22.02 — Introduction to Applied Nuclear Physics

Problem set # 2
Issued on Wednesday Feb. 22, 2012. Due on Wednesday Feb. 29, 2012

Problem 1: Gaussian Integral (solved problem)

The Gaussian functiop(r) = —-- e~"/29" is often used to describe the shape of a wave packet. Also, it represents

2702

the probability density function (p.d.f.) of the Gaussian distribution.

a) Calculate the integraf ™ —-L_¢~ /27"

2mwo?

Solution
Here | will give the calculation for the simpler functio&(x) = e’ . The integrall = ff‘;o e~ canbe squared as:

I? = (/ dz 6_12) :/ / dz dy e eV’ z/ / dx dy e~ (@49

This corresponds to making an integral over a 2D plane, defined by the cartesian coordaratgs\We can perform
the same integral by a change of variables to polar coordinates:

{ T = rcost

y = rsind

Thendxdy = rdrdd¥ and the integral is:

27 [e’e) e’}
I? :/ dl?/ drre=" :271'/ drre™
0 0 0

Now with another change of variables:= 12, 2rdr = ds, we have:

12:7r/ dse *=m
0
Thus we obtained = f_oo e~ = v/ and going back to the functiom(z) we see that its integral just gives

I, 9(x) = 1 (as needed for a p.d.f).
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Note: we can generalize this resultf8°_ae~ 9"/ dz = ac\/7

Problem 2: Fourier Transform

Give the Fourier transform of :

(a — solved problem) The sine functiosin(ax)
Solution
The Fourier Transform is given byF[f (x)][k] = ﬁ 1=

assin(ax) = % By using a property of the Dirac delta function that we saw in Pset 1, we have

dx e~ f(z). The sine functiosin(az) can be written

Flsin(ax)] = \/gz (0(k—a) —d(k+a))

b) The Gaussian function(z) = \/2;76—12/202.



[Note: this result can be found in any math book, together with the proof. Make sure you understand how it is derived
and how the integral is made by reproducing the proof here.]

b) The rectangular function(z)
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Problem 3: Kinetic energy measurement - Method |

An electron is prepared in a state such that its wavefunction (in a 1D spagg))is= % cos(v21x).

a) Following the “recipe” given in class, what do you expect to obtain when measuring the eleicitio energy?

[You should answer the questions: What are the possible results of a kinetic energy measurement? What are the
probabilities of each possible kinetic energy measurement result?]

Problem 4: Kinetic energy measurement - Method I

A neutron is in the quantum stal¢) such that its wavefunction ig(z) = ﬁ sin(v/13z).

a) Write the statéq) in the kinetic energy basis.

b) Given your answer to question a) what do you expect to obtain when measuring the neutron kinetic energy?

Problem 5: Expectation values

Consider a wavefunction described by

_ 1 —z2/(4a?) —ikox
Y(x) = (27m2)1/4e e
wherek, is the wave number associated with a momenpgm= hky. (Note that this state describes a traveling
wavepacket.)
a) What is the expectation value of the position?

b) What is the uncertainty of the positidiz? = (#2) — ()?
[Here (2?) is the expectation value of the operatdt]

c) Write the wavefunction)(x) in the momentum basis. What are the possible outcomes of a momentum measure-
ment? What are their probabilities?

[Hint: remember the property of the Fourier transformFiff (z)] = F(k), we have thafF [ f (x)e™*0*] = F(k+ko)]

d) What is the expectation value of the momentum opergist

Solve this questions in two ways — making sure they give the same answer!
i) Using the results in question c, calculate the average from a formula sygh aspr p)dp.
i) Use the definition of expectation value for the momentum operdfor= [ ¢ (z)*p[(z)] dx

e) What is its uncertaint\p? = <[)2> — @) ? (Complete the following partial answer)

Solution:
To find Ap we first need p?).
(p*) = .. fill in the missing steps: - + L2 Zk_o — 2| emw?/207
\/27m2 2a2 4a* a? 0

The term linear inc is zero, since it is an odd function that will integrate to zero. Using the Gaussian integral identity
given in Problem 1 and the second, following identity:
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we obtain:

—h? 1 11 h?
2\ __ _ 2 - 2\3 _ 1.2 2| _ 5212
(p*) = — 2a2\/7r2a + 1 2\/7‘1’(2& )3 — k2V72a?| = h2kE + a2

The uncertainty is then....

c) What is the relationship between the product of the position and momentum uncertainties? Assume that the wave-
function is very localized (that is, its spreads very small,a — 0). What happens to the momentum uncertainty?

Problem 6: Parity operator

The parity operation flips the sign of the spatial coordinates. This can be formalized by defining the parity operator (in
one dimension)P,

a) Now consider dree particle in one dimension with Hamiltoniah] = p?/2m. Prove that parity commutes with
this Hamiltonian,{ﬁ, ]3} =0.

b) If the two operabrscommute, there must be a set of eigenfunctions common to both energy and parity. Starting
from the two independent energy eigenfunctions,

ikx

p1(z) = e
p2(z) = e

—ikx
construct two linear combinations ¢f (x) andps (),

Y1(x) = Tipi(z) + Tiapa ()
Yo(x) = Torp1(x) + Toopa(x)

that are common eigenfunctions to both energy and parity and give the corresponding eigenvalues for both operators.
(Hint: See lecture notes, 2.6.2.B)

Problem 7: Commutation, common eigenfunctions and conserved quantities

Consider a quantum particle moving in a 3D potenli&lx) = V (z, y, z). Which directions (if any) of the particle’s
momentum commute with the Hamiltonian, if the potential takes the following faint;, @ndc are constants)

a) V(z,y,2) = e *(y* + 32)
b) V(,y,2) = aZ2l)
c) Vix,y,z) = be— (@ +y*)/c?

d) For which of the above potentials do the energy and parity (in 3D) observables have common eigenfunctions?
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