dU = TdS — PdV + udN

Different phases
gas to liquid to solid
paramagnet to ferromagnet

normal fluid to superfluid

Chemical reactions

Different locations
adsorption of gas on a surface

flow of charged particles in a semiconductor
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Note that

= (on) g
2

This is often a source of miss-understanding.

However

dU — TdS — SdT
—SdT — PdV + udN

F=U-TS = dF
dF

_ (3_F>
H T \on T,V

So
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du
dN

T1’ V1’ N1 TZ’ VZ’ NZ

1 P
SdU + —av — Ban
T T T

1 1 1 2
—(—dU»>) — —(—dN- —dU> — —=dN-
T1( 2) Tl( ) + 7, U2 = 7 AN

11
= ) duy+ (B2 - B2 an, > 0
Ty Ty T Ts
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If T7 > 15, energy flows to the right. If T7 = 15

there is no energy flow.

If the two sides are at the same temperature and

w1 > o particles flow to the right.

If 177 = 15 and p1 = wo there is neither energy
flow nor particle flow and one has an equilibrium

situation.
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Example: Adsorption

on the surface in the bulk
free to move as a 2D gas a 3D gas
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3D gas

(2.2 2 V
v [ e~ (xtpy+pz)/2mkpT 50 g0 dn /h3 —
1
— 77’
N1

—kpTInZ = —kgT(NInZ; — NInN + N)

<8F

— = —kgT'(InZy — N/N — |
ON )y = BTN Z1 NN —InN 4 1)

Vo1 N
—kTm———-szM——ﬁT»
B (N )\3> B (V (T)

8.044 L18B6




2D gas on surface with binding energy ¢g

A / c€0/kpT e—(p%+p§)/2kaT dp;cdpy/hQ

— eéo/kBT A
A2(T)
74 A 1
— —kpTIn (2L} = —kpTIn [ ef0/kBT
aTin () = s (6 N /\2(T>)

= —eg+ kgTIn (% AQ(T)>
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Define the number density in the bulk as n = N/V
and on the surface as 0 = N/A. In equilibrium

Hsurface — HMbulk

—eg + kT In (o \2(T)) kT In (n A3(1))

In (o M(T)) = eo/kpT + In(n X3(T))
o AN2(T) = e0/kBT 5 2\3(T)

o = XT) ec0/kBT
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o =
\/QﬁkaT

eeo/kBT n
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Ensembles

e Microcanonical: E and N fixed
Starting point for all of statistical mechanics

Difficult to obtain results for specific systems

e Canonical: N fixed, T specified: E varies

Workhorse of statistical mechanics

e Grand Canonical: T and u specified; E and N

vary
Used when the the particle number is not fixed
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1 IS THE SUBSYSTEM OF INTEREST.
2, MUCH LARGER, IS THE REMAINDER OR THE "BATH".
ENERGY AND PARTICLES CAN FLOW BETWEEN 1 AND 2.

THE TOTAL, 1+2, IS ISOLATED AND REPRESENTED BY A
MICROCANONICAL ENSEMBLE.
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For the entire system (microcanonical) one has

volume of accessible phase space consistent with X

p(system in state X) — Q(E)

In particular, for our case

p({p1,q91,N1}) = p(subsystem at {p1,q1, N1};

remainder undetermined)

Q1({r1,91,N1}) Q22(E - E1,N — Ny)
Q(E. N)
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kinp({p1,q1,N1}) = kInQy —kInQ(E,N)
kinl=0  S(E,N)

—+ ZchQ(E—El,N—NlZ
So(E — E1, N — Nq)
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So(E— E1,N —N1) = SQ(E,N)—(%> Fr
9E>) v,

\ 7

1/T

B (832> N
ON2) .

\ 7

—p/T

So(E,N) —Hi1({pr1,q1, N1}/T

+uN1/T

8.044 L18B14


tom
Highlight

tom
Highlight


Hi1({p1,91,N1}) | pNq

klnp({p17Q1aNl}> — T I T

+S>(E,N) — S(E,N)

The first line on the right depends on the specific

state of the subsystem.

The second line on the right depends on the reser-

voir and the average properties of the subsystem.
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S(E,N) = S1(F1,N1) + So(E2, Np)
S>(E,N) — S(FE,N)

= [S2(E,N) — So(Eo, Np)] — S1(E1, N1)

0S _ 0S _ _
[(8}5?2> I ( 2) N1l — S1(E71,N71)
2/ No E>

= [E1/T — puN1/T] — S1(E1, N1)

(E1 — puNy —T8S1)/T = (Fy — uN1)/T
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k Inp({pla q1, Nl})

p({r1,q1,N1})

p({p,q,N})

- Hi({p1,91,N1}) | w1

T T

+(Fy — uN1)/T

exp[B(uN1 — H)] exp[B(F1 — uN1)

exp[B(uN — H)] exp[B(F — uN)]

exp[B(uN —H)] / exp[—B(F — pN)]
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> [ p({p, 0, N} {dp,dq} = 1
N=1

exp[B(pN —H)]

p({p,q,N}) = ~

Z(T,V,u)

3 [ explB(N ~ )1 {dp, da}

S (PN Z(T,V,N)
N=1

= exp[-B(F — uN)]
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(o)
o)y
1 (az)
BZ \ou )1y
1 (az)
BZ \Ou )y

1 8InZ>
BN\ ou Jry

X AN [ expl[B(uN —#0))dp,da)

1

exp[B(uN — H)]

Z

) {dp,dq}

> N [ p({p, a}, N){dp,dq}
N=1

<N >
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Define a new thermodynamic potential, the ' Grand

potential”’, ®g.

Py = F—uN=U-TS —uN

dP dF — ndN — Ndu

—SdT — PdV — Ndu
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Then the connection between statistical mechan-
ics and thermodynamics in the Grand Canonical

Ensemble is through the Grand potential
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Specification of

a symmetrically allowed many body state.

Indicate which single particle states, «,3,~,---, are

used and how many times.
{naanﬁan’}/a"'}
An oo # of entries, each ranging from O to N

for Bosons and O to 1 for Fermions, but with the

restriction that

Zana — N
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1,0,1,1,0,0,---) Fermi-Dirac
2,0,1,3,6,1,---) Bose-Einstein

S'eana = E  Prime indicates S ng = N
87 87
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Statistical Mechanics Try Canonical Ensemble

Z(N,V,T) = Y o—E(state) /KT
states

— Y e BUnah) /AT
{na}

Z / (H e—eana/sz>
{na} .

This can not be carried out. One can not interchange
the Y- over occupation numbers and the [] over states
because the occupation numbers are not independent
(Xna = N).
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Statistical Mechanics Grand Canonical Ensemble

Z(T,V,u) = > 6[,u]\f—E(state)]/l-cT

states

= Y N-E{na)/kT

{na}t
— Z <H e(.u_eoz)na/kT>
{na} ¢

— H (Z e(ﬂea)na/kT)
¢ \{na}
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For Fermions no = 0,1

S eli—ea)na/kT — 1 4 (u—ea)f
{na}

nZ = Zln<1+e(“_€0‘)5>

«

For Bosons no=0,1,2,---

{nza} re(H—ca)B]na — (1_e<u—ea>5)—1

In Z —> In (1 — e(“_eaW)

«
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< N >

e(l’b_ea)/@

zo; 1 4 e(p—

€a)

<na >=

1

elea—p)B + 1

{_I_ F—Da _B_E}
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