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8.251 Test 

B. Zwiebach Wednesday May 2, 2007 

Only personal 2-page notes allowed. Formula sheet on the last page. Test duration: 2 hours. 

PROBLEM 1. (15 points) Conserved current for a complex scalar field. 
Consider the following action for a complex scalar field φ 

1 
S = dD xL , L = − ηαβ (∂αφ ∗) (∂β φ) ,2 

where φ∗ denotes the complex conjugate of φ. 

(a) Assume we change φ as

φ(x) → e iθφ(x),


with θ an arbitrary real constant. What is the corresponding change in φ∗? Verify that these 
changes are a symmetry of the theory. 

(b) Write the corresponding infinitesimal transformations δφ = . . .  and δφ∗ = . . .  that arise when 
θ = ε is small. Use these expressions to construct the conserved current jα associated with 
the symmetry in (a). In using the formula for the conserved current it is possible to treat φ 
and φ∗ as independent fields. 

(c) Write φ(x) =  A(x) +  iB(x), where A and B are now real scalar fields. What is jα in terms 
of A and B? 

Useful formula: For a field transformation δφa = ε . . .  the current is εjα = ∂(∂
∂
α

L 
φa) δφ

a . 

PROBLEM 2. (25 points) Classical closed string motion in the light-cone gauge. 

A closed string described in light-cone gauge is performing motion in the (x2, x3) plane:  

X1(τ, σ) = 0  , X2(τ, σ) =  a cos σ cos τ ,  X3(τ, σ) =  a sin σ cos τ ,  

where a, assumed known, is a positive constant with units of length (recall σ ∈ [0, 2π]). 

−(a) Calculate X−(τ, σ) using the information about the transverse motion and x0 = 0.  

(b) Use X1(τ, σ) =  0  to  solve  for  p+ in terms of a and α′ . 

(c) Calculate the mass-squared M2 of this string. 

Useful formulas: For closed strings in light-cone gauge: 

X+ = α′ p +τ ,  and Ẋ− ± X−′ =
2α

1 
′ p + (Ẋ

I ± XI ′)2 . 
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PROBLEM 3. Three short questions (20 points). 

(a) Consider the number of physical degrees of freedom needed to describe a graviton in a D-
dimensional spacetime. Compare this number to the number of physical degrees of freedom 
needed to describe a graviton together with a Maxwell field and a scalar in D− 1 dimensions. 

(b) Calculate the following commutators in the light-cone gauge quantization of the particle: 
+ − −[x , p  −] =  . . .  ,  [p , x  I ] =  . . .  ,  [x0 , p  +] =  . . .  

(c) Express the open string state 
L⊥ 
−1L

⊥
−1|p +, �pT 〉 

in terms of normal-ordered oscillators acting on the ground state. 

PROBLEM 4. (40 points) Dp-branes and orientifolds.


In  order to discuss  a Dp-brane we split the string coordinates into


X+,X− , {Xi}, {Xa} , i = 2, . . . , p,  a = p+ 1, . . . , d  

Note that we still use the light-cone gauge, but this time the transverse coordinates XI split into 
two groups, the coordinates Xi along the brane and the coordinates Xa orthogonal to the brane. 
X1 is taken as one of the coordinates along the brane. 

The mode expansions for the coordinates Xi work just the same way as those for the XI coor­
dinates (both satisfy Neumann boundary conditions at the endpoints). The oscillators associated 
with Xi are called αi

n. As in the previous case of completely free boundary conditions, the con­
straints ( Ẋ ± X ′)2 = 0 and the light-cone gauge condition X+ = 2α′p+τ can be used to solve for 
the derivatives of X−: 

1 
L⊥ −in(τ ±σ) ≡ Ẋ− ± X−′ 1

(Ẋi ± Xi′ Xa ± Xa′)2 

p+ n e =
4α′p+ )2 + (  ̇ . (1) 

n∈Z 

The derivatives of the Xi coordinates are expanded in the same way as we previously expanded 
the XI coordinates, so 

√ � 
Ẋi ± Xi′ = 2α′ αi

ne −in(τ ±σ) ≡ Ai(τ,±σ)  for  σ ∈ [0, π] .  (2)  
n∈Z 

The canonical commutation relations for Xi and Pτj  = Ẋi/(2πα′) then  imply  that  

� � d 
Ai(τ, σ), Aj (τ, σ′) = 4πiα′ δij δ(σ − σ′)  for  σ ∈ [−π, π] .  (3)  

dσ 

These relations in turn imply that the αi
n obey the usual commutation relations, αn

i , αm
j = 

n δm+n,0 δ
ij . 

The Xa coordinates, however, have to be treated differently. Assuming the brane is located 
aat x = 0, the mode expansion for the coordinates Xa(τ, σ) must satisfy the Dirichlet boundary 

condition Xa(τ, σ∗) = 0  for  σ∗ = 0, π. We  take  
√ � 1 aXa(τ, σ) =  2α′ αne −inτ sin nσ . (4) 

n 
n �=0 

a aNote that there is no momentum p nor a conjugate coordinate x in the above expansion. 
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(a) Calculate Xa′ ± Ẋa and comment on the relation to (2). State the equal-time commutation 
relations for the Xa and the Pτb  . In analogy to (2), define 

Xa′(τ, σ) ± Ẋa(τ, σ) ≡ Aa(τ,±σ) . 

Write the commutation relations that Aa(τ, σ) must obey. The correct commutation relations 
imply that the αa obey the usual commutation relations, αa , αb = n δm+n,0 δ

ab .n n m 

(b) Use Eq. (1) to calculate the new operator L⊥ 
0 , defined to be normal-ordered. The answer 

should involve both the αi
n and αa

n oscillators. As before we have 2α′p+p− = L⊥ 
0 − 1 . Write 

the new mass-squared formula. 

(c) What are the labels of the ground states of the theory? List all the states with N⊥ = 0, 1, 
and 2. From the viewpoint of an observer who lives on the brane, what fields correspond to 
the massless states of the theory? 

An orientifold plane is obtained when one truncates the theory to the states invariant under an 
operation Ωp that reverses the orientation of all strings and reflects the coordinates normal to the 
plane. (A reflection of a coordinate x is a map x → −x.) Consider adding an orientifold Op-plane 
coincident with our Dp-brane. 

(d) Fill in the blanks in the right-hand sides for the action of Ωp on the string coordinates 

Xi(τ, σ)Ω−1 = . . .  Xa(τ, σ)Ω−1 = . . .Ωp p Ωp p 

Give the action of Ωp on the oscillators αi
n and αa

n. 

(e) What are the states of the orientifold theory for N⊥ = 0, 1 and 2? Write the operator Ωp in 
terms of the operator N⊥ . 
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Possibly Useful Formulas 

1 � � 
Light-Cone Coordinates: x ± = √ x 0 ± x 1 . 

2 

Relativistic Point Particle in Light-Cone Coordinates: x + = 
p+ 

τ ,  p  − =
1 � 

p I p I + m 2
� 
. 

m2 2p+ 

1
Slope Parameter: α′ = .

2πT0 

Light-Cone Gauge: 

2 for open strings 
X+ = βα′ p + τ, where β = 1 for closed strings , 

Pτµ  =
1 

Ẋµ , Pσµ = − 
1 

Xµ′ 
,

2πα′ 2πα′ 

(Ẋ ± X ′)2 = 0  =⇒ Ẋ− ± X−′ =
2βα

1 
′p+ 

� 
ẊI ± XI ′�2 

, 

Ẍ µ − Xµ ′′ = 0  . 

√ √ � 1
Open String Expansion: Xµ(τ, σ) =  xµ 

0 + 2α′ αµ 
0 τ + i 2α′ αµ

n e −inτ cos nσ . 
n 

n�=0 

√ α′ � e−inτ � � 
Closed String Expansion: Xµ(τ, σ) =  x0 

µ + 2α′ αµ 
0 τ + i αµ

n e inσ + ᾱµ
n e −inσ .

2 n 
n�=0 

√ α′ 
Momentum: αµ 

0 = 2α′ pµ (open strings) , αµ 
0 = pµ (closed strings). 

2 
Commutators, Creation and Annihilation Operators: � � � � √ � � 

αI , αJ = nδm+n,0 δ
IJ  , x0 

I , αJ = 2α′ i δIJ  , x0 
I , αJ = 0  if  n = 0 ,  �n m 0 n √ √ � � 

for n ≥ 1: αI = n a  I , αI = n a  I† , a I , a  J† = δIJ  δmn .n n −n n m n 

Virasoro Algebra (Open Strings): 

1 1 
∞ � � 

α− = √ L⊥ , where L⊥ ≡ αI αI , L⊥ , αJ = −nαJ ,n 2α′ p+ n n 2 n−p p m n m+n 
p=−∞ � � 1 � � √ 

L⊥ , L⊥ = (m− n)L⊥ + m(m 2 − 1)(D − 2)δ L⊥ , x  I = −i 2α′ αI ,m n m+n m+n,0 , m 0 m12
∞ ∞ 

L⊥ = α′ I I + N⊥ N⊥ αI αI I† I 
0 p p , = −p p = n an an ,


p=1 n=1


1 
M2 = −p 2 = 2  p + p − − p I p I = 

α′ 
� 
N⊥ − 1 

� 
. 

Virasoro Algebra (Closed Strings): 

αn 
− = 

p

1 
+ α

2 
′ Ln 

⊥ , ᾱn 
− = 

p

1 
+ α

2 
′ L̄

 
n 
⊥ , Ln 

⊥ ≡ 
1 

∞ 

αn
I 
−p αp

I , L̄ 
n 
⊥ ≡ 

1 
∞ 

ᾱn
I 
−p ᾱp

I ,
2 2 

p=−∞ p=−∞ 

∞ ∞ 
α′ � � 

L⊥ I αI αI I† I 
0 = p p I + N⊥ , N⊥ = −p p = n an an ,4 

p=1 n=1 

∞ ∞ 

L̄⊥ = 
α′ 

p I p I + N̄ ⊥ , N̄⊥ = 
� 

ᾱI ᾱI = 
� 

n āI† āI ,0 −p p n n4 
p=1 n=1 

M2 = −p 2 = 2  p + p − − p I p I =
2 � 

N⊥ + N̄ ⊥ − 2 
� 
, N̄ ⊥ = N⊥ . 

α′ 
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