17.874 Lecture Notes
Part 6: Panel Models



6. Panel Models

Panel designs are used to capture two sorts of research design ideas.

First, the literature on quasi-experimentation defines a quasi- or natural experiment as
an intervention that occurs in one time and changes the mean or path of the dependent
variable. Interventions may be all manner of changes in an independent variable of interests.
It is perhaps most natural to think of them as controlled application of some factor, such
as occurs with field experiments. But, interventions may also be important events that
the researcher conjectures affect behavior exogenously. The nature of the timing of the
intervention gives some leverage over the question of causality. Because the intervention
precedes the change in behavior, the intervention plausibly causes the outcome.

Second, an important approach to eliminating omitted variables is to collect data for
units such that the plausible omitted variables are constant or nearly constant across units.
This is sometimes referred to as heterogeneity. For example, demographics and civic culture
are thought to change very slowly, especially compared to short term fluctuations in the
economy or changes in the political climate.

Consider the problem of estimating the effect of imprisonment on crime. The simple
correlation between the per capita prison population and property crimes per capita is pos-
itive. Controlling for demographic and short-run economic factors the relationship between
imprisonment and property crime remains positive. What sorts of interventions might you
imagine? How might you set up a study to control for the other potential unmeasured
factors, such as culture?

Another example comes from election statistics. In US elections there are, typically, two
unmeasured factors the normal party division of the vote and the differential qualities of the
competiting candidates. We do not directly observe the normal party division of the vote in
elections. Rather, we typically use proxy variables, most commonly the vote in the Presi-

dential or Governor election in the districts of interest. One might consider the normal vote



as unmeasured heterogeneity in the electorate across geographic areas. Candidate quality
is also thought of as a sort of unmeasured or unmeasureable factor. Researchers use proxy
variables such as prior office holding experience and indications of whether a candidate is in
a scandal.

In "Decomposing Sources of the Incumbency Advantage in U.S. House Elections,” Steve
Levitt and Catherine Levine use elections in which the same incumbent and challenger face
each other to hold constant the differential quality of the candidates and the normal vote. In
”0ld Voters, New Voters, and the Office Holder Advantage”, Jim Snyder, Charles Stewart,
and I study county level election returns within congressional districts following redistricting
to measure the differential between areas where an incumbent is known and areas where he
or she is new, controlling for the characteristics of the incumbent and the challenger. In”The
Incumbency Advantage In US Elections”, Jim Snyder and I pool all statewide elections in a
given year (or decade) to capture the normal vote, without using proxies.

Both of these design ideas — quasi-experimentation and heterogeneity — involve using
multiple measurements of the same units to untangle the effects of the variables of interest

and other factors.

6.1. Notation

We will need to keep straight two different sorts of indexes. Let ¢ denote individuals or
units (such as countries). Let ¢ index the repeated observation of those units, typically time.
Let x}; be a vector of K regressors for observation ¢ at time ¢. Let z} be a set of factors that
represent the heterogeneity across units. We may express y;; in terms of the variables Xijt,

and the heterogeneous effects a;s and Ass:
yir = xit'B + Za + A + cit.

Because z; is just an indicator of the unit, it is more commonly written ;. In other words,

each unit has its own intercept. There is no constant in this model. One might also include



a constant and measure the heterogeneity as deviations around the grand mean:
Yir = Xit' B+ a+ dj + A + €.

Two sorts of effects might be thought to occur: fixed-effects and Random-effects. Fixed-
effects: d; is correlated with z;;. Random-effects: d; is uncorrelated with ;.

Ecological Regression and Aggregation as examples.
PY=1)=PY=1X=1)P(X=1)+PY =1 X =0)P(X =0)
Yir = X + Bin(1 — Xip)

vi. = ;x4 Bi(1 — ;)

Regress y; on x;, assuming “‘random coefficient” that is unrelated to x;. This will yield

unbiased estimates of @ and 3. (Goodman 1957).

6.2. Fixed-Effects Regression

Differencing

Define the difference operator as the differential between successive values of ¢:
Ay = Yit — Yit—1
Differencing removes the unknown parameter «;:
Ay;y = Axiy’ + Acig

Regressing Ayy on Axit’ yields by = Y3 3 Awpiulyud i i Axiy,. Elbi] = B, so long as
Az 1s uncorrelated with Aey.

Note: differencing subtracts out the means of the variables.

The benefit of this approach is that it mimics the quasi-experiment concept and the

approximate interpretation of a regression as the effect of a change in X on a change in



Y. One drawback is that it does not allow us to estimate or observe the «a;s, which are
of practical interest and are statistically important for choice of Fixed or Random Effects.
If the effects are unrelated to ¢;, we can find a more efficient estimator. This estimator,
however, is guaranteed to be unbiased.

Example: Crime Data.

Least Squares Dummy Variables

An alternative way to set up the problem uses dummy variables. Stack the data as

follows.
Y11 T1,115, 2,115 «++y LTk,11
Y12 T112,2212; --+» Tk12
hr L1175 X215 -+ s LR, 1T
Ya T121, L2215 -5 LTk,21
y = : X =
Yor L1917y L2927y ) Lk 2T
y’rLT xl,nTy :L'2,TLT; ey xk,nT



Define a set of dummy variables that identify each group as:

1,0,0,0,...,0
1,0,0,0,...,0
1,0,0,0,...,0
0,1,0,0,....0
0,1,0,0,...,0

D =(Dy,Ds,..Dy)= | 0,0,1,0,....0

0,0,0,0,...,1
0,0,0,0,..., 1

We may set up the problem as regression model with n dummy variables estimated from
nI" observations:

y=XG+Da+e¢

Least squares regression estimates the coefficient vector (4, ’). This estimation approach
is known as Least Squares Dummy Variables.

It is instructive to consider the estimator of just the vector 3, partialling out the fixed
effects. Define My = I — %ii’ . Premultiplying M, times any variable deviates all variables
from their means. That is Mgy = (y1 — ¥,y2 — ¥...)’. For each variable, Least Squares

Dummy Variables deviates the observations within each unit from the unit mean.

M,,0,0,0,0,...,0
0, Mo, 0,0,0,...,0
0,0, Mo, 0,0, ...,0

0

M | 0:0:0.M5,0,...

0,0,0,0,0, ..., M,
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Create the transformed data y. = Mpy and X, = MpX. The LSDV estimator of 3 is
brspy = (X,X,) Xy, = (X'MpMpX) *X'MpMpy = (X'MpX) *X'Mpy.

The last equality holds because M; is symmetric and idempotent. When multiplied times

its transpose it returns itself.

Elbrspv] = E[(X'MpX) ' X'Mpy] = E[(X'MpX) *X'Mp(X3 +Da +¢)] (1)

= E[f+0+ (X'MpX) *X'Mpe] = 4. (2)

The regression error variance is:
n 2
2 __ i=1 €3

Ue_nT—n—K

We may use these results to derive the variance of b, which we will compare with other

estimators:

V(brspy) = E[(X'MpX) X' Mpe)(X'MpX) X' Mpe))'] (3)
= E[(X'MpX) 1X'Mpe) (¢ MpX (X'MpX)~1)] (4)
= oHXMpX) =07y 32— ) e~ 0 (5)

6.3. Random-Effects and GLS

When «; is uncorrelated with X or when the between and within regressions are ap-
proximately the same, we can make more efficient use of the data with a random effects
model. Rather that estimate a simple mean for each, assume that each unit is drawn from

a distribution, independently of X. We have then two components in the error term:
Yir = Xit 3 + uit,

Uit = O + €4¢,

where ¢;; ~ N(0,02) and a; ~ N(0,02)



The error structure of this model becomes

2 2 2 2 2

aOé + 0-67 0-057 Uon ) O-Oc
2 2 2 2 2

0'%, 0% + o7, , U%, e 0%

0% 0., o, +oZ, ey o

Y=E[a+e)la+e)] = : = 02ii’ + 021

2 2 2 2 2

0-047 Ua? 0—0{7 ? O-Oz + 06

A GLS estimator is to transform the variables with the following:

1 0
»2 = Z 1 — i,
Oc T
where
\/062 +To?2

Direct estimation of 02 and ¢2 from the overall regression is not obvious because each
error is a draw from both distributions. The total regression yields an error variance that,
in expectation, equals 02 = 02 + o2 We can estimate the relevant variance components as

follows:

1. Estimate # using LSDV. This provides an unbiased estimate of

2. Estimate o2 using the average within error variance from the LSDV.

2 — Dt ZtT:1(€z‘t - ei.>2

€ nl—n—K-1

3. Estimate o2 from the total regression. An unbiased estimate of o2 = &

We use these estimates to construct: 3172 = L[] — %ii’]. Premultiplying the data by 3'/2
Oe¢
provides a consistent, feasible GLS estimate. This is the random effects model estimated in

your computer program.

When is a random effects specification more appropriate than least squares or fixed-

effects? Several tests are possible. The Lagrange multiplier test considers whether the
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variance of the a’s is zero. Likelihood ratio tests can also be used to test whether this
variance is zero. A non-zero variance is sufficient for a random effects model, and establishes
that random effects should be used in stead of least squares. When you have panel data that
is nearly always the case.

A more important hypothesis is whether we should use fixed or random effects. Hausman
developed a straightforward test based on the Wald test. The assumed hypothesis in a
random effects model holds that the regressors are independent of the a’s. Under this
assumption both LSDV and GLS are unbiased; however, GLS is more efficient. If the
assumption is false LSDV is unbiased. Hence, we may compare the bias due to the GLS
estimator 5 against the efficiency loss with LSDV estimator b.

The Wald statistic is the squared difference between the inefficient but unbiased estimator
and the efficient but potentially biased estimator, divided by the variance of the difference.
The difference bewteen the parameter vectors [b — B] The Variance of the difference is
Vb — B] Hausman showed that the Variance of the difference equals the difference of the
variance!.

V[b — 3] = V[b] + V(8] — Cov[b, 5] — Cov 3, b]
Hausman shows that Cov[b — 3, B] = 0. Hence,

N A~ -

Cov[b— 3,53 = Covlb, 5] — V[§] = 0

So,

This implies that

and that the Wald test is

One problem with this test is that the Variance-Covariance matrix is not guaranteed to



be positive-definite. While the result holds in expectation and as n becomes very large, it

can yield negative variances in finite samples. This is the case with Levitt’s crime data.



6.4. Comparison of OLS, Fixed-Effects, and Random-Effects

Another way to understand the issues involved here is in terms of the analysis of variance

and covariance. There are different variances and covariances to model.

Ultimately, we wish to explain the total variance of a variable.

S

Within each group the variances and covariances are:

Spr = iZ(Xit — i) (xit — %i.)'

i=1t=1

ZZ Yir — Xlt_xl)

i=1t=1
These are the averages of the variances within each group.

Between groups the variances are
n
=D T(Xi —%)(%i —X.)
i=1

SBy => Ty —y.)(xi —x.)
=1
The Total Variance and Covariance can be expressed as the sum of the Within and

Between components.

n n T

= z z it — X )(Xig —X.) = ;t_zl(xit — X + X —X)(xit — X + X — X))
= é; Xit — Xi.) (xit — Xi.) + (%Ki, — %) (xie — Xi) + (xit — i) (%, — %) + (X — %)
XZ;; Xit—Xi. ) (Xit—Xi. /+§t2::1 Xi—X_)(xit—Xi.) ;z:: Xit—Xi ) (Xi—X )'—i—;T()—c.—)—(

n T
= > (xie — Xi)(xie — i)' + > T(%i. — X.) = Sy + S
i=1t=1 i=1
Using these expressions we can relate the three conditional means, as follows. The slope

in the pooled data (Total) will be a weighted average of the average slope within groups and

the slope of the means between groups.
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v = FWoW 4 FBpB
where FW =[SV + SB|71SW — | — B,
2

We may nest random effects within this structure. Let GV = [SJT + 26 S7 71500 I

the ratio =1, then OLS is efficient. However, to the extent that this raio is less than

1, OLS will be inefficient, because it will give too much weight to the between regression and
variance. The GLS estimator shifts the weight of the estimators based on the percent of the
variance in u accounted for by the within group error and the between group error.

Of note, this is under the assumption that a’s are uncorrelated with X. We may use this

result to consider how different the total regression is from the within (fixed effects) model.
br =V = (FY — D" + FP6P = (1 — F")(b® — ")

Taking expectations of the left side we can express this as E[b!] — 3, or the bias in b%.
Analyzing the right side, we see that the bias in the OLS regression equals the bias in the
between regression times the fraction of the variance in X is that is accounted for by the
between regression. If there is little bias in the between regression, then the total regression
will not be seriously biased. We might tolerate some small degree of bias in order to make

more efficient use of the data.

6.5. Non-spherical errors in panels

Heteroskedasticity and autocorrelation in panel models can be dealt with using the same
methods developed under OLS. Robust standard errors may be used to correct for het-
eroskedaticity. We typically will use the within group residuals in estimating the variance
parameter. The Prais-Winsten transformation may be used to adjust for autocorrelation.
Again, the within group residuals are used to estimate p. When both are problems, we first
use Prais-Winsten, and then, using the autocorrelation corrected standard errors, construct

the GLS estimator.
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These problems are second-order issues, as they affect the efficiency of the estimates. In
relatively short panels, however, these differences can have noticeable affects on estimates,
producing small sample biases. In fact, in short samples, autocorrelation can cause LSDV

and differences on differences to diverge somewhat.

12




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


