
������ Many�body phenomena in condensed matter and atomic physics Problem Set � � Due� �������� 

Interacting Fermions 

�� Short	range interaction� 

a� Consider Schr�odinger equation in D � � f o r t wo spinless fermions moving in an external 

2p otential U �x� � 

1 m�2x and interacting via a short�range potential ���x � x0�	 Find 

2 

the energy spectrum and the eigenstates for this two�body problem	


b� Generalize the result of part a� to any numb e r of fermions	


c� Generalize the result of part a� to an arbitrary external potential U �x� and arbitrary


space dimension	


d� Prove that the energies and states of spinless fermions with short�range interaction are


the same as without interaction by starting from the second�quantized hamiltonian
� � �Z � 

h2 b � bH � �+�x� � 



� U �x� �b�x� � �+�x��b+ �x��b�x��b�x� dx ���

�m � 

band using the algebra of the 
eld operators �b�x� and �+�x�	 


� Cooper pairs� 

To understand the origin of pairing in the presence of attractive interaction in a Fermi 

system� Cooper proposed to replace the many�body problem by a toy model of two par�
ticles at the Fermi level	 To take into account that the states b e l o w the Fermi level are 


lled� and thus are �dynamically inaccessible�� the Hilbert space of states for each of the 

two particles in this model consists of all single�particle states with energies above the 

Fermi level	 The Hilbert space for the two particles consists of the states 

+ +jp� � � p 

0� � i � a 

p�� 

a 

p 

0 �� 

j�i � jpj� jp 

0j � p F 

� �� �  ��� � ��� 

The energy of the state ���� in the absence of interactions� is E � E 0 � where E �p p p 

2p2 ��m � p ��m	F 

a� Consider short�range interaction Z X� b
� 

�x� 

b
� 

�x� 

bHint 

� � �+ �+ �� 

�x��b� 

�x�dx ���
� 

����"�# 

Find the matrix elements of the interaction ��� between the states ���


b� Show that the total momentum P � p � p0 is conserved� and thus the two�particle


Hilbert space decouples into subspaces with 
xed value of P	


c� Let us 
x P � �� i	e	 consider the subspace of two�particle states of the form


+ +jp� � � �p� � i � a 

p�� 

a;p�� 

j�i � jpj � p F 

� �� �  ��� � ��� 

Show that the interaction ��� projected on �or� acting within� this subspace is an operator 

of rank one	 In other words� up to a constant� it maps all vectors onto one speci
c vector	 

d� Suppose the hamiltonian has the form H � A � B� where A is a diagonal matrix 

with the spectrum Ei 

� and B is an operator of rank one with vector jui � � u1� u 2� u 3� 			 � 



corresponding to its only nonzero eigenvalue �	 Show that the operator �
 � A�;1 B is of 

rank one for 
 �� Ei	 Use this fact to obtain an algebraic equation for the spectrum of H	 

e� Apply the result of part d� to the problem of Cooper pair with an attractive i n teraction 

� � � and zero total momentum P	 Show that the spectrum of the problem consists of a 

continuum of states with positive energies� and of one discrete state with negative energy	 

�To cut a divergence in the eigenvalue equation� you may assume that the interaction 

strength is gradually decreasing at large energies� � � � exp��E �E��� with E� 

� EF 

	p 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


