8.251 2005 Midterm Solutions

Question 1

X=X
XO(T,O), XO(Ta Ul)
XY(7,0), X!(r,01) p all “Free”
X2(7,0), X2(r,01)
X3(1,0)=a .
X3(r,00) = 0 }Dmchlet

Question 2

Z~zZ41

F: 0<y<l1 M : infinite cylinder

z o~ 2z



This scales z, keeping the argument unchanged.
F:1<|z| <2

M torus
Technically we should also include the point z = 0.

Question 3
S = /d?’ﬂ? (AoFia + A1 Fop + AsFor)

0S8 = /dsx (5AOF12 + Al (82(5140) - Agal (5A0))

/dg.fb ((5A0F12 — 5A082A1 + (81A2)5A0)

6S:/d3$5A0(2F12)

Question 4
6= 87TGTQ
0 should have no units with suitable ¢’s and A's
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(b) Mass density pg = %

27

thus need a ¢*

(3 x 108)

k
—1.30 x 102028
m

Question 5
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v =wr
dp = M
1— w22rz
dE  Tyd
but dm = — = OTT
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0] = rdp — 100 __T2dr
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V2 Tow r2dr
J=2
A c? 1— w?r?
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Question 6

(a)
_’(t,d + 01) = X(t>0>
F(u,+01) + G(v — 1) = F(u) + G(v)
F(u+o01) — F(u) =G) — Gv—01)
(b)
Flut o)+ du+o1) = flw) = ) = §0) + Bo — (50— o) + B - o))
doy=pa1 — |a=§
X(t,0) = % ( Flu) 4+ du + Gu) + ozv)
= Jaluto) + 5 (Flw) +0)
X(t,0) = det + % (Fl) + ()
(c)
. T, 0%
ot

= T To (= -
Pr="2a+ 2—2 (f’(ct+0) —l—g’(ct—o))

c
s (s, To - To [0 [z o
P/o Prdo = ?Jla—l—Q—c 0 (f(ct—i—a)—g(ct—a)) do

0, by periodicity of f and g

Since o1 = TE, we can also write:




Question 7

E,

Consider an arbitrary point P on the string. If each crawler travels L/4, the two endpoints E;
and Es are separated along the ellipse by L/2. Moreover, they are opposite, and the midpoint of

E, E5 is the origin. Thus P will go to the origin at ¢t = %% Since P is arbitrary, the ellipse collapses
to the origin after time (%) %

Comment: You may convince yourself that any curve C with inversion symmetry in the plane (if
a € C, then (—a) € C) will collapse to zero size.



