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Causal FIR filter

y[n] = Ebkx[n - k]

k=0

y[n] = box[n] + blx[n - 1] +.o.+ be[n - M]

The output y at each sample n is a weighted sum of the
present input, x[n], and past inputs, x[n-1], x[n-2],..., x[n-M].

3 point average

y[n] = %x[n] + %x[n —1]+ %x[n —2]

x[n]={0 0 111 116 1.01 1.12 1.0l 1.08 0 0}
n=2-1 0 1 2 3 4 5 617
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3 point average

causal running average or backward average

difference equation
L=3 M=L-1=2
Length 3 2nd order

y[n] = %x[n] + %x[n - I]+ %x[n —2]

An]={0 0 111 116 101 LI12 1.01 108 0 0}
n=-2 -1 0 1 2 3 4 5 6 7

3[0] =5 3{0]+ S a{-1]+ S x{-2] =111+ 20+ 0-036
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running onto data



y[n]=%x[n]+%x[n—]]+l3x[n—2] y[n]:éx[n]+l3x[n—l]+éx[n—2]
An]={0 0 111 116 101 1.12 101 1.08 0 0} An]={0 0 111 116 101 112 101 108 0 O}
n=-2 -1 0 1 2 3 4 5 6 7 n=-2 -1 0 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1 1 1 1 1
l==x[1[+=x|0[+=x|-1|==1.16 +=1.11+ -0 =0.76 2{==x[2|+—=x|1[|+=x[0[==1.01+=1.16 + —1.11=1.09
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werighted sum
y[n]=%x[n]+%x[n—]]+l3x[n—2] y[n]% '[n]+l3x[n—l]+%x[n—2]
An]={0 0 111 116 1.01 112 101 1.08 0 O} An]={0 0 11l LI6 1.01 112 1.01 108 O 0}
n=-2 -1 0 1 2 3 4 5 6 7 n=-2 -1 0 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1 1 1 1 1
3l==x|3|+—x|2|+—x|1|==1.12+ -1.01 + =1.16 =1.10 4{=—x|4|+—=-x|3|+—=-x|2|==1.01+-1.12+-1.01=1.05
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y[n] = éx[n]+ %x[n - ]] + %x[n —2]

An]={0 0 111 LI6 101 LI12 1.01 1.08 0 0}

y[5]=505)+ 5 4{4]+ 03]
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y[n] = %x[n]+ %X[ﬂ - ]] + %x[n —2]

An]={0 0 111 LI6 101 112 101 108 0 0}
n=-2 -1 0 1 2 3 4 5 6 7

W[7]= %x[7] + %x[6] + %x[S]
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running off data

y[n] = %x[n] + %x[n - l]+ %x[n —2]

An]={0 0 LIl L16 101 112 1.01 108 0 0}

n=-2 -1 0 1 2 3 4 5 6 7

y[6]=%x[6]+%x[5]+—x[4]=%0+%1.08+%1.01=0.70
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running off data

1 1 1
y[n]=gl[n]+§x[n—l]+§).[n—2]

xfn]={0 0 LIl Ll6 1.01 112 101 1.08 0.0 0.0}
yn]={0 0 036 0.75 1.09 1.10 1.05 1.07 0.7 036}

n=2 -1 0 1 2 3 4 5 6 7
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running onto data weighted sum running off data



2 point difference

y[n]=2{n]-x{n-1]

n? [ ] 1 n=0
0. uln|=
)= ufn] 0 reo
unit step function
Suipse ﬁ(
P
y[n]=x[n]-x[n-1] finite difference

approximation to
a derivative.
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212 2n-1 u[n-1] noise (and high frequencies)

2 point difference

1 n=0

s[n] =2 ufn] ”[”]={0 " <0

unit step function

Impulse response

M
y[n]=Ybaln-k]  FIRfilter
k=0

1 n=0
x[n] =0[n]= ~ Kronecker delta function
0 otherwise

y[n]=h[n]=zbk6[n—k] 6[n—k]={1 n=k
k=0

0 otherwise

impulse response

The impulse response is the output of the system when
the input is a delta function.



x[n]

yln]

hln]=y[n]= Ebké[n -k]  dn-kl= {

yin]

Impulse response

1 n==k
0 otherwise

k=n

Hin = bod[n 0]+ bd[n —1]+ ...+ b,o[n—n]+ ...+ by o[ M ~1]

=b,0[n-0]+b[n-1]+...+b,8[0]+...+ b, [ M -1]
=b,0+b0+...+b,1+...+b,,0 bm={1 <=0

0 otherwise

=b,  impulse response

The impulse response is just the filter coefficients.
Finite length filter, finite impulse response (FIR).

Impulse response of 3 pt. average

y[n] = %x[n] + %x[n —1] + %x[n —2]

x[n]=6ln] = {

1 n=0

. Delta function
0 otherwise

y[n] = %6[n:| + %6[n - 1] + %6[n - 2]

y{1]= 5001+ Se[0]+ 59[-1]
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x[n]

Impulse response of 3 pt. average

y[n] = %x[n] + %x[n —1]+ %x[n —2]

x[n]=ln] ={

1 n=0

] Delta function
0 otherwise

¥[n] =é6[n]+%6[n—l]+%6[n ~2]

1 1 1
y[O] = 36[0] + 56[—1] + 56[—2]
m,bz b, by 1 =ll+10+10=1
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Impulse response of 3 pt. average
1 1 1
y[n]=3aln]+ Saln-1]+2a{n-2]
x[n]=d[n]= ][1 "= 0. Delta function
0 otherwise
[n]=2o[n]+ L o[n-1]+~o[n-2]
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Impulse response of 3 pt. average

y[n] = %x[n] + %x[n —1] + %x[n —2]

x[n]=6ln] = {

1 n=0

. Delta function
0 otherwise

y[n]=%6[n:|+%6[n—1]+%5[n—2]

x[n] 1 1 1
: ‘ y[3] =§6[3]+§6[2]+§6[1]
b o T&fEnd b, b, by 1 =10+l0+10 =0
! 3733
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yinl - =g, % b b,
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Coefficients from impulse response
x[n] =6[n] . y[n]= ;)ka[n -k] J[i’l] = y[n]x[n]=t§[u]
=0 010000 by,by,... by, =777 =fo o+ 210 0}

n=-2 -1012 3 4
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X[n]  Z en

06l
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Impulse response of 3 pt. average

n==2 -1 0123 4
x[n]=6[n]={0 01000 0}
hnl=y[n], .., =10 0 5 & £ 0 0f
={0 0 b, b b, 0 0}
X[l 2 e
y[n] ;BT End b, ti ]TJz
Coefficients from impulse response
x[n]=5[n] . y[n]= gka[n - k] J[n] = yl:n]x["]ﬂ”nl
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Response from 2 impulses

y[n]:fbkx[n—k] y[”] =

iy (pad) | 00§ EAvE i)

8 8 8 16 8
82878

x[n] = 6[n] + 0.56[11 - 2] .,

00100500
n=-2 -1012 3 4

n]={0 0 baf0] bx[0] b[0]+bx[2] B3] ba[4]}

x[n] 2o

% o JexEnd
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n’ 1 n=0
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] =2 ] o= %
dn)=fo 0 0 gk
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x[n]=0'6[n]+%-6[n—l]+%'5[n—2]+%-6[n—3]+%' [n—4]

Any discrete signal be thought of a weighted sum of delayed impulses

Response from 2 impulses

An]=d[n] N P
001010 o Alnl={bbiby)

y[n]= ibkx[n—k] y[n]=

~{s21 foo 4 2 144 2

82828

n=-2 -1 0123 4

y[n]={0 0 n[o]sf0] A[1]x[0] A[2]x[0]+A[0]x[2] A[1]x[3] A[2]x[4]}

x[n] o
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Convolution sum

Convolution
M
y[n] = Ebkx[n - k] FIR filter
k=0
. _[b, n=01.M |
nj=yyn [n]=8[n] = 0 Otherwise mpulise response

l
y[n]=§h[k]x[n—k]

or

y[n]=h*x

convolution sum

The output y[n] is equal to the input x[n] convolved with

the unit impulse response h[n].



: x[n]:{O L o4 2 s O} h[l’i]:{% % ]§}

n
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y[n]—;)h[k]x[n k] ; B (1116)din-1] , 1/16°d[n-1]"h[n]
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xn] [0 | 1/16  4/16 9/16  16/16 0 0 x[n] 0 [I/16] 4/16 9/16  16/16 0 0
hin] | 4/8 2/8 1/8 | h[n] 48 218 1/8
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i 00 Hnl={% ¥ 4}
5

x[n] 0 116 [4/16] 9/16  16/16 0 0
h[n] 48 218 1/8]

0 0 0
4/128  2/128  1/128
| 16/128  8/128 4/128 |

x[n] O 1/16 4/16  9/16 16/16] 0 0
4/8  2/8 1/8

h[n]
0 0 0
4/128  2/128  1/128
16/128  8/128 4/128
36/128 18/128 9/128
| 64/128 32/128 16/128]
yln] 0  4/128  18/128 45/128 86/128 41/128 16/128

an]={0 % & % & 0 0 Anl={ 2 1}
5

x[n] 0 /16  4/16 [9/16]  16/16 0 0
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y[n]=h*x
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n 0 1 2 3 4 5 6
x[n] 0 @1/16 A 4/16¢ /16 16/16 0 0
h[n] 48028 AN 18 O
00O 04A¢ 0 OQ
4/K0I2/128 AN 1/128 OA

16/128049) 8/128/A94/128 O

36/128 18/128 9/128
64/128 32/128 16/128

yln] 0

4/128

18/128

45/128 86/128 41/128 16/128

y[2] = 012 - 0]+ A1a2 - 1]+ A2 12 - 2]

(2] = Sh{k]{2 -]

N

N hk]x[n - k]

convolution sum

y[2]=h[0]x[2-0]+A[1]x[2 - 1]+ A[2]x[2-2]
4 A A

n]={0 % & % & 0 0} hin)={4 2 1} L=3,M=L-1= An]={0 & & & & 0 0} hn)={% 2 1 L1=3,M=L-1=2
n=0 1 2 3 4 5 6 n=0 1 2 3 4 5 6
0 5[n]+% 5[n—1]+%-5 n—2]+%'5[n—3]+}—2-5[n—4] x[n]=0~6[n]+% 6[n—1]+% 5n—2]+%'5[n—3]+}i"6[n—4]
£.8[n]+2-8[n-1]+1-8[n-2] Wn]=%-8[n]+2-8[n-1]+1-§[n-2]
M M
y[n] = 2 h[k]x[n - k] convolution sum y[n] = E h[k]x[n - k] convolution sum
k=0 k=0
y[0]= H[0]x[0 - 0]+ A[1]x[0 - 1]+ A[2]x[0-2] = £-0+2:0+4-0=0 y[0] = A[0]x[0 - 0]+ A[1]x[0 - 1]+ A[2]x[0-2] = 4-0+2:0+1-0=0
h[O x[1—0]+h[l]x[l—l]+h[2]x[l—2]=% %+§ 0+% =1‘2‘8 y[l]=h[0]x[1—0]+h[1]x[1—1]+h[2]x[1—2]=% %"’%'0"'%&‘0:%
2]=h[0]x[2-0]+A[1]x[2-1]+A2]x[2-2] =4 & +2 L++-0=1%
V[3]=h[0]x[3-0]+A[1]x[3-1]+A[2]x[3-2] =4 2 +2 L+ k=%
y[4]=h[0]x[4-0]+h[1]x[4 -1]+A[2]x[4 - 2] =4 -te+3 2+ L=
y[5]=h[0]x[5-0]+ A[1]x[5-1]+ A[2]x[5-2]=4-0+ 2- L6+ L. 2 =4
y[6] = h[O]x[6 - O] + h[l]x[6 - 1] + h[2]x[6 - 2] =+ 0+2 044108



Aqn]=fo & & % & 0 0 Hnl={% 2 1}
n 5

01234556 LTI Systems
x[n] 0 1/16 4/16 9/16 16/16 0 0
h[n] 4/8 2/8 1/8 yln]=h[n]*x[n]
X[n] ——  pp) -

x[n]*h[n] O 4/128 18/128 45/128 86/128 41/128 16/128

0 0.3125 0.1406 0.3516 0.6719 0.3203 0.125
ynl=y[n]* hy[n]* x{n]
Al —> gl | mlnl
MATLAB
»conv([4/8,2/8, 1/8], [0, 1/16, 4/16, 9/16, 16/16]) o
ans = : T v
0 0.0312 0.1406 0.3516 0.6719 0.3203 0.1250 ] [ +Q ylnl=(h[n]+ hy[n])* x{n]
+
o]
LTI Systems LTI Systems
y[nl=h[n]*x[n]
X[n] —— h[n] L 5
ylnl = b[n]* hy[n]* x[n] h[n] T
A —— ] * ) > + sin]

Hnl—s j hy[n] >
+
hy[n]

Wil ] |y Y01 = (il haln) *x{n]

x[n]l——




LTI Systems LTI Systems

yln] ylnl

Anl————> p[n)+ hy[n] hnl Anl———— p# (1 [n]+ hyln))

y

v

Block Diagrams Block Diagrams: Direct Form

M
. y[nl=x[n-1] An]-dl] . y[n]=;bkx[n—k] hinl=y[n] .
X|n :
—* unitdelay ——* 0010000 {by.by:b,} = %%%} ={0 055350 0}
ne=2 1 0 123 4 L=3, M=L-1=2 ={0 0 b, b b, 0 0}

=Ax[n]

y[n]
X[n] ——» E E—

ylnl=x[n]+z[n]
x[n] — 00— X[n] onr eeeee ’
+ 0.2
Z[n]T h
h[n] E:; eeeee "
02 T ?



Block Diagrams: Direct Form

Block Diagrams: Transpose Form

0 I B o YL s B IR 1 ) W T I B b e s B SR B ) W
ootooo0 | {obby={iis ={0 0 % % 10 0} ooroooo | {hbl={tis 00 z10
n=-=2 -1 012 3 4 L=3, M=L-1=2 ={0 by b b, 0 0} n=-=2 -1 0123 4 ={0 0 b b b 0
y[n] = bnx[n] + blx[n - 1] + bzx[n - 2] y[n] = box[n] + b,x[n - 1] + bzx[n - 2]
x[n-1] x[n-2]
X[n] > unit delay > unit delay X[n] >
b() b] bZ b[)
byx[n] ba[n-1] byx[n-2] byx[n]
+17* + +
,> »O) unit delay unitdelay —
O + y[n] + yln]
byx[n-1] byx[n=2]+bx[n-1]
Block Diagrams to Block Diagrams to
Difference Equations Difference Equations
X[n] > X[n] >
b, N b, b,
+ +
unit delay unit delay |—» unit delay o unit delay | —»
v,[n] * ylnl v,[n] vi[n] * yln]
va[n]=boaln] n]=ba[n]+vy[n-1] y[n]=baln]+v[n-1] va[n]=byx{n] v[n]=bix{n]+v[n-1] [n]= byl n]+ v [n-1]
[n]=by{n]+v[n-1] y[n]=bex[n]+v[n-1]
v,[n] = hlx[n] + vz[n - 1] v,[n - 1] = b]x[n - 1] + vz[n - 2]
va[n] = boa{n]



Block Diagrams to
Difference Equations

x[n] >
b, b,
+
unit delay unit delay |—»
v[n] * y[n]
va[n]=b.x{n] v[n]=bia{n]+v[n-1] y[n]=byx{n]+v[n-1]
y[n] = b(,x[n] + vl[n - 1]
vl[n - 1] = b]x[n - 1] + bzx[n - 2]
Block Diagrams to
Difference Equations
X[n] >
. . block diagram
b, b,
+
unit delay unit delay |—»
v[n] * y[n]
va[n]=b.x{n] v[n]=bia{n]+v[n-1] y[n]=byx{n]+v[n-1]

y[n]=box[n]+bx[n-1]+bx[n-2]  difference equation

h[n]=byd[n]+bd[n-1]+b0[n-2] impulse response

equivalent ways
of describing system

x[n]

Block Diagrams to
Difference Equations

\4

b, b,
+
unit delay unit delay | —»
v[n] * y[n]
vz[n]=bzx[n] v][n] =b]x[n]+v2[n—1] y[n] =mb[n]+ vl[n —1]
y[n] = box[n] + blx[n - 1] + bzx[n - 2]
Block Diagrams to
Difference Equations
v[n] w[n]
x[n] > unit delay unit delay
b, b b,
+ | * +
. »O ,
© * y[n]
vo[n] = 2[n] v[n]=v,[n-1] y[n]= by, [n]+ by [n]+by[n-1]



Block Diagrams to
Difference Equations

x[n] unit delay >

unit delay

Homework:

L-1
k=0

N M _ N+1
oM — ¢
hint: kz S g
=M
| L-1
T Z a”-u(z)
n—-z=0
. n-(L-1)
T Z a”u(z)
z=n

p5_6: FIR & delays
FIR and single delay

y[n]=ax[n]+bx[n-1]

+ “yln]

L-point running average
for input sequence
X[n]=a"u[n], n=0

let z=n-k
k=n-z

remember n=0

y[n] = bovz[n] + blv,[n] + bzvl[n - 1]

Block Diagrams to
Difference Equations

v,[n] v,[n]
x[n] > unit delay unit delay
by b, b,
+ | * +
. »O R
© * y[n]
vo[n]=x{n] w[n]=v,[n-1] y[n]=by,[n]+ by [n]+ by [n-1]

y[n] = box[n] + blx[n - 1] + bzx[n - 2]

3 point average

1 n=0

y[n]:%x[n]+%x[n—I]+%x[n—2] x[n]=sin@2mn/15)- u[n] u[n]={0 e




