8.514: Many-body phenomena in condensed matter and atomic physics Problem Sets # 7,8 Due: 11/04/03

(released late due to instructor illness)
Quasiparticle transport in a superconductor

1. Electron tunneling.

Consider two metals that can be in a normal or in a superconducting state coupled through
a tunnel junction,

Ht = Z Tk7qczacq,a + h.c. (1)

o,k,q

where ¢, , and ¢, are Fermi operators of an electron in the metal and in the supercon-
ductor, respectively.
a) Consider tunneling current in the presence of voltage V' applied across the barrier.
Using the Golden Rule dW = 2% |(f|H,i)|*, evaluate the rate of transitions from material
1 to the material 2 and show that

Lip=A /_Z ITENL(E)f(E)No(E + eV) (1 — f(E +eV)]dE 2)

with N 5(E) the density of states dN'/de in both materials, f(FE) the Fermi distribution.
Here A is a proportionality constant and |T|* = 3., . [Tk ql*

b) Following the route that has led to Eq.(2), find a similar expression for the current
I5 ,; from material 2 into the material 1. For the total tunneling current I = I, _,o — Iy 4
obtain

I=A [T TEN(E)N(E +eV)[F(E) = f(E + V)] dE (3)

c¢) Verify that for a pair of normal metals, with constant density of states each, the
tunneling current (3) obeys Ohm’s law, [ = GV.

d) Consider tunneling between a normal metal and a superconductor. Analyze the ex-
pression for the current and plot I vs. V at low temperature and at 7' = 0. Show that the
so-called tunneling density of states W (V') = dI/dV at zero temperature is proportional
to the BCS quasiparticle density of states

1/2

W(V) o< N(E) = nA/ (E* - A?) (4)

E=eV
2. Andreev reflection.

Charge transport through a clean normal metal-superconductor interface can be described

by Bogoliubov-deGennes equation with position dependent pairing amplitude A(r),

2(3) = (a7 20) () ®

where H is a single-particle Hamiltonian of noninteracting fermions.
a) Consider a one-dimensional problem with a step-like pairing function A(z < 0) = 0,
Az >0) = A, and H = —229% — Ej.. Consider scattering state of an electron incident

2m T

on the NS interface with the energy below the BCS gap, |E — Er| < A. Show that in



the superconductor the solution is an evanescent wave, and in the metal it describes a
reflected hole.

b) Now consider incident electron with the energy slightly above the gap, |E — Ep| > A.
Describe the result of scattering of such an electron.

¢) Generalize the result of part a) to a 3D system. Consider planar normal metal-
superconductor interface with an electron incident at an angle 6 to normal. Find the
direction of the outgoing hole.

Fermi liquid theory

3. Thermodynamic functions, specific heat.
a) Thermodynamic potential of the ideal Fermi gas can be evaluated as

O=-T / In (1+e %) dp/(2rh)* (6)

Starting from this expression, show that specific heat is a linear function of temperature
at 7' < Ep. Find the proportionality constant in the relation C' = T

b) Consider the thermodynamic potential using the particle-hole oscillator represen-
tation. We are going to check if it gives the same result as the canonical Fermi represen-
tation. In the absence of interactions,

1 ES 1 £
U= ¥ (Gripmon + 5bhpticn) 7
k,p€ Ry
with wp x = (p + k)?/2m — p?/2m. Apply the formula for the thermodynamic potential
of an ensemble of free bosons,

Q= TZln (1 — e_ﬁh“’a) =T Z In (1 — e‘ﬁhwp"‘)
@ k,peRy
with wpx = v-k+k?/2m, v = p/m, and the crescent domain Ry, defined in lecture as an
overlap of a displaced Fermi sphere complement |p + k| > py with the undisplaced Fermi
sphere |p| < pp. Compare with the result of part a). To simplify analysis, consider only
low temperatures, and find the specific heat for T' < Ep.
¢) Consider thermodynamic functions of the system of interacting fermions using the
oscillator representation,
Hi = Y Viws el di dicp (8)
k,p,p’€Rk

Compare with the noninteracting case. Like in part b), do the calculations assuming
T < Ep.

4. Screening
Consider screening of an external potential in a 3D electron gas with Coulomb repulsion

Vi = [(e*/]r])e® d®r = 4me?/k? between electrons. Show that for a slowly varying
potential, the screened potential is described by
k2
Vi et = dnve? (9)

T k2o 2'k o Ts
k? 41,



with v the density of states at the Fermi level. The quantity ry is the screening radius,
as can be seen from the form of the screened Coulomb potential %e‘r/“.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


