Derivative of the Sine and Cosine

Derivative of the Sine and Cosine

d d .
This lecture shows tha;}—(sm X) =CoSx andd—(COSx) =—sinx
X X

We have to measure the anglen radians 2x radians= full 360 degrees

Part way around the circle fadians) Length = x when the radiusis 1

slopel atx =0

All the way around the circlef radians) Length =2z when the radius is 1

+1 Slope cose
y =sinx
atx=0 slopel = cos0
0 1 % > atx =m/2 slope0=cosn/2
4 /2 ”W” atx=n  slope—1=cosn
—1

Ry = COSx / Slope —sinx
1 > x atx=0 slope=0= —sin0
n/ 7 27w .
\/ atx=7n/2 slope—1=-sinx/2
atx=mw

slope=0=—sinx

A sin Ax)—sinx . ) ﬁ Ax)? —x?
Problem:—y = (x+4x) al is not as simple x+Ax) —x
Ax Ax Ax

. A sin A
Good idea to start at=0 Show=2 = a approaches 1
Ax Ax

Draw a right triangle with anglAx to seesin Ax < Ax

\ straight piece
Al curved arc straight length = sin Ax

. ) ) curved length = Ax
straight piece is shortegt

inA
IDEA sinAx

sinAx ) sinAx
<1land A > cosAx will squeeze—A —lasAx—0
X X
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sinAx

To prove > cosAx whichis tanAx > Ax Go to a bigger triangle

. 1
Triangle area = —(1)(tan Ax) greater than
tan Ax 2

. A . 1
Circular area = | =~ (whole circle)= = (Ax)
21 2

Full angle2

sin A
The squeeze casx < *

sin Ax
< 1tells us that—A approaches 1
X

(sinAx)?

(Ax)?

o 1—-cosAx
Ax

For the slope at otherx remember a formula from trigonometry:
sin(x + Ax) =sinx cosSAx +cosx sin Ax

1 —cosA
<1 means(Aix)(l 4+ COSAx) < Ax
X

S — 0 Cosine curve has slope=0

We wantAy =sin(x + Ax) —sinx Divide that byAx

A . COSAx—1 sinA
2y _ (sinx) i + (cosx) il Now letAx — 0
Ax Ax Ax

In the limit d_y = (sinx)(0) + (cosx)(1) = cosx = Derivative of sinx
X

o d .
Fory = cosx the formula for cos: + Ax) leads similarly tod—y =—sinx
X

Practice Questions
1. What is the slope of =sinx atx = and atx =27 ?
2. What is the slope of =cosx atx =x/2 andx =37/2?

3. The slope ofsinx)? is 2sinx cosx. The slope ofcosx)? is —2 cosx sin x.
Combined, the slope @$inx)? + (cosx)? is zero. Why is this true ?

4. What is thesecond derivativeof y = sin x (derivative of the derivative) ?

5. At what anglex doesy = sin x + cosx have zero slope ?
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. Here are amazing infinite series for siand cosv. e’* = cosx +i sinx

3 5

X X X

sinx = — — — . odd powers of
Y =1 73210 " 53321 (oddp x)
x2 x4
cosx = 1 — — P even powers of
x 21 T 3321 (evenp x)

. Take the derivative of the sine series to see the cosine series.

. Take the derivative of the cosine series tonsiees the sine series.

. Those series tell us that for small angiésx ~x and cosx zl—%xz

With these approximations check ttsin x)? + (cosx)? is close tol.
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