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1 Convex Sets - Basics

A set S C IR" is defined to be a convez set if for any 2! € S, 22 € S,
and any scalar \ satisfying 0 < A < 1, Az! + (1 — X\)2? € S. Points of the
form Az! 4+ (1 — \)z? are said to be a convex combination of z' and 2, if
0< A<

A hyperplane H € R" is a set of the form {x € R" | p'z = a} for some
fixed p € R", p #0, and o € R.

A closed halfspace is a set of the foom HT = {x | p'x > a} or H™ =
{z | p!z < a}. An open halfspace is defined analogously, with > and <
replaced by < and >.

e Any hyperplane or closed or open halfspace is a convex set

The ball {z € R™ | 22 + ...+ 22 < 5} is a convex set.

The intersection of an arbitrary number of convex sets is a convex set.

A polyhedron {z € R" | Az < b} is a convex set.
o X ={x | z=ax;+ Pfxy, where 1 € S1 and 3 € S2} is a convex set,

if S7 and S are convex sets.

Let S C IR™. The convex hull of S, denoted H(.S), is the collection of all
convex combinations of points of S, i.e., z € H(S) if x can be represented

as
k .
T = Z Aja?
j=1
where
k
Aj=1X2>0,7=1,...,k,
j=1

for some positive integer k and vectors z!,...,z* € S.

Lemma 1 If S C R", then H(S) is the smallest convex set containing S,
and H(S) is the intersection of all convex sets containing S.



The convex hull of a finite number of points z!,...,2¥t! € R™ is called
a polytope.

If the vectors 22 —zt, a3 —at, ..., 2¥*t1—2z! arelinearly independent, then

H(z', ..., 2" is called a k-dimensional simplex, with vertices 2!, ..., zF+1.

Carathéodory Theorem. Let S C IR", and let © € H(S) be given. Then
x € H(x',... ") for n+1 suitably chosen points #/ € S, j =1,...,n+1.
In other words, x can be represented as

n+1

— d
T = Z)\jm
Jj=1

where

n+1
Z/\jzl, Aj>0,7=1,...,n, forsomez’ € S;5=1,....,n+1.
j=1

Proof: Since 2 € H(S) , there exist k points x',...,z* that satisfy

k
Z )\jxj =z
j=1

and
k
DN =LA, A >0

=1

If Kk <n-+1, we are done. If not, let us consider the above linear system
as a system of n + 1 equations in the nonnegative variable A > 0, i.e., as a
system A\ = b, A > 0, where

Let e = (1,...,1)%

Notice that this system has n + 1 equations in k£ nonnegative variables.
From the theory of linear programming, this system has a basic feasible



solution, and we can presume, without loss of generality, that the basis
consists of columns 1,...,n + 1 of A. Thus, there exists A > 0, e\ = 1,
An+2, - - -, Ak = 0 such that

n+1 ) n+1
doxal =z, Y N=1,1>0.
j=1 j+1

2 Closure and Interior of Convex Sets

Let z € R" . Define Ne(z) = {y € R" | ||y — z|| < €}, where || - || is the
Euclidean norm:

n
|zl := ZZJQ =Vztz.
j=1

Let S be an arbitrary set in R™. = € clS, the closure of S, if SNN(x) # 0
for every € > 0. If S = clS, then S is a closed set. x € intS, the interior of
S, if there exists € > 0 for which N¢(z) C S. If S = intS, then S is an open
set. & € 0S5, the boundary of S, if N¢(x) contains a point in S and a point
not in S, for all € > 0.

Theorem 2 Let S be a convex set in R™. If z* € clS and 2? € intS, then
Azt + (1 — N)2? € intS for every A € (0,1).

Proof: Since 22 € intS, there exists ¢ > 0 such that ||z — 2?|| < € implies
z € S. Also, since ! € clS, for any § > 0, there exists a z with ||z —z!| < &
and z € S. Now let y = Az! + (1 — \)2? be given, with A € (0,1). Let
r = (1 — Ne. I claim that for any z with ||z — y|| < r, then z € S. This
means that y € intS, proving the theorem.

To prove the claim, consider such a z with ||z — y|| < r. Let § =
(1= X)e—|lz—y||.- Then § > 0. Then there exists 2z with ||z! — 2| < §
and 2t € S. Let 22 = (z — Az1) /(1 — \).



Azt
122 — 22| = | 25 — 22

_ I (z=Az)—(y—Aa") I
(1-X)

1-X
= (&) Iy =2Gt - aY)|
x (2 = yll + Al = 21])
(12 = yll + A (1 = Ne— |z = y]))
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Thus 22 € S. Also z = Azt + (1 = A\)2%, and so z € S. I

The proof construction is illustrated in Figure 1.

R
X

Figure 1: Construction for the proof of Theorem 2

3 Supporting Hyperplanes of Convex Sets

Let S be nonempty set in R", and let £ € 9S. A hyperplane H = {z €
R" | p'z = a} (where p # 0) is call a supporting hyperplane of S at T if



either S C H™ or S C H, (i.e., if either plx > « for all z € S or p'z < «
for all x € S, and p'z = .

Note that we can write H as H = {z | p'z = p'z}, ie., H = {z | p'(z — ) =
0}. If S ¢ H, then H is called a proper supporting hyperplane.

Note that either p'z = inf{p'z | x € S} or p'T = sup{p'z | x € S}.

Theorem 3 If S is a nonempty convex set and T € 0S5, then there exists
a supporting hyperplane to S at T; that is, there exists a monzero vector p
such that p'z < p'z for allx € S.

Proof: Let Z € 9S. Then there exists a sequence of 4*, i = 1,..., 00, such
that y* — z, and y' ¢ cl(S). Now cl(S) is a closed convex set, and so there
exists p' # 0 and o such that (p)Tx < o for all = € cl(S), and (p*)Ty* >
a'. We can re-scale the p’ values so that ||p’|| = 1. As y* — Z, choose
subsequence of the p’ that converge, say, to . Then (p")Tx < of < (p*)Ty
for all x € cl(S), and so p’ = < p’ 2. Thus, as i — 0o, any = € S C cl(9)
satisfies pTo < p’'z. i

Theorem 4 If A and B are nonempty convez sets and AN B =0, then A
and B can be separated by a hyperplane. That is, there exists p # 0, «, such
that pTz < a for any x € A and p"x > o for any x € B.

Proof: Let S = {z |2 = a' — 22 2! € A, 22 € B}. Then S is a
convex set, and 0 ¢ S. Let T'= cl(S) = SU(95). If 0 € T, then 0 € 95,
and from Theorem 3, there exists p # 0, such that p?(z! — 2?) < 0 for
any ' € A, 22 € B, so that pTa! < pT2? for any 2! € A, 22 € B. Let
a = inf{pT2? | 22 € B}. Then p'2! < a < pT'2? for any 2! € A, 22 € B.

If 0 ¢ T, then since T is a closed set, then we can apply the basic separating
hyperplane theorem for convex sets: there exists p # 0 and 3 for which
pl(zt —2?) < B < p'0 =0 for any 2! € A, 2% € B, so that p’z! < pTa?
for any #! € A, 2% € B. Again let a = inf{pT2? | 22 € B}. Then pTa! <
a < pl'a? for any z' € A, 2% € B.



Corollary 5 If S| and Ss are nonempty disjoint closed convex sets, and Si
s bounded, then S1 and Sa can be strongly separated.

4 Polyhedral Convex Sets

S is a polyhedral set if S = {& € R" | Az < b} for some (A, b). T is an
extreme point of S if whenever Z can be represented as & = Ax! + (1 — \)x?
for some z',2%2 € S and \ € (0,1), then 2! = 22 = 7.

d € IR" is called a ray of S if whenever x € X, x+ad € S for all & > 0. d is
called an extreme ray of S if whenever d = \id' + \od? for rays d', d? of S
and A1, A2 # 0, then dq = ads for some o > 0 or dy = ady for some a > 0.

Theorem 6 The set S = {z € R" | Az = b, = > 0} contains an extreme
point if S # 0.

Theorem 7 Let S = {z € R" | Az < b} be nonempty. Then S has a finite
number of extreme points and extreme rays.

Theorem 8 Let S = {x € R" | Az < b} be nonempty. Then there ex-
ist a finite number of points x',..., % and a finite number of directions
d',...,d" with the property that T € S if and only if the following inequality
system has a solution in A1, ..., Ak, 1y, UL-

Zw‘jkj + Zd]uj =
j=1 j=1



5 Convex Functions - Basics

Let S € IR"™ be a nonempty convex set. A function f(-) : S — R U
{—00,+00} is a convex function on S if:

FAz+ (1 =XNy) < Af(z)+ (1 =N f(y) for all A € [0,1] and z,y € S.

f(+) is strictly convex if the inequality above is strict for all A € (0,1) and
x # .
f(-) is concave if —f(-) is convex.

f(+) is strictly concave if —f(-) is strictly convex.

Examples:
1. f(z)=az+0
2. f(z) = |z|
3. f(z) =2 -2z +3
4. f(z)=+/zforx >0
(

5. f(w1,22) = 222 + 23 — 2129

We define S, := {z € S| f(z) < a}. S, is called the level set of f(-) at
level a.

Lemma 9 If f(-) is convex on S, then S, is a convex set.

Proof: Let z,y € S,. Then f(z) < a and f(y) < «, and so A € [0,1]
implies

fAz+ 1=y <Af(2)+ (1 =Nfly) Aa+(1-Na=a,
and so Az + (1 — Ny € S,. Therefore S, is a convex set. ll

Note, the converse Lemma 9 is false.



Theorem 10 If S C R" is an open convex set and f(-) is a real-valued
convez function on S, then f(-) is continuous on S.

Proof: We will prove this in three steps.

Step 1. If f(-) is convex on S and z',...,2F € S and A,..., A\ > 0 and
271 Aj =1, then

k k
/ (Z /\jxj) <D ONf(a)
=i =1

Step 2. For each x € S, there exists a 0 > 0 such that x & fe; € 5, for

i=1,...,n, where e; is the i*" unit vector. Call these vectors z1, ..., zon.
Let M, := max{f(z1),..., f(z2n)}.
Since z lies in the interior of the convex hull of z1,..., 29,, there exists

ty > 0 such that B(z,t;) := {y | |ly — || < t.} also lies in the convex
hull of z1,...,29,. Then for any y satisfying ||y — z|| < ¢, it holds that
Yy = Z?il Ajzj for some appropriate Ai,..., A2, > 0 and ?21 Aj =1 and
o

2n 2n
fly) =1 (Z Ajzj) <Y Nf(z) < My
Jj=1 j=1

Step 3. (The proof of the theorem). Without loss of generality, we assume
that f(0) = 0 and we want to prove f(x) is continuous at z = 0. For any
€ > 0, we must exhibit a 6 > 0 such that if ||y|| < ¢ then —e < f(y) <e. Let
t > 0 and M be chosen so that |ly|| < ¢ implies f(y) < M (from Step 2).
Now let 6 = te/M. Let y satisfy ||y|| < . Also, we can assume that M > e

and write:
= (=) os () (5)
YmU T M)\ ¥
Since || £ Zy| = 2 |ly|| < ¢, it follows that f (i%y) < M. Therefore:

1) < (1= 52 1O+ () <04 5 xd =
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We also have:

g M 1
0= ME<——y>+ =Y

and so

_ m (M ! A
0=10) < T2 f (<w) S S e M

v
Therefore f(y) > —¢, and so —e < f(y) <e. B

The directional derivative of f(-) at Z in the direction d, denoted by
f (Z,d) is defined as:

o = i 1EHMD =10

)

when this limit exists.

Lemma 5.1 Suppose that S is convex and f(-) : S — R is conver, T € S
and T+ Md € S for all X > 0 and sufficiently small. Then f' (Z,d) exists.

Proof: Let Ay > A1 > 0 be sufficiently small. Then

f@E+Md) = f(3@E+dd) + (1-32) @)
<SRF@+Xod) + (1-3) f(2)

2

Rearranging the above, we have:

f(@+ \d) — f(z)

[(Z+ Xod) — f(2) '

<
/\1 - )\2
Thus the term w is nondecreasing in A, and so the limit exists,
e £+ 2d) - /(@)
b T+ M) — f(z

so long as we allow f'(Z,d) = —oc. Il
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6 Subgradients of Convex Functions

Let S ¢ R", and f(-) : S — IR be given. The epigraph of f(-), denoted
epi f(-), is a subset of IR"*! and is defined to be:

epi f(-) :={(z,0) e R"™ |z €S, a € R, f(z)<a}.
The hypograph of f(-), denoted hyp f(-), is defined analogously as
hyp f{(z,a) e R"™ |z €S, ac R, f(z)>a}.

Theorem 11 Let S be a nonempty convex set in R™, and f(-) : S — IR.
Then f(-) is a convex function if and only if epi f(-) is a convex set.

Proof: Assume f(-) is convex. Let (z1,aq), (x2,a9) € epi f(:). Then if
A€ (0,1), A1 + (1 — N)zg € S, because x1 € S, zo € S, and S is convex.
Also a1 > f(ﬂ?l), Qg > f(SL‘Q), f()\ﬂ?l + (1 — )\)%2) < )\f(l‘l) + (1 — )\)f(l‘g) <
Aag + (1 = N)ag. Thus (Az1 + (1 — N)z2), (Aag + (1 — N)az) € epi f(+), and
so epi f(-) is a convex set.

Conversely, assume that epi f(-) is a convex set. Let x1, x9 € S, and let
a1 = f(x1), ae = f(x2). Then (z1,01) € epi f(-) and (z2,a2) € epi f(-).

Thus (Az1 + (1 — Nx2, Aoy + (1 — N)az) € epi f(+).

This means f(Az1+(1—=N)z2) < dag+(1—=N)ag = Af(z1)+(1—N) f(x2),
and so f(-) is a convex function. W

If f(-): S — IR is a convex function, then £ € R" is a subgradient of
f(-)at z e Sif

flx)> f(@)+&(x—z) forallz € S .

Example: f(x) = 22 and let Z = 3 and & = 6. Notice that from the basic
inequality
0<(x—32=22-62+9

we obtain for any x:

f)=22>62—-9=9+6(x—3) = f(z)+6(z—2),
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which shows that £ = 6 is a subgradient of f(-) at x = Z = 3.

Ezample: f(x) = |z|. Then it is straightforward to show that:

e If > 0, then £ =1 is a subgradient of f(-) at Z
o If <0, then £ = —1 is a subgradient of f(-) at =

e If z =0, then £ € [—1,1] is a subgradient of f(-) at .

Theorem 12 Let S C R"™ be a convex set and f(-) : S — R be a convex
function. If T € intS, then there exists a vector & € IR™ such that the
hyperplane H = {(x,y) € R"™ | y = f(z) + & (x — %)} supports epi f(-) at
(z, f(Z)). In particular, f(x) > f(Z)+ (x —Z) for allz € S, and so € is
a subgradient of f(-) at .

Proof: Because epi f(-) is a convex set, and (Z, f(Z)) belongs to the bound-
ary of epi f(-), there exists a supporting hyperplane to epi f(-) at (z, f(Z)).
Thus there exists a nonzero vector (&,u) € IR"™! such that

x4+ ua < 7 +uf(z) for all (z,a) € epi f(-) .

Let a be any scalar larger that f(x). Then as we make « arbitrarily large,
the inequality must still hold. Thus v < 0. If v < 0, we can re-scale so that
u=—1. Then 'z — a < &% — f(Z), which upon rearranging yields:

a> f(z)+&(x—z) forall (z,a) € epi f(-) .

In particular, with y = f(z), f(z) > f(Z) + & (x — T), proving the theorem.

It remains to show that u = 0 is an impossibility. If u = 0, then &tz < ¢z
for all z € S. But since & € int S, £ + 6¢ € S for 6 > 0 and sufficiently
small. Thus £4(Z + 0€) < ¢'7, and so 6¢'¢ < 0. But this is a contradiction
unless £ = 0, which cannot be true since (&, u) # (0,0). B

The collection of subgradients of f(z) at z =  is denoted by df(Z) and
is called the subdifferential of f(-). We write £ € 0f(Z) if £ is a subgradient
of f(x) at x = Z.
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Theorem 13 Let S C R" be a conver set, and let f(-) : S — R be a
function defined on S. Suppose that for each T € intS there exists a sub-
gradient vector £. That is, for each T € S there exists a vector £ such that
f(x) > f(z)+ & (x — ) for allz € S. Then f(-) is a convex function on
intS. Wl

Theorem 14 Let f(-) be convex on R", let S be a convex set and consider

the problem:
P: min, f(2)

s.t. xedsS.

Then T € S is an optimal solution of P if and only if f(-) has a subgradient
€ at T such that £'(x — ) >0 for allz € S.

Proof: Suppose f(-) has a subgradient ¢ at z for which ¢f(x — z) > 0 for
all z € S. Then f(x) > f(z) +&(x —z) > f(Z) for all x € S. Hence Z is an
optimal solution of P.

Conversely, suppose T is an optimal solution of P. Define the following
sets:
A={(d,a) € R+ | f(z+d) <a+ f(z)}

and
B={(d,0) cR"™ |z+dc S, a<0}.

Both A and B are convex sets. Also AN B = (). (If not, there is a d and an
a such that f(z+d) < a+ f(z) < f(Z), T+ d € S, so T is not an optimal
solution.)

Therefore A and B can be separated by a hyperplane H = {(d,«a) €
R | ¢td 4+ ua = B} where (€, u) # 0, such that:

o f(z+d)<a+ f(z)=¢d+ua<p

ez+dcS a<0=¢d+ua>p
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In the first implication « can be made arbitrarily large, so this means
u < 0. Also in the first implication setting d = 0 and @ = € > 0 implies
that 8 > eu. In the second implication setting d = 0 and o = 0 implies that
B < 0. Thus 8 = 0 and v < 0. In the second implication setting o = 0
we have £'d > 0 whenever 7 + d € S, and so £(Z +d — Z) > 0 whenever
7+ d € S. Put another way, we have z € S implies that ¢(x — z) > 0.

It only remains to show that £ is subgradient. Note that u < 0, for if
u = 0 it would follow from the first implication that &'d < 0 for any d, a
contradiction. Since u < 0, we can re-scale so that u = —1.

Now let d be given so that (z +d) € S and let o = f(z +d) — f(Z) + ¢
for some € > 0. Then f(z 4+ d) < a+ f(z), and it follows from the first
implication that £'d — f(Z+d) + f(Z) —e < 0 for all € > 0. Thus f(z+d) >
f(Z)+&d for all T+ d € S. Setting x = Z + d, we have that if z € S,

fla) = f(z) + &' (2 — 1),

and so & is a subgradient of f(-) at z. B

7 Differentiable Convex Functions

Let f(-) : S — IR be given. f(-) is differentiable at € intS if there is a
vector V f(Z), the gradient vector, such that f(z) = f(z)+ Vf(Z)(z — )+
|z — Z||a(Z; ¢ — T), where limg_.z a(Z;x — Z) = 0. Note that

Vi) = (aaff),...,ag;f» .

Lemma 7.1 Let f(-) : S — IR be convex. If f(-) is differentiable at T €
intS, then the collection of subgradients of f(-) at T is the singleton set

{Vi@)}, e, 0f(T) ={V[(T)}

Proof: The set of subgradients of f(-) at Z is nonempty by Theorem 12.
Let & be a subgradient of f(-) at . Then for any d and any A > 0 we have:

f@+Ad) > f(@)+&@+M—7)=f(Z)+\'d .
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Also
f(@+Xd) = f(z)+ AVf(:f)td + Alld||a(z; Ad) .

Subtracting, we have

0> A€ = V£(Z))'d = Alld]|e(z; Ad)
which is equivalent to:

0> (£~ Vf(@)'d~ |ldlla(z; Ad) -

As XA — 0 we have a(z;A\d) — 0. So (£ — Vf(z))'d < 0 for any d. This can
only mean that £ — Vf(z). B

Theorem 15 If f(-) : S — R is differentiable, then f(-) is convex if and

only if
f(z) > f(2) + V(@) (x — ) for all 2,7 € int S.

8 Exercises on Convex Sets and Functions

1. Let K* denote the dual cone of the closed convex cone K C IR",
defined by:

K ={ycR"|y"z>0forallz c K}.

Prove that (K*)* = K, thus demonstrating that the dual of the dual
of a closed convex cone is the original cone.

2. Let R} denote the nonnegative orthant, namely R"} = {z € R" | z; >
0,57 =1,...,n}. Considering IR’} as a cone, prove that (R")" = R",
thus showing that IR} is self-dual.

3. Let Q" = {:n €ER" |21 >/> 0, :1:]2} Q" is called the second-order
cone, the Lorentz cone, or the ice-cream cone (I am not making this
up). Considering Q™ as a cone, prove that (Q™)" = Q", thus showing
that Q™ is self-dual.
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. Prove Lemma 1 of the notes on Analysis of Convex Sets.

. Let S1 and Sy be two nonempty sets in IR", and define S1 @ 5o :=
{z | x = x1 + x2 for some x; € S1, 2 € Sa}.

(a) Show that S; @ S2 is a convex set if both S; and Sy are convex
sets.

(b) Show by an example that S; @ So is not necessarily a closed set,
even if both S and Sy are closed convex sets.

(c) Show that if either S or S; is a bounded convex set, and both
S1 and Sy are closed sets, then S7 €D Ss is a closed set.

. Suppose that f(-) is a convex function on IR". Prove that £ is a
subgradient of f(-) at z if and only if

f(z,d)>¢d
for all directions d € IR".
. Prove Theorem 13 of the notes.

. Consider the function f(-) : R" — RU{—oco}U{+00}. Such a function
is called an extended real-valued function. The epigraph of f(-) is
defined as:

epif() == {(z,a) | f(x) <o} .

We define f(-) to be a convex function if epif(-) is a convex set. Show
that if f(-) : R®™ — IR, then this definition of a convex function is
equivalent to the standard definition of a convex function.

. In class, we stated the meta result that the study of convex functions
reduces to the study of convex functions on the real line. This exercise
formalizes this observation and shows how we might use it to obtain
results about convex function from results about convex functions on
the real line.

(a) Let f(x) be areal-valued function defined on an open set X € R"™.
Show that f(x) is a convex function if and only if for any two
points z,y € X, the function ¢(f) := f(fz + (1 — 0)y) of the
scalar # is convex on the open interval 6 € (0,1).



10.

(b)

()

(b)
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Suppose that we have proved that a twice differentiable function
g(0) of the scalar 6 is convex on the open interval § € (0,1) if
and only if its second derivative is nonnegative for every point in
this interval. Use this fact, part (a), and the chain rule to show
that a twice differentiable real-valued function f(x) defined on an
open set X € IR" is convex if and only if its Hessian matrix is
positive semi-definite at every point in X.

Let f(z) be a real-valued function defined on an open interval
I = (l,u) of the real line. For any two points a < b in (I,u) ,
let S(a,b) := w be the secant slope of f(z) between the
points a and b. Prove the following result:

Three Cord Lemma: f(x) is a convex function on an the in-

terval I = (I, u) of the real line if and only if for any three points
a <b< cin I we have S(a,b) < S(a,c) < S(b,c)

Use the Three Cord Lemma and the mean value theorem to show
that a twice differentiable function f(x) of the scalar x is convex
on the open interval I = (I,u) of the real line if and only if its
second derivative is nonnegative for every point in this interval.

(Hint: What does the Three Cord Lemma in part (a) say about

the relationship between the derivative of f(x) at the points a
and b ?7)

11. Let S be a nonempty bounded convex set in IR", and define f(-) :

12.

(a)
(b)

R — IR as follows:

f@%zsgﬂfx!wGS}-

The function f(-) is called the support function of S.

Prove that f(-) is a convex function.

Suppose that f(j) = §'Z for some Z € S. Show that T € df(¥).

Let f(-) : R™ — IR be a convex function. Show that if £ € f(z), then
the hyperplane

H:={(z,0) | a= f(z)+ & —7)}

is a supporting hyperplane of epif(-) at (z, f(Z)).



13.

14.

15.
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Let f(-) : R" — IR be a convex function, and let Z be given. Show
that 0f(z) is a closed convex set.

Let fi(-),..., fx(:) : R™ — IR be differentiable convex functions, and
define:

f(z) := max{fi(x),..., fu(z)} .
Let I(z):={i | f(z) = fi(x)}. Show that

8f(92'):{§\§— > AVi@), Y /\i—l,/\iEOforiGI(x)} :
iel(z) icl(z)

Consider the function L*(u) defined by the following optimization
problem, where X is a compact polyhedral set:

L*(u) := min, clz + u'(Az —b)
s.t. reX.

(a) Show that L*(-) is a concave function.

(b) Characterize the set of subgradients of L*(-) at any given u = 4.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


