Topic 4

Total Lagrangian

Formulation for
Incremental
General Nonlinear
Analysis

Contents: B Review of basic principle of virtual work equation,
objective in incremental solution

B Incremental stress and strain decompositions in the total
Lagrangian form of the principle of virtual work

B Linear and nonlinear strain increments
B Initial displacement effect

B Considerations for finite element discretization with
continuum elements (isoparametric solids with
translational degrees of freedom only) and structural
elements (with translational and rotational degrees of
freedom)

B Consistent linearization of terms in the principle of
virtual work for the incremental solution

B The ‘“‘out-of-balance” virtual work term
Derivation of iterative equations

B The modified Newton-Raphson iteration, flow chart of
complete solution

Textbook: Sections 6.2.3, 8.6, 8.6.1
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TOTAL LAGRANGIAN Transparency
FORMULATION
We have so far established that
A 0 _
J(;Vt+ 68'} 8t+A('§8ij, dV — t+At%
is totally equivalent to
ﬁ+AtVt+AtTi} 8t+Atei}.t+Ath — t+At%
Recall :
Transparency
4-2

> f t+AtTij, 8t+Atei}t+Ath — t+At%
t+AtV

is an expression of

 Equilibrium
« Compatibility
+ The stress-strain law

all at time t+ At.
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» We employ an incremental solution
procedure:

Given the solution at time t, we seek
the displacement increments u; to
obtain the displacements at time t+ At

tHAL =ty 4 U,

We can then evaluate, from the total
displacements, the Cauchy stresses at
time t+ At. These stresses will satisfy
the principle of virtual work at time

t+ At.

N\ [

» Our goal is, for the finite element
solution, to linearize the equation of the
principle of virtual work, so as to finally
obtain

tK Au(ﬂ — t+AtB _ tF

\—a——/\q-_/_

"
tangent/s@ point% externally applied \\

vector of

stiffness displacement loads at nodal point forces
matrix increments time t+At corresponding to
the element
internal stresses
at time t

The vector AU now gives an
approximation to the displacement
increment U = ""*'U - 'U.

AN
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The equation
tK Au(1) — t+AtR _ tF

I NUER

nxn nxi nxi nxi
is valid

» for a single finite element
(n = number of element degrees of
freedom)

« for an assemblage of elements
(n = total number of degrees of
freedom)

\

N

»We cannot “simply” linearize the prin-
ciple of virtual work when it is written
in the form

J’ H-AtTij, 8t+Ateij,t+Ath — t+Atgt
H—MV

« We cannot integrate over an unknown
volume.

* We cannot directly increment the
Cauchy stresses.

Transparency
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Transparency
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» To linearize, we choose a known
reference configuration and use 2nd
Piola-Kirchhoff stresses and Green-
Lagrange strains as described below.

Two practical choices for the reference
configuration:
« time = 0 — total Lagrangian
formulation
» time =t — updated Lagrangian
formulation

N[

TOTAL LAGRANGIAN
FORMULATION

Because '*'6S; and "‘Ge; are energetically
conjugate,

the principle of virtual work
f t+AtTij, 8t+Ateij.t+Ath — t+At%
t+AtV

can be written as

J t+A(§Si} 8t+A(§8ij,odV — t+At%
Y

_J
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Transparency
We already know the solution at time t 4-9
(0Si, ouij, etc.). Therefore we
decompose the unknown stresses and
strains as
t+ At t
M oSi}Z S'} + OSiJ'.
known unknown increments
HA&&}: o0€j + o€
In terms of displacements, using
Transparency
1 4-10
0€j = 2 (0Uij + oUyi + Uk, oUk,)
and
1
HAc;sij, _ 5 (t+A(§Ui,} + t+A(t)uJ’i + HA&Uk,i t+A(§uk,j)
we find

1
08§ = 5 (oUij + oUji + ok, ol + ol olik,)

v

v

1 linear in u;
+ 2 oUk,i oUk,j
— initial displacement
nonlinear’in u; effect
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We note 3’6y, = do€j

* Makes sense physically, because each
variation is taken on the displacements
at time t+ At, with 'u; fixed.

X2

\tli\me 0 time té étime t+ At

X

variation

\—

\

We define

-1
0€jj = > (oUi,j, + oUj,i + OUki oUkj t+ olk,i éUk,')

Vv

1 LINEAR STRAIN INCREMENT
onij = D) oUk,i oUk,j

NONLINEAR STRAIN INCREMENT

Hence

0€j = o€ + omy, Oo€y = doey + domjj

/
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An interesting observation:

* We have identified above, from continuum
mechanics considerations, incremental strain

terms

o€ — linear in the displacement increments y,
oMy — nonlinear (second =order) in the
displacement increments u;

* In finite element analysis, the displacements
are interpolated in terms of nodal point
variables.

N[

* In isoparametric finite element
analysis of solids, the finite element
internal displacements depend linearly
on the nodal point displacements.

N
tui — k§1 hktuki

Hence, the exact linear strain increment
and nonlinear strain increment are
given by oei}and oM -

J L

Transparency
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» However, in the formulation of
degenerate isoparametric beam and
shell elements, the finite element
internal displacements are expressed
in terms of nodal point displacements
and rotations.

'y, = f (linear in nodal point
displacements but nonlinear in
nodal point rotations)

\_

N

* For isoparametric beam and shell
elements

— the exact linear strain increment is
given by ,e;, linear in the
incremental nodal point variables

— only an approximation to the
second-order nonlinear strain
increment is given by V25U, ; oUkj
second-order in the incremental
nodal point displacements and
rotations

_J
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The equation of the principle of virtual
work becomes

J;Vosij, 808i}0dV +J;V otSiJ', 80T]i}odV
= g — f 0Sj; doey °dV
oy

Given a variation du;, the right-hand-
side is known. The left-hand-side
contains unknown displacement
increments.

Important: So far, no approximations
have been made.

N

force

t+AtR_ ________ __/

'F

'u 4y displacement

All we have done so far is to write the

principle of virtual work in terms of 'u;
and u;.

J
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Transparency * The gqu_ation of the princip_le of virtual

419 work is in general a complicated
nonlinear function in the unknown
displacement increment.

+ We obtain an approximate equation
by neglecting all higher-order terms in
ui (so that only linear terms in u;
remain). This leads to

3K AU = "R — §F

The process of neglecting higher-order
terms is called linearization.

N

Transparency Now we b_egln to linearize t_he terms
4-20 that contain the unknown displacement
increments.

1) The term JOV 0S dom; °dV

is linear in u;:

* 0Sj; does not contain u;.

1
* SoMj = 7 oUk,i Dol + % OoUk,i oUk,j

is linear in u;.

VAN
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2) The term J; VoSi} d0€j°dV contains
linear and higher-order terms in u;:

* oSy is a nonlinear function (in
general) of o€;.

* 8o€; = do€y + domy Is a linear
function of ui.

We need to neglect all higher-order
terms in u;.

\

N[

Linearization of oSjjd0€ij:

Our objective is to express (by
approximation) oS as a linear
function of ui (noting that oSy equals
zero if u; equals zero).

We also recognize that do€j contains
only constant and linear terms in u;.
We will see that only the constant
term doej should be included.

Transparency
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Transparency
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(

oS can be written as a Taylor series in o€

d .
0Sj = oSy o€rs + higher-order terms
aO rs t\—'_/
linear and
known quadratic in u;
- eSy
= (Oers + 0'7]rs) = OCurs 0€rs
a08I'S t — ‘/|
linear quadratic linearized term
in y in u;

\

Transparency
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Example: A one-dimensional stress- strain law

oS!  ecomputed solution

AN




Topic Four 4-15

At time't,

slope is oC

0S

o€

\

N (

Hence we obtain

OSij, 80&} = OCiJ',rs 0€rs (806‘@ + SOT]i})
‘T S T

+
= oCi}rs 0€rs Boei} + OCij,rs 0€rs BOT]i}

does not linear in u;
contain u;
linear in u; quadratic in u;

= oCijrs 0€rs O0€ij

linearized result

Transparency
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Transparency
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4 )

Transparency The final linearized equation is
4-27

0 0
l J; voCij.-s 0€rs 8°ei} dVv + L V(}Si}, aoT]ij, dV'

d3U' oK AU

= t+Atgl —J; (;S% Soei} odV
A )

when

8UT (t+AtR _ (;F)/discretized
using the
finite element
method

N
AN

« An important point is that
Transparency
4-28

0 —
LVJS;} Boei} dVv = LV&SU,S(;Ei}OdV

the virtual work due to
because the element internal
stresses at time t

Soei} = 568@
» We interpret
tratgy — f &Si}soeifdv
Oy

as an “out-of-balance” virtual work term.
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Mathematical explanation that 8ce; = 3¢€j;

We had 8t+A(§8ij,= Soei}'l‘ ao‘T]ij,.

If ui =0, then the configuration at time
t+ At is identical to the configuration at
time t. Hence 8‘*%&}]“ = 30€j.

It follows that BOei} 0

8t+A(;8ij,

ui=0

B 80el}|ui=0 * 80T|I"ua=0 B 808’*

W4

U\

This result makes physical sense
because equilibrium was assumed to
be satisfied at time t. Hence we can
write

J;VoCi}rs 0Crs Soei; 0dV + J;Vési} So'f]ij, 0dV

— t+atgy _ tgp

Check: Suppose that '"4'% = 'R and
that the material is elastic. Then
A% must equal 'ui, hence
ui = 0. This is satisfied by the
above equation.

Transparency
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Transparency
4-31 We may rewrite the linearized governing
equation as follows:
L oCijrs Aoeld) doey, °dV + L 0S;; 8Aom§ °dV
A" Vv
= t+At% _J; t+A(§Si(j.0) 8t+A(;8i§,o) Odv
V\ -~ . = 7
tS St
004 o€jj
Transparency When the linearized governing equation

is discretized, we obtain
3& AQU) _ t+AtB _ t+A&E(0)
N’
oF
We then use

t+AtU(1) - t+AtU(O) + AU(1)

_/
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Having obtained an approximate
solution ***'U™", we can compute an
improved solution:

L OCiJ‘rs Aoeg) 8Oei}odv +J; (;SIJrSAOnler) OdV
v v
— 1+At9R _f t+A(;Si(}1) 8t+A(§8i(}1) OdV
Oy

which, when discretized, gives
(;K Ag(2) — t+AtB _ t+A(§E(1)

We then use
t+At—u(2) — t+AtQ(1) + AQ(2)

\

~

In general,

f oCys Boers’ Bogy °dV + f 68 dAom °dV
OV OV
— t+At% _j t+A(§Si(},k_1) 6t+A(;8i(}k71) odv
Ov

which, when discretized, gives

(;K Ag(k) — t+AtB _ t+A0tE(k~1)

[ )

N omeyied
from " *tuk
(fork=1,28, .) '

Kk
Note that ""2'U™ = U + 3 AUW.
p=1

~

Transparency
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Given 'U, ""*'R:

Compute ¢K, oF

|

1+ A(;E(O)

t+Atu(0) — tU

_t
_O__F_i
K =

1

E“E otK Ag(k) —

using "

Compute " GF®

t+AtU(k)

= trayyk=1) 4 Atk

t+AtB _ t+A(;E(k_1)

AtU(k)_

l
|CHECK FOR CONVERGENCE]

Equilibrium
not satisfied

Equilibrium
is satisfied
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