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Composite signals (waveform synthesis)

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJ'anfot}

k=1 k=1
8 jm
X, =72 e k odd
0 k even

k=5

x(t) =0.8105co0s(2725¢ + 1) + 0.0901cos(27w757 + 1) + 0.0324 cos(271251 + 1)
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x(t) = 0.8105cos(2725¢ + 1) + 0.0901cos(2775¢ + 1) + 0.0324 cos(27125¢ + 1) + ...
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x(t) = 0.8105 cos(2725¢ + ) +0.0901 cos(27w75¢ + 7r) +0.0324 cos(2w125¢ + 7 ) + ...

j(2w25t+m)

X(1)=0.81055

-j(2m25¢t+7)

+0.09015

j(2n75t+n)

—j(2n75t+n)

+0.0324 <

Complex conjugate form

j(27125t+7)

e—j(2n125 t+)

+...
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“two sided Fourier Series”




Fourier Series

For a given signal, how do we find X, = A e’*
for each k in the Fourier Series ?

Fourier Analysis
k=1

x(1)= A, + EAk cos(27tkf,t + ¢, ) = X, + Re{z XkeJ'Zarkfot}
k=1

where

1
X, =— [ x(t)dt
15 %

fo:fundamental frequency
T,=1/f,



Fourier Series: Sawtooth
x(t)=t O=st<T,

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJ'anfot}
k=1 k=1
0 ,/%
—-e
© ok
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cos(ZthfOt + %)

T, T T )
x(t) = EO + ;Ocos(anot +2)+ ﬁcos(2n2fot +2) 4.
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X Defined between 0<t<0.04
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Fourier Series:Square Wave

1 0=t<T,)/2
x(t) =
-1 TO/2st<TO

4 4 _ix
-7— k odd /
X0=O X, = ]kj'l,’ ¢ X, =1k

0 k even 0 k even

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}
k=1

x(t) = %cos(ngfOt — %) + ﬁcos(2n3f0t — %) +...

x(t) = £sin(27af 1) + s=sin(27x3 fot) + ...




Fourier Series:Square Wave Spectrum

4 4 _jx
-j— k odd —e ' k odd(,3,5...
X,=0 X, = ]kﬂ: — X =Vkn ( )
0 k even 0 k even(2,4,6...)

x(1)=A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJ'Zarkfot}
k=1

k=1

x(t) = £sin(27f 1) + s=sin(27w3 1) +

Complex conjugate form
j2mkfyt + e—j2nkf0t)

x(f)=X, + Exk( :

0 J2ﬂkfo
x(t) — E ( ) Ezkennkfo

k=- “two sided Fourier Series” X X { X X

amp
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Properties of Fourier Series

Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex. Square wave

1 0=t<T,)/2
x(t) =
-1 T0/2st<TO

4 s
—e¢ "k odd
X, =vkn
0 k even

odd function

X, =0

x(t) = %cos(ngfOt - %) + ﬁcos(2n3f0t - %) +.

x(t) = £sin(27af,t) + s=sin(27x3 fot) + ...
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Properties of Fourier Series
Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex. Square wave

- . AA:I\AAﬂI | IAA:I\AA | | |
VYV VNY yvyv YNy
_I1 0=1<T/2 4dd function _
X(t) ylt)
-1 ]-(')/2St<];) Z(‘)
4 _jz %‘ sin[Z-n E] 0 .
ek odd L
XO =O Xk = k.ﬂ: EM“[ n‘To] i
0 k even |
L AAanal Aannnh
1 vavvu uvvvvv
x(l,) — %Cos(zjﬂ‘ot_%) + %COS(Q,ESfOt—%) v 004 003 =002 -001 ?,1 0.01 0.02 0.03 Lg:ng

x(t) = £sin(27af,t) + s=sin(27x3 fot) + ...



Properties of Fourier Series

Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex. Square wave

w=1 1 0=1<%/2 odd function
-1 T,)2<t<T, st

32_(1)

2tk odd T
kit [
0 k even

=

X0=O X, =

2|~
—_

=0.5

=1

x(t) = %cos(ngfOt — %) + ﬁcos(2n3f0t - %) + .

x(t) = £sin(27af,t) + s=sin(27x3 fot) + ...
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Properties of Fourier Series
Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex.Triangle wave

x(1f) = 4r+1, —1,/2=1<0 oyen function
-4t+T, O0=st<T,/2 05 - g

1
X, =— [ x(t)dt Ao -
Ty %

1 1%
Xy=— [(-4t-T,)dt +— [ (4 -T,)dt
T, =, T,

—0.5— —

T | | |

In[1]:= 1/T*Integrate[-4*t-T,{t,-T/2,0} ]+ -
1/T*Integrate[4*t-T,{t,0,T/2}]

W

Out[1]=0

X, =0



Properties of Fourier Series
Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex. Triangle wave

x(1f) = 4141, —1,/2=1<0 oyen function
-4t+T, O0=st<T,/2 05 -

Ty

2 A - j2ki
X, == [x(te "dt
Ty =,

-5 t
T
o7 - j2 ikt 0

— j2mkt
X, =%f(—4t+TO)e dr + 2 f(4t+TO)e J A’dt



A _ j2umkt 0 — j2mkt
Ex. Xx, =£f(—4t+TO)e v 2 [(4t+7T))e e ar

In[3]:= 2/T*Integrate[(T+4*t)*Exp[-[*2*Pi*k*t/T],{t,-T/2,0} ]+
2/T*Integrate[(T-4*t)*Exp[-I*2*Pi*k*t/T],{t,0,T/2}]

Ik Pi Ik Pi
(-2-1kPi+E 2-1kPi) T 2+I1kPi+E (-2+I1kPi))T
Out[3]= ~—-==mmmm e e T R
IkPi 2 2 2 2
E k Pi k Pi

In[4]:= Simplify[%,Element[k,Integers]]

k k k
Cl+C-1))2-2¢-1) +I0+C¢D)kP)T
Out[4]= ---mmmm e
k2 2
(-1) k Pi

1+ s 2 =2- 0%+ 5[+ 1)5] (km) |10

Xk (k)=
(k) (-1)kk%-n2
~4-T0
Xk (k)= 1=k =-1
O= [0k -1]
k -2k odd il k odd
(=) 1= 0 k even X =1k

0 k even



Properties of Fourier Series
Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%

Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)

Ex.

x(0) ={ 41+1, -1,/2=1<0 eyen function

-4t+T, 0=t<T,/2 05 4
T Re(Y(t))
k odd e 0 .
Xo =0 X, =1kg? 0 (1)
0 k even

kK’

0 k even R

X, = {e k odd

H
-
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x(t) = %cos(%zfot) + 2L cos(23f,t) + ...

3272



Properties of Fourier Series
Odd functions f(-x) =-f(x) consist only of sums of sines (¢=-%
Even functions f(-x)=f(x) consist only of sums of cosines (¢ =0)
Ex.

1

1

x(t)={4”To 1,/2=1<0" even function

-4t+T, 0=t<T,/2
ﬂY(t)) 0.5 -
il k odd :
XO — O Xk — k2 2 0 i~c0s(2-fc-t) R \ "'1“

= T 2 0 \

[ \
T \ ’ R
0 k even e /
S0k odd 1 |
X, =1k’n \/ \/

0 k even -1

-1 —0.5 0 0.5 1 1.5
-1 t 1.5

x(1) = 2.cos(27f,t) + 5 cos(2w3 fit) + ... £ =1
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Properties of Fourier Series

Symmetric functions with f(-x) --fx+7/2) only have odd harmonics
Symmetric functions with fx)-sx+7/2) only have even harmonics

Ex. Triangle wave (only odd harmonics)

o 4r+1, -1,/2=<t<0 Lo T : : 3
-4t+T, O0=st<T,/2 /'\‘ N
\
0.5 [ \ / \ -
z(t) f | / }
8T () // ‘ l \\
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X, =0 X =1k t T \ / / "
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x 1733 e’k odd / \ / \
kK~ k JT / \ | \
0 k even SR ! ! 1
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x(t) = %cos(%zfot) + 2L cos(23f,t) + ...
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Properties of Fourier Series

Symmetric functions with f(-x) --fx+7/2) only have odd harmonics
Symmetric functions with fx)-sx+7/2) only have even harmonics

Ex. Abs sine wave (only even harmonics) |

x(t)=sin(2—nt) O0<t<T, 2() 05 -
1,
1
X,=— 1)dt 0,
o=7 [ o oLV
To f =1
1%l (2 1% (2 1% (2 ’
X, =—f s1n(nt) dt=fsm(nt)dt+f—sm(nt)dt
Lol \L ) me o \%, ) na g

In[2]:= 1/T*Integrate[Sin[2*Pi*t/T],{t,0,T/2}]+
1/T*Integrate[- Sin[2*P1*t/T],{t, T/2,T}]

2

Out[2]= --
Pi

2
X, ==

JT



—]2Jrkt — j2mkt Ty — j2mkt
X, = 2 | f sm(z—n t) Odt = f sm( ) ot + 2 f (—sm(z—ﬂ t)) o dt
TE) 0 TE) TE) T% TE)

In[5]:= 2/T*Integrate[ Sin[2*Pi*t/T|*Exp[-*2*P1*k*t/T],{t,0, T/2} ]+
2/T*Integrate[- Sin[2*Pr*t/T]*Exp[-I*2*Pi*k*t/T],{t,T/2,T}]

T T T
2 (T + - ) 2 (----—-- e )
Ik Pi IkPi 2D kPi
E E E
(O e — b o
2 2

2Pi-2k P)T (2Pi-2k Pi)T

In[6]:= Simplify[%,Element[k,Integers]]

k2
(1+(-1)) ,
Out[6]= ~(---------- ) (1 N (_1)’<)
2 X, =- ‘
(-1 +k)Pi (~1+ &)
[0 k odd
e =) b 5 k even
(—1+k )n




Properties of Fourier Series

Symmetric functions with f(-x) --fx+7/2) only have odd harmonics
Symmetric functions with fx)-sx+7/2) only have even harmonics

Ex. Abs sine wave (only even harmonics)

. (27
x(t)=sm(—t O0<1<17, L
72) 0.8
zlt) 0.6
ylt)
2 2 0.4
4 t
E cos|:2 n~2~5+ ﬂ:] 0.2
r S cos|:2 n-4-—0+ n:] 0
O k Odd 4 -cosI:Z-n-6~L+ rc]
4 36 TO
X =+ . k even
(—1 +k )J‘L’
~ 0424413, _ ¢ | l I L

0 0.2 0.4 0.6 0.8 1
0

x(1) = 2, L cos(22 fot + ) + =cos(2n4 fot + 7) + ...
m



How 1t works
Ex. sine wave

O<t<17,

x(1) = sin(z—ﬂt
1,

Average of a sinusoid over one period 1s equal to zero.



Ex. sine wave

27
x(t) =sin| —t¢
(1) (T

0

0

t
sin (2-n-—)-e
T

t t
sin{2-mw-—|-cos|-2:-mw-k-—
T T

<t<T,

1j~-2-n-k~L~t

T dt

t t
sin{2-mw-—|-|cos|-2-mw-k-—
T T

+ 1j~sin(

21
dt + —=-
T

t
—2-n-k-—)) dt
T

T
t t
sin{2:mw-—|:sin[-2-;w-k-—| dt
T T
0



Ex. sine wave

T

2 , t t 2-1j , t) t
= sin{2:-w-—|-cos|-2-mw-k-—| dt + — sin{2:mw-—|:sin[-2-;w-k-—| dt
T T T T T T
0 0
k=1
T )
2 . t t 2-1j ) t\ . t
X1=—~ sin({2:-w-—|-cos|(2-w-—] dt — —- sin{2:mw-—|-sin(2-7w-—] dt
T T T T T T
0 0
0499013, 03 / T Ao ! I
. sin 2»n~t— -sin 2-n-t— | ]
ﬂlm{l@os[lm%] = \/\] _I: T] I: T] 0-3
0499013, g5 | .o '
l-OJ t I-lJ 0 t LIJ
T T
2 L) i 2 ! dt=0 sin 2~T|:~i -sin 2-?5-i dt = 0.5
cos|2-m T sin|2-m T = x T T =05 n
0 0
2-15 1
X1=0 - — =T
T 2
X1=—1i
T
X1=1 e ?

cos(wt + ¢) = cos(¢P)cos(wt)— sin(¢)sin(wt)



EX. cos wave + phase cos(ar +¢) = cos(g) cos(r) - sin(¢)sin(wr)

T T
2 1 t 2] 1 . t
X == cos(2-m-— + ¢|-cos|-2-mwk-—] dt + — cos(2-m-—+ ¢|-sin[-2-w-k-—]| dt
T T T T T T
0 0
k=1
T T
2 t t -2+ t m\ t
X == cos(2-m-— + ¢|-cos|2-m-—=| dt + — cos|2-mw-— + —|-sinf2-m-—]| dt
T T T T T 4 T
0 0
0853307, | I 01462, 03 '
0.5 — 0
cosI:Z»n-Lt + Eil»cosl:ln»i:] cos|:2<n-i-t + £i| sin|:2<n-iil
1 4 1 1 4 1
— 0 — — 0.5 —
~0.1462, s | -0.853307, |
0 0.5 1 0 0.5 1
0, t y 0 t oL
T
= 27 2| di= 2] ! t t
T Cos (270 + ¢)-cos (2w | dt=cos (¢) 2, cos (Z-n-— + 0 ~sin(2-n-—) dt=- 1j-sin (¢)
0 T T T
0

X =cos (¢) — 1j-sin(¢)

X =160



Ex. sine wave

T T
, t t 2-1j , t) t
=-— sin{2:-w-—|-cos|-2-mw-k-—| dt + — sin{2:mw-—|:sin[-2-;w-k-—| dt
T T T T T
0 0
k=2
T T
2 , t t 2-1j , t) t
X2=—~ sin({2:-w-—|-cos|-2-w-2:-—| dt + — sin{2:mw-—|:sin[-2-7w-2-—| dt
T T T T T T
0 0
Lo : 0769421, ! T

sin(2-7-t)-cos(-2-7-2-t) 0F ﬂZ-mt)sm(-Z-mZ-t) 0

0769421,  _, |

|.-1.| -1 l
0 0.5 1 é) ot.s
I.O.I t I-l-l o
! ¢ ! t t
cos (2-n-—)-cos (2-75-2-—) dt=0 cos (2-n-—)-sin(2~n~2~—) dt =
T T
0 0



Ex. sine wave

k=1
T .
2 . t t 2-1j
Xk=—- sin[2-w-—|-cos|-2-mw-k-—| dt + —-
T T T T
0 o
T
t t
sin(2-w-—|-sin|2-7w-k-—] dt=0
T T
0 o
X =0
In[11]:=

r T

0

rT

0

t t
sin{2:mw-—|:sin[-2-;w-k-—| dt
T T

t t
sin{2:-w-—|-cos|{2-m-k-—|dt=0 »
T T

2/T*Integrate[ Sin[2*Pi*t/T|*Sin[2*P1*k*t/T],{t,0,T} |+
2*1/T*Integrate[ Sin[2*P1*t/T]*Cos[2*Pi*k*t/T],{t,0,T}]

2
(2 I) Sin[k Pi] Sin[2 k Pi]
Out[11]= ---------------- T
2 2
Pi-k Pi -1+k)Pi

In[12]:= Simplify[%,Element[k,Integers]]

Out[12]=0



How 1t works
Ex. sine wave

X(t)=sin(2—nt O0<t<T,

1, g, !
XO =0 sin[z-n.i] 0 _/
0

le? k=1 L
X, =
{O k>1 oL

I.O-I

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJ'anfot}
k=1

k=1

\s

1
L,

x(1) = cos(27ft - Z)
x(t) = sin(27f )

x(1) = sin(zT—ﬂt) O0<t<T,

0



Ex. sine wave

(27
x(t) =sin| —1¢
(1) (T

0

X, =0
k=1

X, = le
0 k=23,...

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z Xkejznkf0¢
k=1 o

x(1) = cos(27fyt — Z)
x(t) = sin(27f )

O<t<17,

How 1t works

[ 1.| -1

1
|.1.| /
sin[Z- n.i] oL
0

\s

1
O, 1,

k=1

x(t)=2Z,+
Z,=0

x, |Lle#
Z, =k =15¢

2 0




Harmonic sinusoid

Ty — j 27kt
X, = ngcos(z—nmt)e A)dt
Iy 0

k

A if m=k
0 if m=k



Sum of harmonic sinusoids

3f

0

’ﬂ

— j 2kt
EA cos(27kf ¢ )] j A’dt

2" —j2n17
T f | A cos(2af,t) + A, cos(272 f,t) + Aycos(23fyt) +...]e /Tt
0
To — j 2kt — j 2kt — J2mkt
=%fA1cos(2fg”0t)e J /Odt+ fA cos(272 fyt)e ] %‘)dt+ fA cos(23 fyt)e Tt 4
0 O 0 0 0
A, if k=l T 0 2 T o s
0 if kel 0 if k=2 0 if k=3



Clipped Sinewave

g, ! I T
1 if  Asin(27f,r)>1
An o X, =1 -1 if  Asin(27f,t) <1
- | Asin(27f,1) otherwise
T =— =2
Jo
P ! | 1
0 2 4 6
O, t 2:m

Xo=0

T1 T2 T3
) 1j~-2-n-k~i~t 1j~-2-n~k-i-t 1j~-2-n-k~L~t
] t T 2 T 2 ] t T
= A-sin 2-75-? e dt + —: e dt+¥~ A-sin 2-75-? e dt + m

Ti
0 ™
T4 T

> 1j~-2-n-k-L-t > ¢ 1j--2-n-k~i~t

—. -1-e T qt+ = A-sin|2-m—]-e T dt

T Iy T T

T4



Clipped Sinewave

Re(v (1) s \ 1
2 sinfd

Re(xic(1)-¢'F) o /v—‘\

Rexk(3).<*7) \/——\/
Re[xx(5). %) L \ | |

* ! 0.151 |
——t am
a2 : : ' L~y | | p
0 1 2 3 4 5 6 7 ol
9, t 6.283185, : ?

Clipping adds harmonics |
which distorts the pure tone. X | [ | { | [ | [ |

“richer” sound

t=0:1/8192:0.5; § phase
y=sin(2*p1*440%*t); il ]
sound(y/2) ]
sound(y)

sound(2*y)

sound(5*y)
sound(10*y)




