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5.1

Prob. 5.3.1 In cartesian coordinates (x,y)
E - -
=1a.>_-zg.] ey

Thus, the characteristic equation, Eq. 5.3.4, becomes

Ax “b (A +\°5Ae)

(2)

di 23 (At hAY)

The ratio of these expressions is

dx _ S—E(AvtL;AE)

- (4)

Ci%_ %ﬁz (l\v't \’i/\Ef)

which, multiplied out, becomes

%(AvtLCAE)AX+%<AVtLEA§)=O )

If Av and AE are independent of time, the quantity Av i»biAE is a perfect

differential. That is,

AVt \,; AE. = c,ons‘\n\a'\' (6)

is a solution to Eq. 5.3.4. Along these lines pi = constant.



5.2

Prob. 5.3.2 In axisymmetric cylindrical coordinates (r,z), Eq. (h) of Table 2.18.1

can be used to represent the solenoidal E and v.

§_17I§ ¢ Q_IJ\-E (1)

In terms of AE and Av’ Eq. 5.3.4 becomes

fif: = - ( *) j\ 3 ’ (2)
da _

di - Yo (Avth D) @

The ratio of these two expressions gives

dy = "%'i (Av : l’i As> ‘ (4)

a—
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and hence

%(Avt\:ﬁ.Aﬁ)AHQA_( b A ) )

Provided Av and AE are independent of time, this is a perfect differential.

Hence

Av '}'_ L; AE = Constaut (6)

represents the characteristic lines along which pi is a constant.



5.3

Prob. 5.4.1 Integration of the given electric field and flow velocity result in
AE=V(1/J and Av: -(QU/J“_()“/Q) - (x3/34)} . It follows from the result of
Prob. 5.3.1 that the characteristic lines are AV+bAE=constant, or the relation
given in the problem statement. The characteristic originating at x=0 reaches
the upper electrode at Y=Y, where Y, is obtained from the characteristics by
first evaluating the constant by setting x=0 and y=0 (constant = 0) and then

evaluating the characteristic at x=d and Y=Yq-

g.l:—%UJ/(\:V/A) (1)

Because the current density to the upper electrode is nqux and all characteristics

reaching the electrode to the right of y=y, carry a uniform charge density, nq,
the current per unit length is simply the product of the uniform current density
and the length (a—yl). This is the given result.

Prob. 5.4.2 From the given distributions of electric potential and velocity

potential, it follows that

— 21 2 - \ . -
E:_VR[-\-‘GCMQ%—-‘—FSMQCO] (2)
: 2
3 = AR oo d(e AR ] (3)
Bz UR[ (% -5)wmel, (G + 4 B)as6 4]
From the spherical coordinate relations, Egs. 5.3.8, it in turn is deduced that
2 ]
A = YR o 6 (4)
E ¥
z , ¢t .2 (3)
A - UR (__t.-_B_WG
v ) A Al

so the characteristic lines are (Eg. 5.3.13b)

v, 2 2,
= UR I_—B_) 2 bVR a6 _ s four
/\\,."’bAE _3—(“.‘ - AM.Q-!-_Y.T. = constaut (6)

Normalization makes it evident that the trajectories depend on only one parameter.

[(R) - % (1-2b)]ase - C

The critical points are determined by the requirement that both the r and ©

components of the force vanish.

B (B8 2B 8 =23 85 =2 atca B8 68288808 CC



5.4
Prob. 5.4.2(cont.) 3
(3
1A
baVR 6 . U(l “Ti)em® =0 (8)
Y A )
bYR LR (9)
an @ - OB (X __.__) C 0=
Y: T n + 2 vz A O =0
From the first expression, \/
3
2
either @ = 1'\/.2 or (%") = | - l) U (10)
while from the second expression, 3
either O T or (‘%} = "—L‘(\— ‘% (11)

For V>0 and positive particles, the root of Eg. 10b is not physical. The roots
of physical interest are given by Egs. 10a and 1lb. Because r/R P 1, the
singular line (point) is physical only if bV/RU » 3/2.

Because there is no normal fluid velocity on the sphere surface, the
characteristic lines have a direction there determined by E alone. Hence, the
sphere can only accept charge over some part of its southern hemisphere. Just
how much of this hemisphere is determined by the origins of the incident lines.
Do they originate at infinity where the charge density enters, or do they
come from some other part of the spherical surface? The critical point determines
the answer to this question.

Characteristic lines typical of having no critical point in the volume
and of having one are shown in the figure. For the lines on the right, bV/RU=1
so there is no critical point. For those on the left, bV/RU = 3 > 3/2.

If the critical point is outside the sphere (bV/RU % 3/2) then the "window"
having area Tl((é"\z through which particles enter and ultimately impact the sphere

is determined by the characteristic line passing through the critical point

Z
T
Thus, in Eq. 7, 2
2 4/ oLV % (13)
C =% (%5 )



Prob. 5.4.2(cont.)

5.5
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In the limit r—ee@ , g—w/z

\

| R

C — (L) acte = GV/R

so, for bV/RU » 3/2,

(= p Ul Y = 3

‘2“/”-’” " (22 D)
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5.6

Prob. 5.4.2(cont.)

For bV/RU € 3/2, the entire southern hemisphere collects, and the window for

collection is defined (not by the singular point, which no longer exists in

the volume) by the line passing through the equator, 8 = M/2 ’Y‘/ﬂ, =1
(%“‘/l—qz = 2BV /Ry (16)

Thus, in this range the current is

¢ = 2bY T p:'/oU' (a7
RU

In terms of normalized variables, the current therefore has the voltage dependence

summarized in the figure.
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5.7

Prob. 5.4.3 (a) The critical points form lines in three dimensions.

They occur where the net force is zero. Thus, they occur where the 8
component balances
v(i+% )me =0 > 6=0 orT
and where the r component is zero
_U(]—-—>m9 *'\DVY‘,Q“(_S)
Because the first of these fixes the angle, the second can be evaluated

to give the radius

2 N \:\/ ' —
£-= :)\_/me *\/(—¥-) + | > .\_/ Q-UL(%)>M9”t1

Note that this critical point exists if charge and conductor have the same

polarity (\_/_)0) at @ =0 and if (_\[ (O) at @=T

(b) It follows from the given field and flow that

:VG ‘ = - Y‘-&-Z- '
AE m 5 Av U< Y)A“"‘e

and hence the characteristic lines are

: . LV — ns+.
Av*'t’/‘\r-.:‘U(V"%—)’“”Me+,¢.(ﬂo/a)- e

These are sketched for the two cases in the figure.

(c) There are two ways to compute the current to the conductor when the
voltage is negative. First, the entire surface of the conductor collects
with a current density —/GLEY- that is uniform over its surface. Hence,
because the charge density is uniform along a characteristic line, and
all striking the conductor surface carry this density,

¢=(amaw)obE, = anaw{obi V/aba(Roay] 4 V<O

and 1 1is zero for V> 0. Second, the window at infinity, y¥*, can be

found by evaluating (const.) for the line passing through the critical point.

This must be the same constant as found for r—o® to the right.

const = - U‘aar = bv'“'/,ﬁn (Ro/a)

It follows that i =(:|6”w)/av’ » which is the same current as given above.

B 5 B8 2 =2 8 = 2B B 2 858 B8 /| B8 2 =2 =2 = =
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CRITICAL POINT

-

Positive Particle Trajectories for a Positive Conductor in
the Stationary Flow Case (Repelled Particles)

"TRAJECTORIES

Negative Particle Trajectories for a Positive Conductor
in the Stationary Flow Case (Attracted Particles)

5.8
Prob. 5.4.3 (cont.)
TRAJECTORIES
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5.9

Prob. 5.4.4 In terms of the stream function from Table 2.18.1, the

velocity is represented by 2Cxy. The volume rate of flow is equal to ﬂ
times the difference between the stream function evaluated on the
electrodes to left and right, so it follows that —ACa2£ = Qv' Thus,

the desired stream function is

_ Q
aa’d ,
The electric potential is Eh = Voxy/a . Thus, E = -Vo(yix+xiy)/a2 and

A

x(& (1

it follows that the electric stream function is
- 2 z z

Ae_"‘vo(x “%)/aa (2)
(b) The critical lines (points) are given by

- — QV - = \>v - -

B4+bE =~ (%, —y ) -2 (4 sx ()= (3)

2034 =~ 9 4 o2 (Lé x y o

Thus, elimination between these two equations gives

Q.

X (4)
.4 =4
43*(bV,)
so that the only lines are at the origin where both the velocity and the
electric field vanish.
(c) Force lines follow from the stream functions as
20X 203
The line entering at the right edge of the throat is given by
- @ 2 .2 2 4 4
5 %y + Vo (x -g)z-%m + BYo (ctoat) (®)
C

and it reaches the plane x=0 at

'y 'moc"“(C -~ ) @)

Clearly, force lines do not terminate on the left side of the collection

electrode, so the desired current is given by

bE, (0,y)d 2pbVe (8)
S.X/o ( 'Y) 4= ‘#%ZFT %
where Yy is equal to a wunless the line from (c,a /c) strikes to the left

of a, in which case Y1 follows from evaluation of Eq. 7, provided that it



5.10
Prob. 5.4.4(cont.)

is positive. For still larger values of bVo, i=0.
Thus, at low voltage, where the full width is collecting, 1 =‘ﬂpbvo/2.
This current gives way to a new relation as the force line from the

right edge of the throat just reaches (0,a).

<
bY, = Qua e (9)
(c* +cta® - at)

L= ,Qg)ov, 1 ._Q_V_ QZ_ (c‘_ o,*)]___f@, _j 2\3\/‘, (C‘- aq) (10)

aat ,f‘:\L c® ) L0t

Thus, as bV0 is raised, the current diminishes until y1=0, which occurs

at

/a Gvalcz
1p (5= o)

For greater values of bVo, i=0.

¢

bV, =

(11)

|
|
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5.11

Prob. 5.5.1 With both positive and negative ions, the charging current is,
in general, the sum of the respective positive and negative ion currents.
These two contributions act against each other, and final particle charges

+ . :
other than zero and -q, result. These final charges are those at which the

two contributions are equal. The diagram is divided into 12 charging regimes

by the coordinate axes q and E0 and the four lines

E.= Vo /b, (1)

(2)
° =-Uc/l>-
2
-+ (3)
In each regime, the charging rate is given by the sum of the four possible

current components

"‘" +3‘I+ (l 4-'?\)

(4)
(.+ - 2 ‘I!\ (5)
e =
where 'I*=“p\ L‘ g‘nx the unipolar cases.

In regimes (a), (b), (c) and (d), only t'; is acting, driving the particle

+
charge down to the -q, lines. Similarly, in regimes (m), (n), (o) and (p),
only L'.,_ is charging the particle, driving q up to the lower i-qc lines.

+ .
In regimes (e), (i), (h) and (1), the current is ¢" +¢, 3 the

equilibrium charge, defined by
+ -
‘.l (9:) + ‘u (31) =0 (6)

Y,
li*‘ + | ‘:*‘ )2 2
3 =13l T - II |t 1
F . (‘I* 1)7'
where the upper sign "holds for[I*\)El wh

is

(7

ile the lower one holds for

"I'+| {JX) . In other words, the root of the quadratic which gives |?.| <l }g\

is taken. Note that ?l depends linearly on ‘Eo\ y the sign of 'is that

of \I*\"\I_‘. This is seen clearly in the limit ‘I_‘_\-vo or |I,\—wo



5.12

Prob. 5.5.1 (cont.)

In regime (j), ét is the only current; in regime (g), C: is the only
contribution. In both cases, the particle charge is brought to zero and
respectively into regime (f) (where the current is f:.+ i:. ) or into
regime (k) (where the current is f:.+ 5: ). The final charge in these

regimes is ;z’ given by

(8)

0; |t
t2 (?:.)"‘ ¢, (71)": o
which can be used to find q,.

1T | EATEER G
}zz-;.\w (|+2E;\)-[(|+2|—I:;)-1] (9)

Here, the upper and lower signs apply to regimes (k) and (f) respectively.

Note that qz depends linearly on Eo and hence passes straight through the origin.
In summary, as a function of time the particle charge, q, goes to 9,

for E <-U°/L- or E,)U,/B+ and goes to q, for - (/,/ b. < B, Uo/!:,., .

In the diagram, a shift from the vertical at a regime boundary denotes a

change in the functional form of the charging current. Of course, the

current itself is continuous there.
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5.14

Prob. 5.5.2 (a) In view of Eq. (k) of Table 2.18.1

_1 DA, R
%= Fome s.ne So -U (1 “'?5) ces® W
2
W= = D'A“’:.U(l-'- )s-ne @
\'sih® oFr
and it follows by integration that

3
A =-U(x*-Bysue (3

v 2 A g

Thus, because ‘AE remains Eq. 5.5 .4, it follows that the characteristic

lines, Eq. 5.3.13b, take the normalized form
L2 2\ 2, —
--'z Yz——lf>5-h 6+E (—\';- +ia‘f ) sin e B?Cos O = const. (4)

where as in the text, "?c_;_\ZWGoRzE, and E:r/R,EELtE /U and 3:\5 ‘}/ﬁc

Note that g /t:?C is independent of E and, provided U > 0, is
always positive. Without restricting the analysis, U can be taken as
positive. Then, E can be taken as a normalized imposed field and 3_ (which
is actually independent of B because E/:‘ is independent of £ ) can be taken
as a normalized charge on the drop.

(b) Critical points occur where
>t )’-_&_ B =0 (5)

The components of this equation, evaluated using Eq. 5.5.3 for E and

Eqs. 1 and 2 for ‘T} , are

_(| -—%,)CoSéiE(—% +I>C°5 e T ii- =0

A% (6)

)

|+ SR )e6tE ([-)sine=0
( 2‘\3
One set of solutions to these simultaneous equations for (r, § ) follows

by recognizing that Eq. 7 is satisfied if
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Prob. 5.5.2 (cont.)
. 0\ =+ 1=R
sin@=0= 9-‘:(.“- #COSQ--}.: (8)
Then, Eq. (6) becomes an expression for r.
& {- (e3-D2E (240971 3gr=o 9

This cubic expression for r has up to three roots that are of interest.
These roots must be real and greater than unity to be of. physical interest.
Rather than attempting to deal directly with the cubic, Eq. 9 is solved

for the normalized charge, q,
%z;g-[(tl-s)f‘-—l.—(tHzE)] (10

The objective is to determine the charging current (and hence current of
mass) to the drop when it has some location in the charge-imposed field
plane (g, E), Sketches of the right-hand side of Eq. 10 as a function of
r, fall in three categories, associated with the three regimes of this
plane g(-l&- ,‘{(E <4,4 (€ as shown in Fig. P5.5.2a.

The sketches make it possible to establish the number of critical

points and their relative positions. Note that the extremum of the curves

%
o = l+2E]s>j_ ;g”E
m= L2Ce-nd < E<-1

For example, in the range |<E this root is greater than unity and it is

comes at

(1D

clear that on the @=0 axis

- 7_* < <=?~ => ho roets ‘,-E<'j. <-5;’=} 2%oots C.)_ {-E> Lt (1)

where A A
i
” L (1x2E)J2(E-N]" 3 4 <CE
C% = 24 % 1 (13)
+(-2e-NJ20-8)]"; B
2 9
With the aid of these sketches, similar reasoning discloses critical points on the

z axis, as shown in Fig. P5.5.2b. Note that %_'-'- E > }=;g~


http:P5.5.2a
http:P5.5.2b

E¢-z—

Posi-\-we l:°h$,9='0
(vepsr signs , B =4)

34

XY/
[ 2 (E")] '

posidiva lons,H=T
(vppor signs B =14)

Fig. P5.5.2a
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positive ions.
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Fig. P5.5.2b Regimes of charging and critical points for
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5.18

Prob. 5.5.2 (cont.)

Any possible off-axis roots of Eqs. 6 and 7 are found by first considering

solutions to Eq. 7 for sin® # O . Solution for r then gives

Y
€ = Qll_tE_Y (14)
(ET1)%
This expression is then substituted into Eq. 6, which can then be solved
for cos@ A(_‘
Cos 6 = - }— as

|
¥ l
|

A sketch if Eq. 14 as a function of E

shows that the only possible roots that
are greater than unity are in the regimes \

where | { € . Further, for there to be —-;:_\

|
|
1
I
|
a solution to Eq. 15, it is clear that |
|
|
|
I
|

,}‘ < | ?*‘ . This means that off-

axis critical points are limited to

regime h in Fig. 5.5.2b.

Consider how the critical points evolve for the regimes where 1< _E_

as 3 is lowered from a large positive value. First, there is an on-axis
critical point in regime c. As 1 is lowered, this point approaches the
drop from above. As regime g is entered, a second critical point comes
out of the north pole of th_e drop. As regime h is reached, these points
coalesce and split to form a ring in the northern hemisphere. As the
charge passes to negative values, this ring moves into the southern
hemisphere, where as regime i is reached, the ring collapses into a
point, which then splits into two points. As regime 1 is entered,

one of these passes into the south pole while the other moves downward.



5.19

Prob. 5.5.2 (cont.) '

There are two further clues to the ion trajectories. The part of the
particle surface that can possibly accept ions is as in the case considered
in the text, and indicated by shading in Fig. 5.5.2b. Over these parts of
the surface, there is an inward directed electric field. 1In addition, if
] € gé , ions must enter the neighborhood of the drop from above, while
if B <4 they enter from below.

Finally, the stage is set to sketch the ion trajectories and determine
the charging currents. With the singularities already sketched, and with
the direction of entry of the characteristic lines from infinity and from
the surface of the drop determined, the lines shown in Fig. 5.5.2b follow.

In regions (a), (b) and (c), where there are no lines that reach the
drop from the appropriate "infinity", the charging current is zero.

In regions (d) and (e) there are no critical points in the region of
interest. The line of demarcation between ions collected by the drop as
they come from below and those that pass by is the line reaching the drop
where the radial field switches from "out" to "in". Thus, the constant in
Eq. 4 is determined by evaluating the expression where €= and
Ces O ‘-‘"?'./‘fc =-3/E and hence sin O = l-cos’@ = ‘_(i/§§ . Thus,

the constant is

3gL
coust. = %g (.\ + —E—:"> (16)

Now, following this line to 2-»0 , where cos®-+] and {‘s:hg-»a* gives

2

o= L /08 )

Thus, the total current being collected is

+

oF = 1"8*70%- (U-LE) = -3 T\’RZL\E\/%— <\ - %:\5. (18)
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5.20

Prob. 5.5.2 {(cont.)

The last form is written by recognizing that in this régime E {0, and
hence g‘ is negative. Note that the charging rate approaches zero as the
charge approaches | 3“ .

In regime f, the trajectories starting at the lower singularity end
at the upper singularity, and hence effectively isolate the drop from
trajectories beginning where there is a source of ions. To see this
note that the constant for these trajectories, set by evaluating Eq. 4

where sih®=0 and ¢o°$ =4 is const. = -3q. So, these lines are
rAN| .2 yas 1 et kA -
...lz(‘f --i_-)s.ne-\-c(r-;.z'&‘)sm 9-3%(.039- 3% (19)

Under what conditions do these lines reach the drop surface? To see,
evaluate this expression at the particle surface and obtain an expression

for the angle at which the trajectory meets the particle surface.

3E 2O = -
__Z,sme -3‘?@:056 \) (20)

Graphical solution of this expression shows that there are no solutions
if E)o and :6->O . Thus, in regime f, the drop surface does not collect
ions.

In regime i, the collection is determined by first evaluating the
constant in Eq. 4 for the line passing through the critical point at @=Tf.

It follows that const. = 2 1 and that

2 / bE
g = 123 o= 5 (%) & 2
- l"_E_ (l - é_E_) ?L
Thus, the current is v
ot 2
¢, = wyt (U -) E)p+ =-12TR 4 ME\%:I (22)

Note that this is also the current in regimes k, 1 and m.

In regime g, the drop surface is shielded from trajectories coming
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Prob. 5.5.2 (cont.)

from above. In regime h the critical trajectories pass through the critical
points represented by Eqs. 14 and 15. Evaluation of the constant in Eq. 4
then gives 2

"
counst. = E"Z- (%}—%: (| 4+ ‘3‘;1) : (23)

and it follows that

ey (3 )[3%+%§?<.+;§g]

% { <

Thus, the current is evaluated as

c':z 2R \E i— 3 + 2 %ZU ,J] (25)

Note that at the boundary between regimes g and h, where ?:'?*, this

L

expression goes to zero, as it should to match the null current for
regime g.

As the charge approaches the boundary between regimes h and J,?ﬁ-$
and the current becomes L —’ 2T l:‘: ?”/‘} This suggests that the
current of regime m extends into regime j. That this is the case can be
seen by considering that the same critical trajectory determines the
current in these latter regimes.

To determine the collection la&s for the negative ions, the arguments

parallel those given, with the lower signs used in going beyond Eq. 10.

‘ --_--”-----~
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Prob. 5.6.1 A statement that the initial total charge is equal to

that at a later time is made by multiplying the initial volume by the
initial charge density and setting it equal to the charge density at time
t multiplied by the volume at that time. Here, the fact that the cloud

remains uniform in its charge density is exploited.

g, 3
%.W(R:‘—Rf)/auz%'ﬂﬂz \+1341‘;R“: &) —(E“—ﬂ%e
3
+(%)- i -2
’ Te
= 4wl [1-(E]1+ 2] L
Te
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Prob. 5.6.2 a) From Sec. 5.6, the rate of change of charge density for an
observer moving along the characteristic line

%:D-\-Lé (1)

is given by

de - ‘/i’-t-\-> (2)

d¥ €

Thus, along these characteristics,

= _Z"__ ' = £ (3)
C= Teem T b

where throughout this discussion the charge density is presumed positive.
The charge density at any given time depends only on the original density (where
the characteristic originated) and the elapsed time. So, at any time, points
from characteristic lines originating where the charge is uniform have the same
charge density. Therefore, the charge-density in the cloud is uniform.
b) The integral form of Gauss' law requires that

ieé-ﬁ&a: ffAV (4)
and because the charge density is uniform in the layer, this becomes

Ec-Ey= Lo L (‘ )(z -2y) (5)
The characteristic lines for partlcles at the front and back of the layer are

represented by

des _ E. ' 9% _ (/+bE,
:{T_U"’é g b g-;- (6)

These expressions combine with Eq. 5 to show that

d
——— 2.-%2,) = L - (7)
( -5) = |+UY<2¥ ZL)
Integratlon glves
26 (-2
f §Gea) | [d(¢rr) o
2e-2q (25 -2) | ¢ ¢/
and hence it follows that o
2 -2y = (l-l-i/‘r)(zp_zs) (9)

OF o8 S0 G5 E Owm o M M B b T em Ny 9 R SN ==
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Prob. 5.6.2(cont.)
Given the uniform charge distribution in the layer, it follows from Gauss'

law that the distribution of electric field intensity is

2-%
E= Eb +(Eg Eb)l ] ab< < 2“ (10)
R <z <4
B A
From this it follows that the voltage, V, is related to E and E. by

) £ b
V= gE&i =t zb*'Eb(z;'iL)*‘(E - )(; +E (1- i‘_) (11)

.From Egs. 5 and 9, ; b .
E_;-E\, 2-%.(2‘:‘23) (12)

Substitution for Eb and zf-z as determined by these relations into Eg. 11

b i

then gives an expression that can be solved for Ef.

By = }/_ - ?‘g' (—Z—"—(%F-zg)"(n %)-;-}ﬁe‘! (2, 2oz, (14)

d) In view of Eq. 6a, this expression makes it possible to write

-2 LV _ | v . L
- <EF3 s)%z {U +T " 5% (?.-1:-%3\] 2“_( - )'T (15)

Solutions to this differential equation take the form
-2
e(iﬁ—@% +RBt + C (16)
The coefficients of the particular solution, B and C, are found by substituting
Eq. 16 into Eg. 15 to obtain

B = ZE-TB (17)
T

I 2
C BII-K %F-ZE]X , K= U+ J—I'T-(zl:—za) (18)

The coefficient of the homogeneous solution follows from the initial condition

that when t=0, zf=zF.

aT
A= =- ('"KZF-i )-’%— (19)
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Prob. 5.6.2(cont.)

The position of the back edge of the charge layer follows from this

expression and Eq. 9.

T =2 - (2 ~25)( 1 + t/7) (20)

Normalization of these last two expressions in accordance with

t =t/ N = ’t’b\//,?z’ v =u/CLv/R) (21)
(g‘ﬁ )?:-F y 2, -%—B) = (EF)%F;%\: ,13)/,9

results in

v (2p -7 l} (Zg-2g)t
g =)z -1y U + |- (2 -2g)
§ % F o2 ZF‘23[ ay ] ¢ ) 22
V (20-23)
L (e LoV fy4)-(2ets)
+ Z (2;: %1;)1Z-F i = EF'in U+ Q'V ]l
and

The evolution of the charge layer is illustrated in the figure.

' “’- 2~ =0.5
‘ M * t_}- —Olg
2 S ' .

A . .07 Yy =025
oAf e
a.z-' '.. N . . ‘. . . . . " I-
-, g |

0 b | i |

0 0.2 0.4 gt/ 4

- - “‘ - ~ _ ~ - - v- »-‘ -
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Prob. 5.7.1 The characteristic equations are Eqs. 5.6.2 and 5.6.3, written

as

do - - o'b \
%= »

dz _ (+LE 2)
di

It follows from Eq. 1 that

A / l .

£
b
Charge conservation requires that
T=p(bE+U)=L )

where i/A is a constant. This is used to evaluate the right hand side of

(3)

Eq. 2, which then becomes

= (5)

where Eq. 3 has been used Integration then gives

Sia:fc‘r (”-r) (t)_ V' ___)_|] ©

Finally, substitution into Eq. 3 gives the desired dependence on z.
1

2 =1+ (%)('f‘;;ﬂ- z ©
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Prob. 5.9.1 For uniform distributions, Eqs. 9 and 10 become

? (2)
=RAn - ‘1{'ﬂff

- —ﬂl’l + dﬂ+'ﬂ.
dt ) T
Subtraction of Eqs. 1 and 2 shows that
d _ (4)
&) =0
and given the initial conditions it follows that

/’-l- :(0. (5)

Note that there being no net charge is consistent with E=0 in Gauss' law.

e

b
—‘—

(3)

g

(b) Multiplication of Eq. 3 by q and addition to Eq. 1, incorporating

Eq. 5, then gives

S(Arym=o ©

The constant of integration follows from the initial conditioms.

Prryn = 3n, ¢

Introduced into Eq. 3, this expression results in the desired equation for

n(t). dh } 2
Sh = -Bh +a(h,-h '- 8
dt % ( ° ) ®

Introduced into Eq. 1 it gives an expression for fi(t)'

d 2, 2
Eé':—%ﬁ‘-%{ﬂ r@n, (9)

(c) The stationary state follows from Eq. 8 .

- A3 Y (10)
n=(h + -—) \(h + BN
° gd? J( o+ Qdf’ -]

(d) The first terms on the right in Eqs. 8 and 9 dominate at early times

making it clear that the characteristic time for the transients is "f;h‘-‘?./ﬂ.
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Prob. 5.10.1 With /-}(X,.?.MO) defined as the charge distribution when t=0,

the general solution is

-t/
P = (e (xe 2,0) € . Tz €/T (1)
on the 1lines
X=Xo X
Thus, for 20(0'/)5‘:0 and /0\;:0 on :
I
-a-0UX (3) |
'20—2 Tt<o |
, l
while for 2 Yo, :/) and =/, ,qxpft/T) on |
220 ferlorrd 2 p .
- I
20-.2 g—d&i >O (4) _,L _________________
This solution is shown X /% .
. . . ,{?&(x.z,o)
pictorially in the figure.
T g, .
yd ;
|
]
-
-t 2
x cfet
] e
L
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Prob. 5.10.2 With the understanding that time is measured along a characteristic

line, the charge density is - (t-t;)/ﬂr
/O=/4<t=tg)a'=°)e N T=€/G" (1)
where ta is the time when the characteristic passed through the plane z=0, as

shown in the figure. The solution to the characteristic equations is

R = constant (2{
-E:-ga-)—‘-(t’ta.) (3)

Thus, substitution for t —ta in Eq. 1 gives the charge density as
-2
fs € YoxTrd)  loc¢z ¢ uxt/d

=9 s Uxt/d <2

The time varying boundary condition at 2=0, the characteristic lines and the

(4)

charge distribution are illustrated in the figure. Note that once the wave-front

has passed, the charge density remains constant in time.

px - a/(ya."_f)
/o::/%;e

3

o ol PR
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Prob. 5.10.3 With it understood that

%: S&AV

v
the integral form of Gauss' law is

§€§‘F\ cLo;:“T
S
and conservation of charge in integral form is

io'"ﬁ-ﬁc&o.a- Af‘t =0

Because € and @ are uniform over the enclosing surface, S, these

combine to eliminate E and require

d — C T = e/a
ﬁ*l-o ,

ITJ

Thus, the charge decays with the relaxation time.

(1)

(2)

(3)

(4)
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Prob. 5.12.1 (a) Basic laws are
VxE=0o 3> T=-vd (1)
‘7‘E:€§ =:/4& (2)
v 3+ 2% -0 3
¢ dt

The first and second are substituted into the last with the conduction current

as given to obtain an expression for the potential

bé o2 528, > (;‘é Ve Ve 0
"3 sy TR xS T IR

With the substitution of the complex amplltude form, this requires of the

potential that
2 3 LA
c\§ \(@_:O (5)

A R

where

"= R, (0 4301 B (430 0] /(0; + jese)

Although ¥ is now complex, solution of Eq. 5 is the same as in Sec. 2.16,

except that the time dependance has been assumed.

A Ad&i‘__. 8% o A X (x-a) (6)
PYSI @'

from which it follows that
A

AQ3
du=-Goe roys] ﬁ;‘: _ % c‘:ﬁ?;a)]

Evaluation at the (d,ﬁ) surfaces, where x = & and x = O , respectively,

(7

then gives the required transfer relations

- Ad I
<] - kYo Tove |[§

- (,Bc_..‘) € -\-0;)‘6 @

). ~1 Ag
] v u—fjm.FJ
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Prob. 5.12.1(cont.)

(b) 1In this limit, the medium might be composed of finely dispersed wires
extending in the x direction and insulated from each other, as shown in

i X
the figure. With 0"3 and G;-» o, ol §

ol el et e e e e
X?f—.-.éwe?:/(q+éwe)->gufgz/0}

(a)
&S W—>»0,

That this factor is complex means that

s b o e -A—---Jhk -l antes wd e —d e
2

the entries in Eq. 8 are complex. Thus, V<] conducting
ol sheats x|§
there is a phase shift (in space and/or ————— T — ; --------
in time depending on the nature of the
‘ (b)
excitations) of the potential in the bulk
relative to that on the boundaries. The —— e - — — z ________

amplitude of X gives an indication of the extent to which the potential
penetrates into the volume. As w-o,X-vo » which points to an "infinite"
penetration at zero frequency. That is, regardless of the spatial distribu-~
tion of the potential at one surface, at zero frequency it will be reproduced
at the other surface regardless of wavelength in the directions y and z.

Regardless of k, the transfer relations reduce to
Ad Ad

9,‘ -1 )

. O (9)

*A A AB

x -1 ‘ 1 @
The "wires" carry the potential in the x direction without loss of spatial
resolution.
(c) With no conduction in the x direction but finely dispersed conducting

2 2

sheets in y-z planes, ¥ "'?L (|+°;/a'0 G) . Thus, the fields do not penetrate
in the x direction at all in the limit &@-»0 . In the absence of time vary-

ing excitations, the y-z planes relax to become equipotentials and effectively

shield the surface potentials from the material volume.
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Prob. 5.13.1 a) Boundary conditions are

2a A
g =V (1)

A b Ae Il
§ = i (2) :‘
\

Charge conservation for the sheet requires that

h/
4

~
-
-

al'

o
L4

\
\

% S6(% e+ (3 + 2.35)(0F -07)=0

-
N —

where A . a \\\‘ | ,/’,
Ee - aw\ ________
In terms of complex amplitudes,
2
C:wm b Al A _
s . & +:a(w-"“-“-)(9.- -D.)=0 (3)
R‘l
Finally, there is the boundary condition
2d
® =o (%)

Transfer relations for the two regions follow from Table 2.16.2. They are written

with Eqs. 1,2,and 4 taken into account.

N £ (Ra) 9 (a,R) ] PV;
L“. =€°_3m(n.c~) $u(a,R) | Li‘: (5)
R ESCUR ECD) Y .
‘Sfj o_%m(L,R) fu (b)) | ©]

Substitution of Eqs. 5b and 6a into Eq. 3 gives

S
ogm Eb

"o ¢ + %(“’ -'m.n.) e,{gm(n,a)\?,+§¥[ {N(Q'R)-;h(b,m]} =0 (7)

or sb - sef/,gm(n,a.)R
®= — (8)
m° o+ 4 Sp[ £ (a,R) -5, (b, R)]R

vhere S = e‘,o(w-w\.ﬁ-)R/G}.
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Prob. 5.13.1 {cont.)

b) The torque is
Ab*

= (awn l) L Re D | (9)

Because Eo"émilﬂ and because of Eq. 5b, this expression becomes

WP\X,G{ 15 4 (R, 0-)V§_‘_a_"j_)§_ ] (10)

Substitution from Eq. 8 then gives the desired expression

&4 € Vo) 3in (R,0) Se
f“q’ r S, 4. (a,R)-§_ (bR ™

Prob. 5.13.2 With the (§¢)coordinates defined T

l}-—.

2 = (11)

as shown, the potential is the function of &
shown to the right. This function is

represented by

gral) Vo o y3

4n@ ,1 Y athe

The multiplication of both sides by €

and integration over one period then gives A ‘/t
3T R, ¢
é ‘h6
2

<<}”F4

[N
Y,e de (2)
ud

A ‘n ,
;‘t\ﬂnzz ° 63 dé - 5

~id

which gives (n —» m)
A .
= 2V, ain (55 ©)
m T‘ m

Looking ahead, the current to the upper center electrode is
) mb 400 A b
Py A 00 A ) j{l O
EPOLERNN = .0 e gy (M
(=334 E,(D‘)me df = 20wy e sin (2X) @

It then follows from Eqs 6b and 8 that
2 - AWV, Z-g Sin (m“) %m(b R) Sem V 9 (R,2)
N w4 3 SeJE@R)-S (bRIR

(5)

o,

m S -0

where G = (w-w Q)RG,/O; .
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Prob. 5.13.2 {(cont.)

If the series is truncated at m='!j, this expression becomes one
analogous to the one in the text.

= g4 owee a,(b R)q,(},a) Sa
w { i +55¢|IS,(Q,M—§.(|:,@]R )

i
i
i
]
or L
1
|
!
!

|+ 3 S GRS RIA
Hi =4 ow eVl g, (bR)9.( R.a)( 32.5" 0-)

@)]

Vi Sl em-f Rl /Y] + SRR el

Prob. 5.14.1 Bulk relations for the two regions, with surfaces designated

as in the figure, are

AQ

fLRa) 3.]E

= (1)
ab

B |are) Sfapl|d

b g

1(t-ﬂf me)'

and

AC 'L
O, =¢5.(o,R) & (2)

Integration of the Maxwell stress
over a surface enclosing the rotor

amounts to a multiplication of the

}‘

average traction in the 6 direction by

the surface area, and then to obtain a torque, by the lever arm, R.
A oA
LB b
“'@xl.ﬁrl RE D]

~b
Because E = +&_h_e§ . introduction of Eg. lb into Egq. 3 makes it possible to write

A A

[-N
this torque in terms of the driving potential @ = V° and the potential ‘

on the surface of the rotor.
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Prob. 5.14.1(cont.)

A' Ab
) (4)

2 -w{V
T, = TREEQ, (R (35, &
There are two boundary conditions at the surface of the rotor. The potential

must be continuous, so
A b

® = &c (5)
and charge must be conserved.
. b A Ab [ A
3(@-&1\;\«)(6* —D:'\)+(9'&.D, —Z*:.D:)zo (6)
6'“ eb Aa A

Substitution of Egs. 1lb and 2, again using the boundary condition §l = V; and

Eqg. 5, then gives an expression that can be solved for the rotor surface potential.
A b A .
@ et -Vo gm(ﬁ'&>1€“é(w_ﬂw)+q-“] (7
TS @ R) =01 (0,8) + (- )&, § (0,0~ €5 (0. R))

Substitution of Eq. 7 intolEq. 4 shows that the torque is

=T R G €. 3w (ﬂ,%)a&‘.e“ (w ‘D.M) -'aoll\qo\l | (8)
Rlozigm(o‘)“)-o-;&u(olﬂ)] L\ + 3 Se]

where S - (0 -w) (€, S () - 6,4 (0,R))
e =

O‘;. %M(QIR)- o-b 'cua(O)R7
Rationalization of Eg. 8 show that the real part is

4= - TRV (6 oy - e R (0,8 Se
| ffe,m)-gf o)][ef@Rr) -6 S (om] |+ S

Note that fm(O,R) is negative, so this expression takes the same form as

Eq. 5.14.11.
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Prob. 5.14.2 (a) Boundary conditions at the rotor surface require

continuity of potential and comservation of charge.

12l=0

a
Elffi II.EEEE = Elgé
2t 36 3%

b

where Gauss' law gives G'i = G“E: -€.E,

(1)

(2)

Potentials in the fluid and within the rotor are respectively

® =E@)rcose + P@) Ses @ +T%(t)m—;9 eSSk (3

B = Q(t)rces 0 + Q@) ¥ a0

(4)

These are substituted into Eqs. 1 and 2, which are factored according to

whether terms have a sin 8 or cos 0 dependence. Thus, each

expression

gives rise to two equations in P, Py’ Qx and Qy' Elimination of Qx

and Qy reduces the four expressions to two.

(€&+ eb) éd—%. + ( €a*€b)npg 4 G'p* = -Bz(gg‘ea)é‘% +0—¥:E (5)

(GJGB)%\E—ZA ~(er& 0B -(c - Qb +aR =0

(6)

To write the mechanical equation of motion, the electric torque per unit

length is computed.

amw a N
e, ¢ 3%
T = b goz 28 28, do

Substitution from Eq. 3 and integration gives

T = aec_wrapb

Thus, the torque equation is
I i\f} +yRBA=-32&nER,

The first of the given equations of motion is obtained from

(7)

(8)

(9

this one by using

the normalization that is also given. The second and third relations follow

by similarly normalizing Eqs. 5 and 6.

" /| H : - -
4 Y . ‘ ‘ ‘ ‘ ‘ ‘ ~ _ - - - -[
[n d i
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Prob. 5.14.2(cont.)

(b) Steady rotation with E=1 reduces the equations of motion to

0= D': (10)

2
D‘P‘Q*R = \'\e_ (11)
—D.px-\-p.a ‘—‘4\-\2_&1 (12)

Elimination among these for .(3. results in the expression

Ho(+5)a=0«00 W)

One solution to this expression is the static equilibrium n-; o.

Another is possible if Hi exceeds the critical value
2
2
Ho= ' /Gep) 2 S & (10
7
in which case ) is given by

QO = Q(n;)ne"-\‘ (15)

Prob. 5.15.1 From Eq. 8 of the solution to Prob. 5.13.8, the temporal modes

are found by setting the denominator equal to zero. Thus,

2
T .
m -\‘}(w—mn)fs__ﬁ [-‘rm(ﬁ,ﬂ) - -gm (*,}ph]:. (o] (1)
S
Solution for @ then gives
. 03

_ _49%%
ER'mM§ (a,R)-%,(b,R)]

where s.m(qﬂ)Oand S..(B,R)(O so that the imaginary part of &2 represents

w= mi. + (2)

decay.

Prob. 5.15.2 The temporal modes follow from the equation obtained by setting

the denominator of Eq. 7 from the solution to Prob. 5.14.1 equal to zero.
- . - (1)
G;*m(u'ﬂ) q-b*m(oza)*a(d -QM)IGA":M(Q,“) - eb{.‘ (O, R)} =0
Solved for W, this gives the desired eigenfrequencies.

Tadw(aR) - oy f., (0, 1) @

e“*m(qan)- eb '¥M (0, R)
Note that -S-M(&,V\))O while -?(oﬁg)(() » so the frequencies represent decay.
=

W= m 4,
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Prob. 5.15.3 The conservation of charge boundary condition takes
the form
%K +2%=o0 &

ot

where the surface current density is

R=Za(0;E;)+ a,(O;E¢+G'F()_RM9) (2)

Using Eq. (2) to evaluate Eq. (1) and writing E in terms of the potential, E s

the conservation of charge boundary condition becomes

e N T

With the substitution of the solutlons to Laplace's equation in spherical

coordinates d>
A WA - :cot 4
= REMT (cnd) e o @

the boundary condition stipulates that

THANOT LY (o6d BP)_WE R ()
— L»c-e —Sa(méséiﬁ)—‘”m ]'\'a(«)"'ﬂ)mac' "
=0

By definition, the operator in square brackets is
AQ %) (6)
-h (V\ -\-l) @ p“

and so the boundary condition becomes simply

%ﬁqh(h+\)+é(o—wﬂ)a_'::o (7

In addition, the potential is continuous at the boundary r = R,

X -\ A b

® =3 : ' (8)
Transfer relations representing the fields in the volume regions are
Eqs. 4.8.18 and 4.8.19. For the outside region [3-»(a) while for the

insice region, & =* (b). Thus, Eq. (7), which can also be written as

ek S - .

S SN WS S S e
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Prob. 5.15.3 (cont.)
T Ao . Y AL
FS; n(me® & 3 (U-WQ)(D\. - 'Dr) =0 (9)
laX-N "5
becomes, with substitution for ‘v and O, , and use of Eq. (8),
Ac\ A A
E‘ar\(m—\)i .\.a' (w ..\MQ)[Q.(PH n)§a+ €bh .éal: o (10)
1L ey =

A
This expression is homogeneous in the amplitude qfk, (there is no drive)

and it follows that the natural modes satisfy the dispersion equation

wz=mL 3TN (11)
Ri€bh+€“(n+|\l

where (n,m) are the integer mode numbers in spherical coordinates.

In a uniform electric field, surface charge on the spherical surface
would assume the same distribution as on a perfectly conducting sphere....
a cos O distribution. Hence, the associated mode which describes the
build up or decay of this distribution is n =1, m = 0. The time constant
for charging or discharging a particle where the conduction is primarily on

the surface is therefore

= n (€ +€) /g (12)



5.41

Prob. 5.15.4 The desired modes of charge relaxation are the homogeneous

response. This can be found by considering the system without excitations.

Thus, for the exterior region,

2 2b ~b
= cLenRt=emg W
R

while for the interior region,

0= €50 (0,R)8"= - 5;_*_\ )

At the interface, the potential

iz

must be continuous, so
Ac A b

Q = (3)
The second boundary condition

combines conservation of charge and

Gauss' law. To express this in terms of complex amplitudes, first observe
that charge conservation requires that the accumulation of surface charge
either is the result of a net divergence of surface current in the region of
surface conduction, or results from a difference of conduction current from
the volume regions.

2.b Camb o _c
(%2 -\-Q) 0‘-—-\72 ¥—h ﬂl"ﬂ 5V2§ -<_<':Dr -.é__’iD‘.> (4)

where
2

2
v = ;*\;‘:E So(e=? ,;e)*';:'a 34«}

For solutions having the complex amplitude form in spherical coordinates,

| 2N = (5)
(/.»..6 PE L 393 t e ze 8%/ w(nd )
so, with the use of Gauss' law, Eq. 4 becomes
. ab - w1\ oo ay 2¢c b
g (w-mn) (B -67) = 2% & +(Z5.-25)

Substitution of Egs. 1-3 into this expression gives an equation that is homogeneou

2\ - )

in §§ . The coefficient of Eﬁ must therefore vanish. Solved for écd, the

resulting expression is

jom i 2505 O 0% figmunea] |,

‘ ~ —)
‘ B

\
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Prob. 5.15.5 (a) With the potentials in the transfer relations of

Prob. 5.12.1 constrained to zero, the response cannot be finite unless
the determinant of the coefficients is infinite. This condition is met if
sinh Y&4=0 . Roots to this expression are "(A=énﬂ', n=1, 2, ..... and

it follows that the required eigenfrequency equation is the expression for

¥ with Tz=-(nn/o)1.

5

azjo=- 190D roly BT ol LR @
cle+ (FF]

(b) Note that if O;:aa-_-caga , this expression reduces to -0‘/6' regard-

less of n. The discrete modes degenerate into a continuum of modes represent-

ing the charge relaxation process in a uniform conductor. (c) For G —»O

9

and S3-»0 , Eq. 1 reduces to

=% (om) 1R+ (22V] -

Thus, the eigenfrequencies as shown in Fig. P5.15.5a depend on k with

the mode number as a parameter.
Ox ~
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Prob. 5.15.5(cont.)

(d) With 0;‘-'0,0;3: 0, =0, , Eq. 1 reduces to

&2-% Pez'/[ P{z{- (ﬂg)z

and the eigenfrequencies depend on k as shown in Fig. P5.15,5b.

(3)

4 . . -
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Prob. 5.17.1 In the upper region, solutions to Laplace's equation take

the form
A

_ 3 simhBax _ £ _sinh R.(xd)
Qh-g sinh R d @ sinhi d (1

It follows from this fact alone and Eqs. 5.17.17-5.17.19 that in region I,

where i“:O
. - BN o (wt-83)
g-tugledel (o " -] sinh Rteed) o
% (R,-0)D (w0, Ry) sinh B,4

ne-|
A
2o
Similarly, in region II, where Q = v

NPT WY
§ =-Re 3 V.,AG. { (“"&hu)é e s

sinh B, (x-d)

S - (Ra)0' (R sink o
ns- AR

(w-aV) e‘o sinh a(x-4) )

D(e,8) sinhpad

> -B2 ot . Cob-aD)
(w-R)e? " sinhR(x-d) | 3¢ st-62

v ‘ ¢ +&Vo€- inh
(Bn -@)D'(w, R } sinhax

sinhpd
sa
and in region III, where & =0

nz)

1ﬁ9 '(uf—ﬁw‘7

A oo '@n
8= Qe a'V,Ae{ (@-E " 1]e®  sinh Ru(xed)
% m (R, -8)0'(w,R,) sinh R “
In the lower region, 643 0 .throughout, so
T§_h = ‘_&b sinh B, (x+d) (5)
sinh R,d
and in region L '
& ~co AT a'(“'t'ﬁ"a)
e ~1]e sinh B (xad)

§=6§e-‘1{/ﬂ1€2 (w-8,U1
% (Ra-@)D(e0,B.)  sivhRd (s

ns-|

in region II



5.45 .
Prob. 5.17.1 (cont.) l
' — ,@ a)ﬂ R
= ReyVode)\ (w-r0)[é sinh B.(x4d) |
T (%n-("‘) 1®) (w,ﬁn) sinh £,d I
-8R
(w-aV) e cinhalxsd) )
O(w,8) sinhpad l
. B2 ot |
+ z (w- @nu)e sinh R, (x4d) c‘&“ !
nsi (E"ba) D (w'&“) S'n.\—\ @“A I

and in region III

§:_&é4°4€ i(u-fs,u){eé ”(’}R,]e " }e%-ge

N (R-ps) D'(=,8,.) (8)

S
nzi

Prob. 5.17.2 The relation between Fourier transforms has already been

determined in Sec. 5.14, where the response to a single complex amplitude

was found. Here, the single traveling wave on the (a) surface is replaced

by

a A ﬁ(wt -3 2) sa
® - ﬁeivoiu_'(z) -u(z-n) e = & Q(e)e (1)
where ‘pi
Aq A )
d = V,[a_'(i)—ql(i-ﬁ)lc )
Thus, the Fourier tr"iaar;sfo&m of the dr1v1ng potential 1s a(@.(g)y
8= [Bei s [ ¢k L
2 4% = 3(R -@)
It follows that the transform of the potential in the (b) surface is given
by Eq. 5.14.8 with VO-D-Q » and a=b=d.
: €o. (4)
sk Rd op 4Gy + g Cw- @u)(eue,)
a v pRE R e Y

a
where @ is given by Egs. 1 and 2. The spatial distribution follows by taking

the inverse Fourier transform.
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Prob. 5.17.2(cont.)

A b \
) A

I

@_ ea ZA% (5)

(f-2)R . .
A 5 V, @ -RUY -3, 1] e? e.apﬁ— e-ahzlc\g

-0 (Q-ﬂ) DC“,&)

- o0

where

D(e,R) 2 kB[ (ausray) 13 (w-RBOY(, +€,)]

Singularities of the integrand given by D(&,k)=0 are either

cosn(@d) =0 Rd4(l2ni-)T/3 > %::(E‘g_’.’-‘)%'—z)'.“““' coo (6)

or

(Tatay +é(w-80)(eu+€b)=o >R= _3 -3 (OZ“'G'Z)_LE%“ "

With the transverse coordinate, x, taken as having its origin on the moving sheet,

the distributionrof potential is in general given by (&q = 03
_g° allix-dy
&E - Ak Rd ’
ab o UWR(x4d) |
® anR Rd y %40

Thus, the n # 0 modes, which are either purelly growing or decaying with an

(8)

exponential dependence in the longitudinal direction, have the sinusoidal

transverse dependence sketched. Note that

these are the modes expected from Laplace's

equation in the absence of a sheet. They

have no derivative in the x direction at

n=0
the sheet surface, and therefore represent ¥\\J__Er_
. >
N~—_ - 2
/

modes with no net surface charge on the

”~
-

sheet. These modes, which are uncoupled from the sheet, are possible because
of the symmetry of the configuration obtained by making a=b. The n=0 mode

is the only one involving the charge relaxation on the sheet. Because the

wavenumber is complex, the transverse dependence is neither purelly exponential
or sinusoidal. In fact, the transverse dependence can no longer be represented

by a single amplitude, since all positions in a given z plane do not have the
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same phase. By using the identity M"l(“*a.v): m—lﬁu coaV & .&O‘V‘a w AV,
the magnitude of the transverse dependence in the upper region given by Eq. 8

can be shown to be

‘Mﬁ @ (’"iQ\= SR - dead Blx-dy+ mﬁ'&,(x-cl)m;‘&(x-l)j (9)
| ol Rd avel* R d eoBid 4 sl d 0iPR.d

where the real and imaginary parts of k are given by Eg. 7b. gg‘

. o -
In the complex k plane, the poles of Eqg. 5 LA (n=-3)

ad
are as shown in the sketch. Note that k= ﬁ is

87 (n=-) "

not a singular point because the numerator

A I -
contains a zero also at k= /6 . In using & T ¢ N
e (N =

ad

the Residue theorem, the contour is

AT (n:z
7

3

closed in the upper half plane for z € O
and in the lower half for z :‘ .

For the intermediate region, II, the term i

multiplying exp jk(g -2) must be closed from above while that multiplying exp -jkz

is closed from below. Thus, in region I, z<£ O,

ot - g0k, 08 -5,
3= @e3“32[é<~- R LT
‘:7:-: -é(@“ -B)(-1Ya [(03.*'01)*3(@ -BUMe e ] e

in region II, the integral is split as described and the'"pole"at k= @£ is now

A ‘Uf = . g .(R‘E)g - ‘55(
w - % n
Eb- Q.Q Vo ea [a( N+l - U)€ +G;] C e g

= 30 d(R,-@](Gs00)+ j(w-RUNE 4 6,)]

+ [ e, -o5 gy ]e-58°z (1)
codd B,d § U(€“+€‘5](?e, D)

;B2 -
+z[3<“, 'Q"U)eo.""c’a] e a + [éeo. (‘*’ -ﬁ’U>+G;J c D@i
n .-_,KR,“@) (- ')nc( [(0'“-\.0'5)*&‘(& -Q“UXGJQ)-_‘ ©(w,B)

Finally in region III, z > X R

actually a singularity, and hence makes a contribution.O(?.'( X l
i
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Prob. 5.17.2(cont.) 1(}1 ) a‘;x Bz

& =_. A u‘t La(w-% U)€ +G"] e - C-} " ]
5 (RaBI (D4 (o, 403y 5(w -B V(6]
3(2-3)Q -bﬁﬂ -3 B 2 }

(12)

_'}[eao:,-e.,ﬂa e ¢ - e
Cav €y 1 B4 U (€ +6)(B )

The total force follows from an evaluation of +c0
”~
= L G [*b[‘s; 05T R = W@ID STk v
Zeo
Use of Egs. 5.14.8 and 5 14 9 for .Q and ﬂD“results in

%:-@f @[3&» -+ 18 8 (e on )

(14)
) ach Bl ed (Ve (o -RUT(EL €]
The real part is therefore simply
-4 OO
; - 6&6—5-660.\ R_ ((.0 QU) € ‘ﬁ A% (15)
ATY M.QQA esali Rd [(O'QWQ + (o - ﬁU) (€.+ GL)IJ

where the square of the driving amplitudes follows from Eq. 3.

i“@‘a - +l\/\ [Q__Ll (16)
(R-3Y






