
Problem Set 1: Geodesics a,nd Locally Geodesic (Riermnn) 
Coordinates 

Fall 2004 

1. Consi(1er t l ~ e  expression fro lerlgtl~ of arc (or proper tirne) t)etmeen two points: 

wit,h E = *1 t,o rrlake t l ~ e  S real and positive. arlrl u a. parameter along t,lle curve. 

(a) To get the eqllatior~ f ~ r  extrer~~izi r~gillis length, regard it as a. (lynarnicd systern wit,h u 
as the tirne. Sllo~v that, t,lle eqllation of rrlotior~ car1 I)e writ,ten 

wit,h 

dx@ dxV ' I 2
L- -

d u  d u  

(For now, rlo riot worry a l ~ o l ~ t  the possi1)ility that L = 0.)  

(I)) Sllo~v t,llat illis car1 I)e interpret,e(l in t l ~ e  follorvir~g way: if I r:harlge the t,ar~ger~t vector 
along t,lle curve I)$ the <:orrariant (lerivat,ive, it stays parallel to  itself. That, is, interpret, 

(c )  Dy dlcoosing u as t,lle soll~tior~ of 

i.e. u = S t l ~ earc-length, derive t , l~e ni<:e forrr~ 

((i) Now consiclering (1) on it,s own, with S iA, show that 

is i ~ r l i e r .  This rvorks even when illat corlstarlt is zero, r r l ~ i c l ~  (lefines r u georlesics. 
They snlve 

d2x@ dxP dxC 
dX2+T@--=0  

PC dX dX 

dxP dxC 

gpu-dX -dX 

= 0 


and (lefine "light rt~ys." 
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(e) 111Piw-t .A, X is r%n affir~e pararneter. Sllorv illat, 

wit,h <:onstant a ,  b is still a good &fine pxarneter. W l a t  happens t,o t l ~ e  eqllr%t,ionsif orle 

r:k~ooses instead an arl~it,rarypararneter'! 


Corrlrr~ent: These "geo(iesi<:' c~r~<:ept,s rlnt related to physics. 
are, r%t illis p o i ~ ~ t ,  The 
field Lagrarlgiar~ cor~t,air~s t,lle physi<:s. The errlerge in t,lle "georr~etric optics"- i.e.. high- 
freq~~ency.short rvavelengt,h (iescription of sollltior~s of t,lle rrave eq~~r%t,ion. That, will 
appear in the rlext prol~lern set,. 

2. 	.At a give11 point 0,pi<:ka set of non-111111 l~asis vectors VO, V1, V2, V3 f ~ rthe tarlgerlt spa<:e. 
Move 1137 <list,an<:es x0 along VO, x1 alor~gV1 (parallel transport,e(l), et,c. t,o define the point 
wit,h pararnet,ers (xO, xl ,  x2, x3). S~IOWt,llr%t fc~r sr~lr%ll cnordi~~r%tex@illis is a. ~ ~ e l l - d e f i ~ ~ e d  SYS~PIII  

arlrl t,llat in it TFP= 0 at 0,mhi<:h also implies % at  0. 


