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UPDATED LAGRANGIAN
FORMULATION

Because ""4{S; and '"%i€; are energetically
conjugate,

the principle of virtual work
J t+AtTi} 8t+Atei}t+Ath — t+At%
t+AtV

can be written as

'[t t+A{Si}, 8t+A'{8i}th — H—Atgi
Vv

~

We already know the solution at time t
(iS, tuiy, etc.). Therefore we
decompose the unknown stresses and
strains as

A8 = 1S+ 1S = Ty + Sy

known unknown increments

—— ———

HA}&; = :E\K‘*' t€ip = 1€y

0
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In terms of displacements, using

t+A 1 [t+at t+At t+At . t+At
et §<+ Ui+ T G tuk,}.)

we find

1 1
€, = 5 (Ui + ) + 5 tUk,i Uk

linear in u; nonlinear in u;

(No initial displacement effect)

N

We define
_1 . .
€ = 5 (tUij + i)  linear strain increment
_ 1 . -
Mj = 5 tUki W nonlinear strain increment
Hence

t€j = € T mijj
8185} = Btei} + Smi}

ANG
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~

The equation of the principle of virtual
Transparency work becomes
5-5

f tSi} StSi} tdv +f tTij. Smi} tqv
ty tv
_ tratgy f T, 8, 'dV
tv

Given a variation du;, the right-hand-side
is known. The left-hand-side contains
unknown displacement increments.

Important: So far, no approximations
have been made.

('

\

Transparency Just as in the total Lagrangian formulation,

5-6

» The equation of the principle of virtual
work is in general a complicated
nonlinear function in the unknown
displacement increment.

* Therefore we linearize this equation
to obtain the approximate equation

KAU=""R-F

J
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We begin to linearize the terms
containing the unknown displacement
increments.

1) The termf"ri} Smi}‘dv
tv

is linear in u;.

- 'Ty does not contain ui.
1 1
« Oy = 5 tUki Ot} + 5 Otk tUkj

is linear in u;.

\

~

2)

The term [ 1S 8:€j'dV contains
v

linear and higher-order terms in u.

* +Sy is a nonlinear function (in general)

of tei}.

« &€= de + Oy is a linear function
of u.

We need to neglect all higher-order
terms in ui.
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tS; can be written as a Taylor series in (&

S = Sy t€rs + higher-order terms
¢ atefs t \*\
linear and
known quadratic in u;
. 0tSj .
- att_st (ters + t'ﬂrs) - tCij.rs t€rs
rs — haerout

t
linear quadratic linearized term
in Ui in Uj

~

\_

~

Hence we obtain

tSi} 0:€j = 1Gijrstrs (018 + Btnij,)
Y ¥

= tCij,rs t€rs Btei} + tCi}rs t€rs Bt”f]i}
N—g—

N
does not linear in u;
contain u;

linear in u; quadratic in u;

= tCi}rs t€rs Btei}

linearized resuit
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The final linearized equation is

J’ tCi}rs t€rs Ot} ‘dv +f tTi} oM 'dv
ty ty

— |
U K AU
— t+A'(g{ _j tTi} Bte.*td\V\
. 'v ,
T A when
dSU" ("R — IF)— discretized

using the
finite element
method

~

Y

~

An important point is that
J:vtTi} Btei} th

is the virtual work due to element
internal stresses at time t. We interpret

tratgy — L‘fr.} gy 'dV

as an “out-of-balance” virtual work term.

~\
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Solution using updated Lagrangian

Tran;pﬁ;rency formulation

Displacement iteration:

t+Atui(k) — t+Atui(k—1) + AUi(k), t+Atui(0) — ‘Ui

Modified Newton iteration:

J:V tCi)'rs Aters(k) Bteij, th +J:vtT'ljr8At1]§}k) tdv

— t+At9R _ t+AtT€j',(_1) 8!+Ate§,k_1) t+Ath
+aty(k=1)
k=1,2,..
Transparency
5-14 which, when discretized, gives
:_K Ag(k) = t+AtB _ {Iﬁ:E(k—ﬂ
S0
oomPuted
ffork = 1, 2,3, ..) from "4tufc

k
Note that 2™ ='u + 3 AUYP.
=

VAN
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Given 'U, ""*'R;

Compute K, {F
i

ngtE(O) _ §E’ t+AtQ(O) -ty

k=1

l k=k+1 l

{5 Ag(k) _ t+AtB _ {iﬁ}E(k—ﬂ
t+Aaty (k) _ t+At (k—1) (k)
Compute {TaF® = 2 + AU
using t+Aty_(k)
[CHECK FOR CONVERGENCE]
Equilibrium
Equilibrium is satisfied

not satisfied

~

N

Comparison of T.L. and U.L.

formulations

» In the T.L. formulation, all derivatives
are with respect to the initial coordi-
nates whereas in the U.L. formula-
tion, all derivatives are with respect
to the current coordinates.

+ In the U.L. formulation we work
with the actual physical stresses
(Cauchy stress).

AN
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The same assumptions are made in
the linearization and indeed the same
finite element stiffness and force vec-
tors are calculated (when certain
transformation rules are followed).
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