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1 Subgradient Optimization 

1.1	 Review of Subgradients 

Recall the following facts about subgradients of convex functions. Let S ⊂ 
IRn be a given nonempty convex set, and let f(·) :  S → IR be a convex 
function. Then then ξ ∈ IRn is a subgradient of f(·) at  ̄x ∈ S if 

f(x) ≥ f(¯ x) for all x ∈ S .x) +  ξT (x − ¯

x ∈ intS, then there exists a subgradient of f(·) at  ̄If ¯ x. The collection 
of subgradients of f(·) at  x is denoted by ∂f(x), and the operator ∂f(·) is  
called the subdifferential of f(·). Recall that if x ∈ intS, then ∂f(x) is a  
nonempty closed convex set. 

If f(·) is differentiable at x = ¯ x) �	 x) is a  
x. However, if f(·) is not differentiable at x = ¯

x and ∇f(¯ = 0 , then −∇f(¯
descent direction of f(·) at  ̄ x 
and ξ is a subgradient, then −ξ is not necessarily a descent direction of f(·) 
at x̄. 

1.2	 Computing a Subgradient 

Subgradients play a very important role in algorithms for non-differentiable 
optimization. In these algorithms, we typically have a subroutine that re-
ceives as input a value x, and has output ξ where ξ is some subgradient of 
f(x). 

1.3	 The Subgradient Method for Minimizing a Convex Func-
tion 

Suppose that f(·) is a convex function, and that we seek to solve: 
∗P : z = minimizex f(x) 

s.t. x ∈ IRn . 
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The following algorithm generalizes the steepest descent algorithm and can 
be used to minimize a nondifferentiable convex function f(x). 

Subgradient Method 

Step 0: Initialization. Start with any point x1 ∈ IRn . Choose an 
infinite sequence of positive step-size values {αk }∞ . Set  k = 1.  k=1

Step 1: Compute a subgradient. Compute ξ ∈ ∂f(xk ). If ξ = 0,  
STOP. xk solves P . 

Step 2: Compute step-size. Compute step-size αk from the step-
size series. 

ξStep 3: Update Iterate. Set xk+1 ← xk − αk ‖ξ‖ . Set  k ← k + 1  
and go to Step 1. 

Note in this algorithm that the step-size αk at each iteration is deter-
mined without a line-search, and in fact is predetermined in Step 0. One 
reason for this is that a line-search might not be worthwhile, since −ξ is 
not necessarily a descent direction. As it turns out, the viability of the 
subgradient method depends critically on the sequence of step-sizes: 

Theorem 1	 Suppose that f(·) is a convex function whose domain D ⊂ IRn 

= ∅. Suppose that {αk }∞ satisfies:satisfies intD �	 k=1 

∞ ∑ 
lim αk = 0  and αk = ∞ . 

k→∞ 
k=1 

Let x1, x2 , . . . ,  be the iterates generated by the subgradient method. Then 

∗inf f(x k ) =  z . 
k 

Proof: Suppose that the result is not true. Then there exists ε >  0 such  
∗	 ∗that f(xk ) ≥ z + ε for all k = 1, . . .. Let  T = {x ∈ IRn | f(x) ≤ z + ε}. 

Then there exists ˆ x, ρ) ⊂ T , where B(ˆx and ρ >  0 for which B(ˆ x, ρ) :=  {x ∈ 
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∑ 

∑ 

IRn | ‖x − x̂‖ ≤  ρ}. Let  ξk be the subgradient chosen by the subgradient 
kmethod for the iterate x . By the subgradient inequality we have for all 

k = 1, . . .: 

ξk ξk ∗ kˆ ˆf(x k ) ≥ z + ε ≥ f x + ρ ≥ f(x k ) + (ξk )T x + ρ ) − x ,‖ξk ‖ ‖ξk ‖

which upon rearranging yields: 

(ξk )T (x̂ − x k ) ≤ −ρ
(ξk )T ξk 

= −ρ‖ξk ‖ . ‖ξk ‖ 

We also have for each k:


k+1 − ˆ ξk
‖x x‖2 = ‖xk − αk ‖ξk‖ − x̂‖2 

x)= ‖xk − ˆ kx‖2 + α2 − 2αk 
(ξk)T (xk−ˆ

‖ξk‖ 

x‖2 + α2 − 2αk ρ≤ ‖xk − ˆ k 

= ‖xk − x̂‖2 + αk (αk − 2ρ) . 

For k sufficiently large, say for all k ≥ K, we have  αk ≤ ρ, whereby: 

x‖2 ≤ ‖x k − ˆ‖x k+1 − ˆ x‖2 − ραk . 

However, this implies by induction that for all j ≥ 1 we have:  

K+j 

x‖2 ≤ ‖x K − ˆ‖x K+j − ˆ x‖2 − ρ αk . 
k=K+1 

Now for j sufficiently large the right-hand side expression is negative, since 
∞ 

αk = ∞, which yields a contradiction since the left-hand side must be 
k=1 
nonnegative. 
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1.4 The Subgradient Method with Projections 

Problem P posed at the start of Subsection 1.3 generalizes to the following 
problem: 

∗PS : z = minimizex f(x) 

s.t. x ∈ S ,  

where S is a given closed convex set. We suppose that S is a simple enough 
set that we can easily compute projections onto S. This means that for any 
point c ∈ IRn, we can easily compute: 

ΠS (c) := arg  min  ‖c − x‖ . 
x∈S 

The following algorithm is a simple extension of the subgradient method 
presented in Subsection 1.3, but includes a projection computation so that 
all iterate values xk satisfy xk ∈ S. 

Projected Subgradient Method 

Step 0: Initialization. Start with any point x1 ∈ S. Choose an 
infinite sequence of positive step-size values {αk }∞ . Set  k = 1.  k=1

Step 1: Compute a subgradient. Compute ξ ∈ ∂f(xk ). If ξ = 0,  
STOP. xk solves P . 

Step 2: Compute step-size. Compute step-size αk from the step-
size series. 

ξStep 3: Update Iterate. Set xk+1 ← ΠS xk − αk ‖ξ‖ . Set  k ← 
k + 1 and go to Step 1. 

Similar to Theorem 1, we have: 

Theorem 2 Suppose that f(·) is a convex function whose domain D ⊂ IRn 

satisfies intD ∩ S �= ∅. Suppose that {αk }∞ satisfies:k=1 

∞ ∑ 
lim αk = 0  and αk = ∞ . 

k→∞ 
k=1 
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1Let x , x2 , . . . ,  be the iterates generated by the projected subgradient method. 
Then 

∗inf f(x k ) =  z . 
k 

The proof of Theorem 2 relies on the following “non-expansive” property 
of the projection operator ΠS (·): 

Lemma 3 Let S be a closed convex set and let ΠS (·) be the projection op-
erator onto S. Then for any two vectors c1, c2 ∈ IRn , 

‖ΠS (c 1) − ΠS (c 1)‖ ≤ ‖c 1 − c 2‖ . 

c1 = ΠS (c1) and  let  ̄Proof: Let ¯ c2 = ΠS (c1). Then from Theorem 4 of the 
Constrained Optimization notes (the basic separating hyperplane theorem) 
we have: 

(c 1 − c̄1)T (x − c̄1) ≤ 0 for all x ∈ S ,  

and 
(c 2 − c̄2)T (x − c̄2) ≤ 0 for all x ∈ S .  

c2 ∈ S and ¯In particular, because ¯ c1 ∈ S it follows that: 

(c 1 − c̄1)T (¯ c 1 − c̄2) ≤ 0 .c 2 − c̄1) ≤ 0  and  (c 2 − c̄2)T (¯

Then note that 

2‖c1 − c2‖2 = ‖c̄1 − c̄2 + (c1 − c̄1 − c2 + c̄2)‖

= ‖c̄1 − c̄2‖2 + ‖c1 − c̄1 − c2 + ¯ c1 − c̄2)T (c1 − c̄1 − c2 + ¯c2‖2 + 2(¯ c2) 

≥ ‖c̄1 − c̄2‖2 + 2(¯ c1 − c̄2)T (−c2 + ¯c1 − c̄2)T (c1 − c̄1) + 2(¯ c2) 

2≥ ‖c̄1 − c̄2‖ , 

from which it follows that ‖c1 − c2‖ ≥ ‖c̄1 − c̄2‖. 
The proof of Theorem 2 can easily be constructed by using Lemma 3 

and by following the logic used in the proof of Theorem 1, and is left as an 
Exercise. 
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1.5 Solving the Lagrange Dual via the Subgradient Method 

We start with the primal problem: 

∗OP : z = minimumx f(x) 

s.t.	 gi(x) ≤ 0, i  = 1, . . . , m  

x ∈ X .  

We create the Lagrangian 

TL(x, u) :=  f(x) +  u g(x) .


The dual function is given by:


∗L (u) := minimumx f(x) +  uT g(x) 

s.t. x ∈ X . 


The dual problem is:


∗	 ∗D :  v = maximumu L (u) 

s.t.	 u ≥ 0 . 

∗Recall that L (u) is a concave function. For concave functions we work 
with supergradients. If  f(·) is a concave function whose domain is the convex 
set S, then g ∈ IRn is a supergradient of f(·) at  ̄x ∈ S if 

x) +  g T (x − ¯f(x) ≤ f(¯ x) for all x ∈ S .  

∗The premise of Lagrangian duality is that it is “easy” to compute L (ū) for  
u. That is, it is easy to compute an optimal solution ¯any given ¯	 x ∈ X of 

∗L (¯	 u x) +  ̄ T g(¯u) := minimumx∈X f(x) +  ̄ T g(x) =  f(¯ u x) , 
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∗for any given ū. It turns out that computing supergradients of L (·) is then 
also easy. We have: 

Proposition 4 Suppose that u is given and that x ∈ X is an optimal so-¯ ¯
∗ u) = min  f (x) +  ̄ x) is a supergradient of lution of L (¯ uT g(x). Then g := g(¯

x∈X ∗L (·) at u = ū. 

Proof: For any u ≥ 0 we have  

L ∗(u) =  min  f (x) +  u T g(x) 
x∈X 

T x) +  u g(¯≤ f (¯ x) 
T x) +  ̄ x) + (u − ¯ x)= f (¯ u g(¯ u)T g(¯

=  min  f (x) +  ̄ g(x) +  g(¯ u)u T x)T (u − ¯
x∈X 
∗= L (¯ u) .u) +  g T (u − ¯

∗Therefore g is a supergradient of L (·) at  ̄u. 
q.e.d. 

The Lagrange dual problem D is in the same format as problem PS of 
Subsection 1.4, with S = IRm 

+ . In order to apply the projected subgradient 
method to this problem, we need to be able to conveniently compute the 
projection of any vector v ∈ IRm onto S = IRm 

+ . This indeed is easy. Let 
u ∈ IRn be given, and define u+ to be the vector each of whose components 
is the positive part of the respective component of v. For example, if u = 
(2, −3, 0, 1, −5), then u+ = (2, 0, 0, 1, 0). Then it is easy to see that ΠS (u) =  
u+. We can now state the subgradient method for solving the Lagrange dual 
problem: 

Subgradient Method for Solving the Lagrange Dual Problem 

Step 0: Initialization. Start with any point u1 ∈ IRn 
+. Choose an 

infinite sequence of positive step-size values {αk }∞ . Set  k = 1.  k=1
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Step 1: Compute a supergradient. Solve for an optimal solution 
∗x of L (uk ) = min  f(x) + (uk )T g(x). Set g := g(¯¯	 x). If g = 0, STOP. 

x∈X


xk solves D.


Step 2: Compute step-size. Compute step-size αk from step-size 
series. 

gStep 3: Update Iterate. Set uk+1 ← uk + αk ‖g‖ . Set  k ← k+1  
and go to Step 1. 

Notice in Step 3 that the “(u)+” operation is simply the projection of u 
onto the nonnegative orthant IRn 

+. 

2	 Generalized Programming and Nonconvex Du-
ality 

2.1	 Geometry of nonconvex duality and the equivalence of 
convexification and dualization 

We start with the primal problem: 

∗OP :	 z = minimumx f(x) 

s.t.	 gi(x) ≤ 0, i  = 1, . . . , m  

x ∈ X .  

We create the Lagrangian 

TL(x, u) :=  f(x) +  u g(x) .


The dual function is given by:


∗L (u) := minimumx f(x) +  uT g(x) 

s.t.	 x ∈ X .  
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The dual problem is: 

∗ ∗D :  v = maximumu L (u) 

s.t. u ≥ 0 . 

Herein we will assume that f(·) and  g1(·), . . . , gm(·) are continuous and 
X is a compact set. We will not assume any convexity. 

Recall the definition of I: 

I := (s, z) ∈ IRm+1 | there exists x ∈ X for which s ≥ g(x) and  z ≥ f(x) . 

Let C be the convex hull of I. That is, C is the smallest convex set 
containing I. From the assumption that X is compact and that f(·) and  
g1(·), . . . , gm(·) are continuous, it follows that C is a closed convex set. Let 

ẑ := min{z : (0, z) ∈ C} , 

i.e., ẑ is the optimal value of the convexified primal problem, which has been 

convexified in the column geometry 
s 

of resources and costs. 
z 

Let 
T ∗H(u) :=  {(s, z) ∈ IRm+1 : u s + z = L (u)} . 

Then we say that H(u) supports I (or C) if  uT s + z ≥ L∗(u) for every 
(s, z) ∈ I (or C), and uT s + z = L∗(u) for some (s, z) ∈ I (or C). 

Lemma 5 If u ≥ 0, then H(u) supports I and C. 

Proof: Let (s, z) ∈ I. Then uT s + z ≥ uT g(x) +  f(x) for some x ∈ X. 
∗Thus uT s + z ≥ infx∈X u

T g(x) +  f(x) =  L (u). Furthermore, setting x̄ = 
TT x), f(¯arg minx∈X {f(x) +  u g(x)} and (s, z) = (g(¯ x)), we have u s + z = 

∗L (u). Thus H(u) supports I. But then H(u) also supports C, since  C is 
the convex hull of I. 

∗Lemma 6 (Weak Duality) ẑ ≥ v . 
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z* 

v* 

I,C 

H(u) = {(s,z)|uTs + z = L*(u)} 

-u 

Figure 1: I, C, and  H(u). 

Proof: If ẑ = +∞, then we are done. Otherwise, let (0, z) ∈ C. For any 
∗u ≥ 0, H(u) supports I from Lemma 5. Therefore L (u) ≤ uT 0 +  z = z. 

Thus 
∗ ∗v = sup  L (u) ≤ inf z = ẑ. 

u≥0 (0,z)∈C 

∗Lemma 7 (Strong Duality) ẑ = v . 

z ≤ v ∗. If  ̂Proof: In view of Lemma 6, it suffices to show that ˆ z = −∞, 
we are done. If not, let r < ẑ be given. Then (0, r) �∈ C, and so there 

u, α) �is a hyperplane separating (0, r) from  C. Thus there exists (¯ = (0, 0) 
¯ ¯and θ such that uT 0 +  αr < θ and uT s + αz ≥ θ for all (s, z) ∈ C. This 
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u ≥ 0, α ≥ 0. If α �immediately implies ¯ = 0, we can re-scale so that α = 1.  
Then 

Tū s + z ≥ θ >  r  

for all (s, z) ∈ C. In particular, 
Tū g(x) +  f(x) ≥ θ >  r  for all x ∈ X, 

∗which implies that L (¯ ¯u) = infx∈X uT g(x) +  f(x) > r. Since  r is an 
∗ ∗arbitrary value with r < ẑ, we have  v ≥ L (ū) ≥ ẑ. 

It remains to analyze the case when α = 0. In this case we have θ >  0 
and ūT s ≥ θ >  0 for all (s, z) ∈ C. With  (s, z) = (g(x), f(x)) for a given 
x ∈ X, we have for all λ ≥ 0: 

∗	 T T u g(x) =  f(x) + (u + λ¯L (u) +  λθ ≤ f(x) +  u g(x) +  λ¯	 u)T g(x) . 

Then 

∗
x∈X

{f(x) + (u + λ¯ ∗ u) .L (u) +  λθ ≤ inf	 u)T g(x)} = L (u + λ¯

∗Since θ >  0 and  λ was any nonnegative scalar, L (u+ λū) → +∞ as λ → ∞, 
∗ ∗	 ∗and so v ≥ L (u + λū) implies v = +∞. Thus,  v ∗ ≥ ẑ. 

2.2	 The Generalized Programming Algorithm 

Consider the following algorithm: 

Generalized Programming Algorithm for Solving the Lagrange 
Dual Problem 

1 kStep 0 Ek = {x , . . . , x }, LB = −∞, UB = +∞. 

Step 1 Solve the following linear program (values in brackets are the dual 
variables): ∑k(LPk ): minλ i=1 λif(xi) 

s.t.	
∑

i
k 
=1 λig(xi) ≤ 0 (u) ∑k 

i=1 λi = 1  (θ) 
λ ≥ 0 , 
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∑ ∑	 ∑ 

for λk , uk , θk , and also define: 

k k	 k 
ix̃ k := λi

k x , s̃k := λi
k g(x i), z̃k := λi

k f(x i) =  θk . 
i=1 i=1 i=1 

Step 2 (Dual function evaluation.) Solve: 
∗(Dk ):	 L (u k ) = min  

x∈X 
{f(x) + (u k )T g(x)} 

k+1for x . 

k	 ∗Step 3 UB := min{UB, z̃ = θk }, LB  :=  max{LB, L (uk )}. 
If UB − LB ≤ ε, stop. Otherwise, go to Step 4. 

k+1Step 4 Ek+1 := Ek ∪ {x }, k  := k + 1, go to Step 1. 

Notice that the linear programming dual of (LPk ) is:  

(DPk ): maxu,θ θ 

s.t.	 −uT g(xi) +  θ ≤ f(xi) i = 1, . . . , k  
u ≥ 0 , 

which equivalently is: 

(DPk): maxu,θ θ 

s.t.	 θ ≤ f(xi) +  uT g(xi) i = 1, . . . , k  
u ≥ 0 . 

This can be re-written as: 
T(DPk ): max min {f(x) +  u g(x)} . 

u≥0 x∈Ek

∗Note that (uk+1, θk+1) is always feasible in (DPk ) and  (u, θ) = (u, L (u)) 
is always feasible for (DPk ) for  u ≥ 0. 

Geometrically, the generalized programming algorithm can be viewed 
as an “inner convexification” process for the primal (see Figure 2), and as 
an “outer convexification” process via supporting hyperplanes for the dual 
problem (see Figure 2). 
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z 

y 

(g(x4), f(x4)) 

(g(x3), f(x3)) 
(g(x1), f(x1)) 

(g(x2), f(x2)) 

C 

(g(x5), f(x5)) 

Figure 2: The primal geometry of the generalized programming algorithm. 

Proposition 8 (i) θk are decreasing in k 

k(ii) (˜ , z̃k ) ∈ Cs

(iii) uk is feasible for (D) 

∗ ∗ = ˆ k(iv) L (uk ) ≤ v z ≤ z̃ = θk . 

(v) If f(·) and g1(·), . . . , gm(·) are convex functions and X is a convex set, 
∗ xk is feasible for (P) and ẑ = z ≤ f(˜then ˜ xk ) ≤ θk, where z ∗ is the 

optimal value of (P). 

Proof: 
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u4 

θ4 f(x4)+uTg(x4) 

V 

f(x5)+uTg(x5) 

f(x1)+uTg(x1) 

f(x3)+uTg(x3) 

f(x2)+uTg(x2) 

Figure 3: The dual geometry of the generalized programming algorithm. 

(i) follows since (DPk+1) has one extra constraint compared to (DPk ), so 
θk+1 ≤ θk . 

k(ii) follows since (˜ , z̃k ) is in the convex hull of I, which is C.s

(iii) follows since by definition, uk ≥ 0. 

∗ ∗ ∗ ∗ = ˆ k(iv) L (uk ) ≤ v by definition of v , and  v z by Lemma 7. Since (˜ , z̃k ) ∈s
kC, and  ̃ ≤ 0, (0, z̃k ) ∈ C, and  so  ̂sk z ≤ z̃ . Furthermore, zk = θk follows 

from linear programming duality. 

xk ∈ X, and  f(˜ i=1 λ
k(v) Since each xi ∈ X, i = 1, . . . , k, then ˜ xk ) ≤ 

∑k
i f(xi) ≤ ∑kθk , and  g(˜ xxk ) ≤ i=1 λi

k g(xi) ≤ 0. Thus, ˜k is feasible for P and so 
∗ z ≤ f(x̃k). 

Theorem 9 (Convergence of the generalized programming algorithm) 
1Suppose u , u2 , . . . ,  are the iterate values of u computed by the generalized 

programming algorithm, and suppose that there is a convergent subsequence 
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∑ 

1 ∗of u , u2 , . . . ,  converging to u . Then 

∗1. u solves (D), and 

∗2. limk→∞ θ
k = ˆ = v .z 

Proof: For any j ≤ k we have 

k )T g(xj ) ≥ θk ≥ v ∗ f(xj ) + (u .


Taking limits as k → ∞, we obtain:


∗ ∗ f(xj ) + (u )T g(xj ) ≥ θ ̄ ≥ v , 

where θ ̄ := limk→∞ θ
k . (This limit exists since θk are a monotone decreasing 

∗sequence bounded below by v .) Since gi(·) is continuous and X is compact, 
there exists B >  0 for which |gi(x)| ≤ B for all x ∈ X, i = 1, . . . , m. Thus  

m 
k+1 k+1 ∗ ∗ ∗ |L(x , u  k ) − L(x , u  )| = |(u k − u )T g(x k+1)| ≤ B |u k − ui | .i 

i=1 

For any ε >  0 and for k sufficiently large, the RHS is bounded above by ε. 
Thus 

∗ k+1 k+1 ∗ ∗ k+1)−ε ≥ ¯ L (u k ) =  L(x , u  k ) ≥ L(x , u  )−ε = f(x k+1)+(u )T g(x θ−ε .  

∗ ∗ ∗ = ˆ ∗(u ∗ ∗Thus in the limit L (u ) ≥ θ ̄ ≥ v z. Therefore since L ) ≤ v , 
∗ = ˆL∗(u ∗) =  θ ̄= v z. 

Corollary 10 If OP has a known Slater point x0 and x0 ∈ Ek for some k, 
then the sequence of uk are bounded and so have a convergent subsequence. 

Proof: Without loss of generality we can assume that x0 ∈ Ek for the initial 
set Ek . Then for all k we have: 

k)T−(u g(x 0) +  θk ≤ f(x 0) , 
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and g(x0) < 0, from which it follows that 

∗−v	 + f(x0)
0 ≤ (u k )i ≤ −θk + f(x0) ≤ −gi(x0) 

, i  = 1, . . . , m  .  −gi(x0) 

1Therefore u , u2 , . . . ,  lies in a bounded set, whereby there must be a conver-
1 2gent subsequence of u , u , . . .. 

3	 Exercises based on Generalized Programming 
and Subgradient Optimization 

1. Consider the primal problem: 

TOP : minimumx c x 

s.t. Ax − b ≤ 0 

nx ∈ {0, 1} . 

nHere g(x) =  Ax− b and P = {0, 1} = {x | xj = 0 or 1, j  = 1, . . . , n}. 

We create the Lagrangian: 

TL(x, u) :=  c x + u T (Ax − b)


and the dual function:


∗L (u) := minimumx∈{0,1}n cT x + uT (Ax − b) 

The dual problem then is: 

∗D : 	 maximumu L (u) 

s.t. u ≥ 0 

17 
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∑ 

∗u ≥ 0. Notice that an optimal solution ¯ u)Now let us choose ¯ x of L (¯
is: 

¯
0 if  (c − AT ū)j ≥ 0 

xj = 
1 if  (c − AT ū)j ≤ 0 

for j = 1, . . . , n. Also,  

n [ ]−∗ u) =  c T ¯ u T (A¯ u T b − (c − AT ¯L (¯ x + ¯ x − b) =  −¯ u)j . 
j=1 

Also

g := g(¯ x − b
x) =  A¯

∗is a subgradient of L (ū). 

Now consider the following data instance of this problem: 

⎛ ⎞ ⎛ ⎞ 
7 −8 12 ⎜ ⎟ ⎜ ⎟ ⎜ −2 −2 ⎟ ⎜ −1 ⎟ ⎜ ⎟ ⎜ ⎟

A = ⎜ 6 5 ⎟ , b  = ⎜ 45 ⎟ ⎜ ⎟ ⎜ ⎟ ⎝ −5 6 ⎠ ⎝ 20 ⎠ 

3  12  42 

and 
T c = (  −4 1  )  . 

Solve the Lagrange dual problem of this instance using the subgradient 
algorithm starting at u1 = (1, 1, 1, 1, 1)T , with the following step-size 
choices: 

1• αk = k for k = 1, . . .. 

• αk = √1 for k = 1, . . .. 
k 

• αk = 0.2 × (0.75)k for k = 1, . . .. 

• a step-size rule of your own. 

2. Prove Theorem 2 of the notes by using Lemma 3 and by following the 
logic used in the proof of Theorem 1. 
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∑ 

∑ 

∑ 

∑ 

3. The generalized programming algorithm assumes that the user is given 
start vectors x1, . . . , xk ∈ X for which 

k 

λig(x i) ≤ 0 
i=1 

has a solution for some λ1 ≥ 0, . . . , λk ≥ 0 satisfying 

k 

λi = 1  . 
i=1 

Here we describe an algorithm for finding such a set of start vectors. 

Step 0 Choose any k vectors x1, . . . , xk ∈ X. 

Step 1 Solve the following linear program, where the values in brack-
ets are the dual variables: 

(LPk ) minλ,σ σ 

k 
s.t. λig(xi) − eσ ≤ 0 (u) 

i=1 

k 
λi = 1  (ω) 

i=1 

λ ≥ 0, σ  ≥ 0


for λk, σk, u
k , ωk .


The dual of (LPk ) is (DPk ):


(DPk ) maxu,ω ω


s.t.	 ω ≤ uT g(xi), i  = 1, . . . , k  

eT u ≤ 1 

u ≥ 0 
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Step 2 If σk = 0, STOP. Otherwise, solve the optimization problem: 

( )T
kmin u g(x) , 

x∈X 

and let xk+1 be an optimal solution of this problem. 

Step 3 k ← k + 1.  Go  to  Step 1. 

Prove the following: 

a.	 LP k and DP k are always feasible. 

b.	 If the algorithm stops, then it provides a feasible start for the 
regular generalized programming problem. 

c.	 The sequence of σk values is nonincreasing. 

d.	 The uk vectors all lie in a closed and bounded convex set. What 
is this set? 

e.	 There exists a convergent subsequence of the uk vectors. 
∗	 ∗f. Define D (u) = minx∈X {uT g(x)}. Show that D (uk ) ≤ σk . 

20 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


