 

∫

T0 
2 

1
 sin 
2π 
T0 

 

 

t






dt
=


1
 sin 
2π 
T0 

 

 

t







 




−sin 
2
T0 


π
X0
 =
 dt
∫

0


∫

0


t
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In[2]:= 1/T*Integrate[Sin[2*Pi*t/T],{t,0,T/2}]+
1/T*Integrate[- Sin[2*Pi*t/T],{t,T/2,T}] 
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In[5]:= 2/T*Integrate[Sin[2*Pi*t/T]*Exp[-I*2*Pi*k*t/T],{t,0, T/2}]+

 T T T

 2 (T + -------) 2 (------- + -----------)
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
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2/T*Integrate[- Sin[2*Pi*t/T]*Exp[-I*2*Pi*k*t/T],{t,T/2,T}]
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In[6]:= Simplify[%,Element[k,Integers]]
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Properties of Fourier Series


Symmetric functions with f (−x) = − f (x + T /2) only have odd harmonics

Symmetric functions with f (−x) = f (x + T /2) only have even harmonics


Ex. Abs sine wave (only even harmonics) 

x(t) = sin 
2
T0 

 

 


π
 0 ≤ t < T0
1t
 1




z t 

0.8 

0.6 

y t 

X0 = 
2 2 0.4 

π 

2. π. 2. tπ 4 . cos π 0.2 
3. π T0 

4 2. π. 4. t. cos π 0
15. π T0 

4 2. π. 6. t0 k odd . cos π 

4 
36. π T0

Xk =




 



k
 even

(−1+ k 2 )π


0.424413 0.6 
0 0.2 0.4 0.6 0.8 1 
0 , 1t t 

2x(t) = 
π 

+ 3
4 
π cos 2π2 f0t + π ) + 15

4 
π cos 2π 4 f0t + π ) + K( (
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How it works 
Ex. sine wave 



x(t) = sin 

2
T0 

π
 

 

t



0 ≤ t < T0


X0 = 
1 

T

∫ 
0 

x(t)dt 1 1 

T0 0 
t 
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1 

T0 

sin 
2π 

T T0 0 

 

 

∫

2. π.sin 0

 T


X0
 dt
t


0
 1 1 

0 0.5 1T0 

−1

= 
2π


2
π 
T0 

t

0 t 1 

= 0
 

cos





X0
 


0


Average of a sinusoid over one period is equal to zero.
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Ex. sine wave




x(t) = sin 
2
T0 

π
 

 

t



0 ≤ t < T0


T 
1j. 2. π. k. 1 . t2 t .Xk sin 2.π . .e T dt

T T 
0 

T
2 t t t . .2.π .k. 2.π .k.Xk sin 2.π . 

T 
. cos 1j sin dt

T T T 
0 

T T .2 t t 2 1j . t t . 2.π .k. 2.π .k.Xk sin 2.π . 
T 
.cos dt sin 2.π . .sin dt

T T T T T 
0 0 
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Ex. sine wave 
T T .2 t t 2 1j . t t . 2.π .k. 2.π .k.Xk sin 2.π . 

T 
.cos dt sin 2.π . .sin dt

T T T T T 
0 0 

k = 1 
T T .2 t t 

dt 
2 1j t t . .sin 2.π . .cos 2.π . sin 2.π . .sin 2.π . dtX1 T T T T T T 

0 0 
1 1 

0.499013 0.5 

2. π. t 2. π. t 2. π. t 2. π. t sin . sin 0.5sin . cos 0 T TT T 

00.499013 00.5 
0 0.5 1 0 0.5 1 
0 0 t 1t 1 

TT 
t tt t 

sin 2.π . .sin 2.π . dt = 0.5cos 2.π . .sin 2.π . dt = 0 
T TT T 

00 

.
0 

2 1j . 1 .T
X1
 T 2 

1iX1 
π 

. 21 e X1 

cos(ωt + φ) = cos(φ)cos(ωt)− sin(φ)sin(ωt) 
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Ex. cos wave + phase cos(ωt + φ) = cos(φ)cos(ωt)− sin(φ)sin(ωt) 

T T .2
 1
 t 2 j . 1
 t . .2.π .k. 2.π .k.cos 2.π . φ .cos dt cos 2.π . φ sin dtXk T T T T T T 
0 0 

k = 1


T T .2
 t t 2 j . t π t . cos 2.π . φ .cos 2.π . dt cos 2.π . .sin 2.π . dtXk T T T T T 4
 T 
0 0 

0.1462 0.5
0.853307 1


00.5 
2. π. t2. π. 1. t π 2. π. t cos 2. π. 1. t π . sincos . cos 

1
 4
 1
1
 4
 1

0.50 

0.8533070.1462 1
0.5 
0 0.5 1 0 0.5 1 
0 t 1
 0 t 1


T T2
 t t .. . t tcos 2.π . φ cos 2.π . dt cos φ 2 j . .cos 2.π . φ .sin 2.π . dt 1j sin φT T T T T T0 0 

.cos φ 1j sin φX1 

. j. φ1 e X1 
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Ex. sine wave 
T T .2 t t 2 1j . t t . 2.π .k. 2.π .k.Xk sin 2.π . 
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.cos dt sin 2.π . .sin dt

T T T T T 
0 0 

k = 2 

T T .2 t t 2 1j . t t . 2.π .2. 2.π .2.sin 2.π . 
T 
.cos dt sin 2.π . .sin dtX2 T T T T T 

0 0 

1 1 0.769421 1 

sin 2. π. t . sin 2. π. 2 t. 0sin 2. π. t . cos 2. π. 2 t. 0 

0.769421 11 1 
0 0.5 1 

0 0.5
1
1 

0 t0 t 1 
T Tt t t tcos 2.π . .cos 2.π .2. dt 0 cos 2.π . .sin 2.π .2. dt = 0T T T T0 0 
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Ex. sine wave 

k ≠ 1 
T T .2 t t 2 1j . t t . 2.π .k. 2.π .k.Xk sin 2.π . 

T 
.cos dt sin 2.π . .sin dt

T T T T T 
0 0 

TT t tt sin 2.π . .cos 2.π .k. dt = 0sin 2.π . .sin 2.π .k. 
t 
dt 0 T TT T 00 

0Xk 

In[11]:=

2/T*Integrate[Sin[2*Pi*t/T]*Sin[2*Pi*k*t/T],{t,0,T}]+

2*I/T*Integrate[Sin[2*Pi*t/T]*Cos[2*Pi*k*t/T],{t,0,T}]


 2

 (2 I) Sin[k Pi] Sin[2 k Pi]


Out[11]= ---------------- + -----------
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2 2


 Pi - k Pi (-1 + k ) Pi


In[12]:= Simplify[%,Element[k,Integers]] 

Out[12]= 0 
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How it works 
Ex. sine wave 



x(t) = sin 

2
T0 

π
 

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t

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∞
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2
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π
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
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How it works 
Ex. sine wave 

1 1 



x(t) = sin 

2
T0 

π
 

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t

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0 ≤ t < T0
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0.4 

0.3 

0.2 

0.1 

e j 2πkf0t + e− j 2πkf0t 

x(t) = Z0 +

∞

∑


 
 0

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Zk







2 

1.52

Z0 = 0 

k=1 
1 

1 
0.5 

0 
2 
e−

π 
2 k k = ±1XkZk =
 =


2


 -0.5 

 -1.5 0 k = ±2,±3… 
-1 

-2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 



€

€

Harmonic sinusoid


Xk =

2
 T0 

∫
 2
π
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 e 
 

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− j 2πkt 
T0 dt 

A if m = k 


Acos
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Xk = 
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Sum of harmonic sinusoids
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 


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2 T0 

= ) e
T0 

Xk 
2 T

∫ 
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[ ( ( ( ]e 
− j 2πkt 
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2 T0 
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2 T0 
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0 
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Clipped Sinewave 

1 1 

 1 if (Asin 2πf0t) > 1 

Xk 

 
(=  −1 if Asin 2πf0t) < 1 

A = 2 x t 0 
Asin 2( πf0t) otherwise
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Clipped Sinewave


2 2 
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Clipping adds harmonics
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