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8.022 Lecture Notes Class 7 - 09/18/2006


So exactly what is curvilinear? And what’s this orthonormal stuff?


(=1?)


Gradient in Spherical


Let f(x) = f(r, θ, φ)


df = �f d�x· 

= �f (e�rdr + e�θrdθ + e�φr sin φdφ)· 

= df dr + df dθ + df dφdr dθ dφ 

So , 

df 1 df 1 df �f = e�r + e�θ + e�φ
dr r dθ r sin θ dφ 

Divergence 

Let �v = vae�a where va and A are scalars. 

� (� B� + A(��(AB� ) = �A) · � · B� ) 

� v) = (� ) e�a + va(� ea)� · (� �va · � · �
� er = (� ∂ )e�r + (� 1 ∂ )e�r + ( e�φ 

1 ∂ )e�r� · � er · ∂r eθ · r ∂θ r sin φ ∂φ 

∂ ∂ ∂ 
e�r = �0 e�r = e�θ e�r = sin θ �eφ

∂r ∂θ ∂φ 

� 1 1� · e�r = 0 + e�θ · r · e�θ + e�φ · r sin θ · sin θ �eφ 

1 1 2 = + = r r r 

� = (� ∂ )e�θ + (1 � ∂ )e�θ + ( � ∂ � 1 )� · e�θ er · ∂r r eθ · ∂θ eφ · ∂φ eθ r sin θ 

= � ∂ e�r + 1 e�θ
∂ e�θ + � cos θ �eφ 

1 er · ∂r r ∂r eφ · r sin θ 

cos θ = r sin θ 
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� eφ = (� ∂ )e�φ + (� ∂ )e�θ + ( � ∂ )e�φ� · � er · ∂r eθ · ∂θ eφ · ∂φ 

= � ∂ e�r + � 1 + e�φ( ∂ e�φ) = 0er · ∂r eθ · r ∂φ · 

� v = ∂vr + 2 1 (∂vθ + cos θ vθ) + 1 ∂vφ� · � ∂r r vr + r ∂θ sin θ r sin θ · ∂φ 

product rule w/ ∂ product rule w/ ∂ product rule w/ ∂ 
∂r ∂θ ∂φ 

d�x =


d(vol) = Πa(hadxa) = 

⎧⎪⎪⎪⎪⎪⎪⎨ ⎪⎪⎪⎪⎪⎪⎩


Σa(hadxa)e�a e�a · e�b = δab 

dxdydz


r2 sin θdrdθdφ (depending on coordinate system)


....


....


Jacobian... okay...??


⎧⎪⎪⎪⎨ ⎪⎪⎪⎩


da�|| �ea = hbdxb · hi · dxi 

dar = r2dΩ�er 

�eb × �ei 

dΩ = sin θdθdφ 

dvdudw 
d(vol) = dxdydz = 

||J || 
where ||J || is the Jacobian. 

Spherical Coordinates:: 

1 ||J || = 
r2 sin θ 

d(vol) = r 2 sin θdrdθdφ 
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δ3(�x − x�0) d(vol) = δ(v − v0)δ(u − u0)δ(w − w0) dudvdw · · 

= δ(u − u0)δ(v − v0)δ(w − w0) dudvdw · 

δ3(�x − x�0) = δ(u−u0)δ(
d
v
(
−
vol

v0

)
)δ(w−w0) dvdudw · 

= ||J ||δ(u − u0)δ(v − v0)δ(w − w0) 

= 1 δ(r − r0)δ(θ − θ0)δ(φ − φ0)r2 sin θ 

2� · 
|�x
�x 
−
− 

�x

�x
�

�

|3 
= � · 

r

r̂
= δ3(�x − �x�) 

δ3(�x − �x�)drdθdφ sin θdθdφ = 4π 

ρ � · E = 
�0 

Differential form of Gauss’s Law 

� · E = Ed A�S 
V � � 

= ρ = 1 ρV �0 �0 V 

� d � 1 
E A = Qenclosed 

S 
· 

�0 

Integral form of Gauss’s Law (useful when there is symmetry) 

∂ e�r = �0• ∂r 

• 
∂ 

e�r = 
∂φ 

= e�r
�−e�r 
dφ 

= (cos dφ·e�r+sin dφ·e�φ) sin θ−e�r sin θ 
dφ 

(e�r sin θ+sin θdφ �eφ−e�r sin θ)
= dφ 

= sin θ �eφ 

∂ • ∂θ e�φ = �0 
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