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52.2 Problems 233

PROBLEMS
5.1. Two parallel, perfectly-conducting plates are constrained as shown in Figure 5P.1
in such a way that the bottom plate is fixed and the top one is free to move only in the
z-direction. A field is applied between the plates by the voltage source »(t). When z = 0,
the spring is in its equilibrium position.
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(a) What is the force of electric origin exerted on the upper plate?

(b) Write the complete equations of motion for this system.

(c) If R = 0 and v(t) = (V, sin wt)u_,(t), where u_,(t) is the unit step function, what

is z(t)? Assume that the system is in static equilibrium when ¢ < 0.

5.2. The system illustrated in Fig. 5P.2 is a schematic model of a differential transformer,
which is a device for measuring small changes in mechanical position electrically. The
movable core is constrained by bearings (not shown) to move in the z-direction. The two
excitation windings, each having N, turns, are connected in series with relative polarity
such that, when the movable core is centered as shown, there is no coupling between the
excitation circuit and the signal winding. When the core moves from the center position
in either direction, a voltage is induced in the signal winding. In the analysis neglect
fringing fields and assume that the magnetic material is infinitely permeable.

Excitation winding
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X winding — winding
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Depth d
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Fig. 5P.2

(a) Calculate the lumped-parameter equations of state, 4,(iy, iy, %), A4(iy, iy, @), for
this system.

(b) Terminal pair 1 is constrained by a current source i; = I, cos wt and the system
operates in the steady state. The open-circuit voltage v, is measured. Calculate the
amplitude and phase angle of v, as a function of displacement « for the range
—a<z<a.

5.3. A pair of highly conducting plates is mounted on insulating sheets, as shown in Fig.
5P.3a. The bottom sheet is immobile and hinged to the top sheet along the axis 4. The
top sheet is therefore free to rotate through an angle y. A torsion spring tends to make
Y = 1y, so that there is a spring torque in the +y-direction T* = K(p, — ¥). A source
of charge Q() is shunted by a conductance G and connected by flexible leads between the
conducting plates. We wish to describe mathematically the motion of the upper plate [e.g.,
find y(#)]. To do this complete the following steps:

(a) Find the static electric field E between the two flat, perfectly conducting plates
shown in Fig. 5P.3b. Assume that each of the plates extends to infinity in the r-
and z-directions.

(b) If the angle y is small [ya « D, wa « (b — a)] so that fringing fields are not
important, the electric field of part (a) can be used to approximate E between the
metal plates of Fig. 5P.3a. Under this assumption find the charge g on the upper
metal plate. Your answer should be in the form of ¢ = ¢(¥, y) and is the electrical
terminal relation for the block diagram of Fig. 5P.3c.
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(c) Use part (b) to find the electrical energy stored between the plates W = W(q, y)
and, using W, find the torque of electrical origin T* exerted by the field on the
movable plate.

(d) Write two differential equations that, with initial conditions, define the motion of
the top plate. These equations should be written in terms of the two dependent
variables y(¢) and g(r). The driving function Q(r) is known and the movable plate
has a moment of inertia J.

(e) Use the equations of part (d) to find the sinusoidal steady-state deflection w(r) if
G = 0and Q(t) = Q,cos wt. You may wish to define y as y = y; + v’(t), where
%, is a part of the deflection which is independent of time. Identify the steady-state
frequency at which the plate vibrates and give a physical reason why this answer
would be expected.
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5.4. This is a continuation of Problem 3.4, in which the equations of motion for the
system shown in Fig. 3P.4 were developed.

(a) The resistance R is made large enough to be ignorable and the current I(t) = I,,
where I, is a constant. Write the equation of motion for =(t).

(b) Use a force diagram (as in Example 5.1.1) to determine the position z = z,,
where the mass can be in static equilibrium, and show whether this equilibrium is
stable.

(c) With the mass M initially in static equilibrium, 2(0) = «,, it is given an initial
velocity v,. Find =(t) for z ~ z,.

5.5. Two small spheres are attached to an insulating rod, and a third sphere is free to slide
between them. Each of the outside spheres has a charge Q,, whereas the inside sphere has
a charge O, and a mass M. Hence the equation of motion for the inside sphere is

0,0, 00
dr? dre(d + 2)?  dme(d — x)?’

x Fat ot
Q Q
Mass M

Fig. 5P.5

Do

(a) For what values of @, and Q; will the movable sphere have a stable static equilib-
rium at z = 0? Show your reasoning.

(b) Under the conditions of (a), what will be the response of the sphere to an initial
small static deflection z = z,? z, & d. (When 7 = 0, z = z,, dz/dt = 0.)

5.6. Figure 5P.6 shows a sphere of magnetic material in the magnetic field of a coil. The

coenergy of the coil is _
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where L, is positive. The sphere has a mass M and is subject to a gravitational force Mg
(as shown).

(a) Write the differential equation that determines z(z).
(b) Find the equilibrium position(s).
(c) Show whether this (these) equilibrium position(s) is (are) stable.

5.7. In Problem 3.15 we developed the equation of motion for a magnetic wedge, and it
was shown that, with a constant current i = I, applied, the wedge could be in static
equilibrium at 6 = 0. Under what conditions is this equilibrium stable?

5.8. The system shown in Fig. 5P.8 is one third of a system (governing vertical motion
only) for suspending an airfoil or other test vehicle in a wind tunnel without mechanical
support. The mass M,, which represents the airfoil, contains magnetizable material and is
constrained by means not shown to move in the vertical direction only. The system is
designed so that the main supporting field is generated by current /; and the stabilizing
field is generated by current i,. Over the range of positions (z) of interest, the electrical
terminal relations may be expressed as:

Lyi Mi

AT = 1'1 2

10 = e Y T la®’
Mi, Lyiy

Aol iy @) = Gxzar T T Tz’

where a, L,, L,, and M are positive constants and M2 < L,L,.

(a) Find the force of electric origin [ (i, iy, «) acting on mass M,.

(b) Set iy = I, a constant current, and set i, = 0. Find the equilibrium position X,
where f° is just sufficient to balance the gravitational force on the mass M,,.

(c) With the currents as specified in part (b), write the linear incremental differential
equation that describes the motion of mass M, for small excursions 2'(¢) from the
equilibrium X,. If an external force f(r) = I,u,(t) (an impulse) is applied to the
mass in the positive z-direction with the mass initially at rest, find the response
z'(1).

(d) For stabilization of the equilibrium at X, a feedback system, which uses a light
source, photoelectric sensor, and amplifiers, supplies a current i, such that
iy(t) = ax’(t), where o is a real constant, Keeping i; = I, write the equation of
motion for #'(1). For what range of o is the impulse response #'(t) bounded ?
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(¢6) To make the impulse response tend to zero as ¢ — co, the signal from the photo-
electric sensors is operated on electronically to produce a current i, such that

’

dx
iz=°w'(‘)+ﬁz,

where « and § are real constants. Again, write the equation of motion for '(z).
For what ranges of a and 8 does the impulse response z’(¢) tend to zero as t — 0 ?

5.9, A conservative magnetic field transducer for which variables are defined in Fig. 5P.9
has the electrical equation of state A = 4%, for > 0, where 4 is a positive constant.
The system is Joaded at its mechanical terminals by a spring, whose spring constant is XK

fe
—
+
Conservative
maghnetic field x K, i, B
transducer |
S ]

Fig. 5P.9

and whose force is zero when # = /,, and a mechanical damper with the constant B, The
electrical terminals are excited by a direct-current source I, with the value

%
==Y
841,

(a) Write the mechanical equation in terms of .

(b) Find f¢ in terms of data given above.

(c) Find by algebraic techniques the possible equilibrium positions for the system and
show whether each equilibrium point is stable.

(d) Check the results of part (c) by using graphical techniques to investigate the
stability of the equilibrium points.

Fig. 5P.10
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5.10. An electric field system has a single electrical terminal pair and one mechanical
degree of freedom @ (Fig. SP.10). The electrical terminal variables are related by ¢ =
C,(1 + cos 28)z, where 0 is the angular position of a shaft. The only torques acting on
this shaft are of electrical origin. The voltage » = — ¥, where 7, is a constant.

(a) At what angles 0 can the shaft be in static equilibrium?
(b) Which of these cases represents a stable equilibrium ? Show your reasoning.

5.11. Figure 5P.11 shows a diagrammatic cross section of a two-phase, salient-pole
synchronous machine. The windings in an actual machine are distributed in many slots

Magnetic axis (2)
-
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7
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/s
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Fig. 5P.11

along the periphery of the stator, rather than as shown. The rotor is made of magnetically
soft iron which has no residual permanent magnetism. The ¢lectrical terminal relations are
given by

Ay = (L, + M cos 28)i; + M sin 20 i,,

Ay = Msin 20 iy 4 (L, — M cos 26)i,.

(a) Determine the torque of electrical origin T%(@, iy, 0).

(b) Assume that the machine is excited by sources such that iy = I cos @,
iy = I'sin wyt, and the rotor has the constant angular velocity w,, such that
6 = w,,t + . Evaluate the instantaneous torque 7°. Under what conditions
is it constant?
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(c) The rotor is subjected to a mechanical torque (acting on it in the +6-direction):
T = T,+ T'(t), where T, is a constant. The time-varying part of the torque
perturbs the steady rotation of (b) so that 6 = w,t + y, + 7'(t). Assume that
the rotor has a moment of inertia J but that there is no damping. Find the possible
equilibrium angles y,, between the rotor and the stator field. Then write a differen-
tial equation for (1), with T'(¢) as a driving function.

(d) Consider small perturbations of the rotation 7'(1), so that the equation of motion
found in (c) can be linearized. Find the response to an impulse of torque T'(t) =
Lu,(t), assuming that before the impulse in torque the rotation velocity is constant.

(e) Which of the equilibrium phase angles y, found in (c) is stable?

5.12. An electromechanical model for a magnetic transducer is shown in Fig. 5P.12, A
force f{(t) is to be transduced into a signal v,(t) which appears across the resistance R. The

o+

Depth D into paper
movable plate, mass M ftt)

Fig. 5P.12

system is designed to provide linear operation about an equilibrium where the coil is
excited by a constant current I. The plate is constrained at each end by springs that exert
no force when = = 0.

(a) Find the force of electrical origin f*(x, i) on the plate in the z-direction.

(b) Write the equations of motion for the system. These should be two equations in
the dependent variables (i, z).

(c) The static equilibrium is established with f(r) = 0, = X, and i = I. Write the
equilibrium force equation that determines X. Use a graphical sketch to indicate
the equilibrium position X at which the system is stable. Assume in the following
that the system is perturbed from this stable static equilibrium.

(d) The resistance R is made large enough so that the voltage drop across the
resistance is much larger than that across the self-inductance of the coil. Use this
fact as the basis for an approximation in the electrical equation of motion.
Assume also that perturbations from the equilibrium conditions of (c) are
small enough to justify linearization of the equations. Given that /() = Re [fe’““],
v,(t) = Re [9,¢7**], solve for the frequency response 3,/f.

5.13. The cross-section of a cylindrical solenoid used to position the valve mechanism of a
hydraulic control system is shown in Fig. 5P.13. When the currents i, and i, are equal, the
plunger is centered horizontally (x = 0). When the coil currents are unbalanced, the plunger
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Means current toward

———— observer

moves a distance «. The nonmagnetic sleeves keep the plunger centered radially. The mass
of the plunger is M, the spring constant K, and the viscous friction coefficient is B. The
displacement = is limited to the range —d < = < d. You are given the terminal conditions

|:21 = Ly, + lefj
Ay = Loy + Lo,

2
Jr:11=La(3—'flf—m),

where
d &

x a2
Le=Elz422 -2 ).
n=L3+25-2)

2
L= L,,(l —(?_2).
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(a) Write the mechanical equation of motion.

(b) Assume that the system is excited by the bias current I, and the two signal current
sources i(f) in the circuit of Fig. 5P.13 with the restriction that |i()| & I,.
Linearize the mechanical equation of motion obtained in part (a) for this exci-
tation.

(c) Is the system stable for all values of 1,?

(d) The system is under damped. Find the response z(¢) to a step of signal current
i) = Tu_4(1).

(¢) Find the steady-state response x(?) to a signal current i(t) = I sin wt.

5.14. A plane rectangular coil of wire can be rotated about its axis as shown in Fig. 5P.14.
This coil is excited electrically through sliding contacts and the switch S by the constant-
current source  in parallel with the conductance G. A second coil, not shown, produces a

Axis of rotation

VUniform magnetic

field

Sliding contacts

Fig. 5P.14

uniform magnetic field perpendicular to the plane of the rectangular coil when 6 = 0.
Assume that the terminals of the second coil are described by the variables iy, 45, so that
we can write the electrical terminal relations as 4, = L,i; + iy;M cos 0, A, = i;M cos § +
Lyiy, where Ly, M, and L, (the self- and maximum mutual inductances of the coils) are
constants. Concentrate attention on the electrical variables of the rotating coil by assuming
that i, = I, = constant. This is the excitation that provides the uniform constant magnetic

field. In addition, assume that the mechanical position is constrained by the source
6 =Qr

(a) Write the electrical equation for the coil. This equation, together with initial
conditions, should determine i,(¢).
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(b) Assume that the switch S is closed at r+ = 0; that is, the initial conditions are,
when ¢ = 0, 6 = 0 and /; = 0. Find the current i;(¢).

(c) Find the flux A,(¢) that links the rotating coil.

(d) Consider the limiting case of (b) and (c) in which the current /; can be considered
as constrained by the current source.

I:T
QGL, &1 and QGL; & ML& .

Sketch i,(t) and 4,(z).

(e) Consider the limiting case in which the electrical terminals can be considered to be
constrained to constant flux GL,; > 1 and sketch i;(¢) and 4;(¢).

(f) Compute the instantaneous torque of electrical origin on the rotating coil.

(g) Find the average power required to rotate the coil. Sketch this power as a function
of the normalized conductance QGL,. For what value of QGL, does G absorb
the maximum power?

5.15. In the system illustrated in Fig. 5P.15 the lower capacitor plate is fixed and the upper
plate is constrained to move only in the z-direction. The spring force is zero when z = /,
and the damping with coefficient B is so large that we can neglect the mass of the movable

Movable plate of
Area A

Fixed plate of
Area A

Fig. 5P.15

plate. The capacitor plates are excited by a constant voltage source in series with a resistance
R. Neglect fringing fields. The voltage V, is adjusted so that a stable, static equilibrium
occurs at X, = 0.7/. With the system at rest at this equilibrium position, a small step of
mechanical force fis applied: f = Fu_,(¢). In all of your analyses assume that the pertur-
bations from equilibrium are small enough to allow use of linear incremental differential
equations.

(a) Calculate the resulting transient in position =.

(b) Specify the condition that must be satisfied by the parameters in order that the
mechanical transient may occur essentially at constant voltage. Sketch and label
the transient under this condition.

(c) Specify the condition that must be satisfied by the parameters in order that the
initial part of the mechanical transient may occur essentially at constant charge.
Sketch and label the transient under this condition.

5.16. A mass M has the position =(¢). It is subjected to forces f; and f, which have the
dependence on = shown in Fig. 5P.16. The mass is released at # = 0 with the velocity o,
In terms of F,,and K, what is the largest value of v, that will lead to bounded displacements
of M?



244 Lumped-Parameter Electromechanical Dynamics

[ Mass M
| — f1

' —>/2
L x

F,

Slope K

Fig. 5P.16

5.17. The electric field transducer shown in Fig. 5P.17 has two electrical terminal pairs and
a single mechanical terminal pair. Both plates and movable elements can be regarded as
perfectly conducting.
(a) Find the electrical terminal relations g; = ¢,(v;, v5, 2), §; = §5(v1, vy, ).
(b) Now the terminals are constrained so that », = V, = constant and ¢; = 0. Find
the energy function U(z) such that the force of electrical origin acting in the
z-direction on the movable element is

frm—g
a, C Al\ = SO T
/ e L (L
. // :
i B f
y e, 0 =0 j__ a‘_'
Agj

Fig. 5P.17
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5.18. The central plate of a three-plate capacitor system (Fig. 5P.18) has one mechanical
degree of freedom, . The springs are relaxed in the equilibrium position z = 0 and fringing
can be neglected. For a long time the system is maintained with the central plate fixed at
z = 0 and the switch closed. At ¢ = 0 the switch is opened and the center plate is released
simultaneously.
(a) Find, in terms of given parameters, a hybrid energy function W” such that
fe = —3aW"faz for t > 0.

Springs with constant X/4
Plates with area A

a << other dimensions
Switch opened and central

plate released at
t=0

j Switch opened at ¢ =0
O

Fig. 5P.18

(b) Determine the criterion that the central plate be in stable equilibrium at = = 0.

(c) In the case in which the criterion of part (b) is satisfied, sketch a potential well
diagram for —a < = < a, indicating all static equilibrium points, and whether
they are stable or unstable.

5.19. An clectromechanical system with one electrical and one mechanical terminal pair
is shown in Fig. SP.19. The electrical terminal relation is

Li

A= T =’

where L, and a are given constants. The system is driven by a voltage ¥, + v(z), where V,
is constant, The mass of the plunger can be ignored. Gravity acts on M as shown.

(a) Write the complete equations of motion for the system. There should be two
equations in the unknowns { and =.
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Fig. 5P.19

(b) With o(¢) = 0, the current produced by ¥, holds the mass M in static equilibrium
at = z,. Write the linearized equations of motion for the perturbations from
this equilibrium that result because of v(z).

5.20. The upper of the three plane-parallel electrodes shown in the Fig. 5P.20 is free to move
in the z-direction. Ignore fringing fields, and find the following:

(a) The electrical terminal relations ¢, (;, vy, ©) and gy(2y, vy, 2).

af2 b af2 |
! q2
§ x| - +
N b2
a->0,¢9 T; T?
fam — N — —
% ;3 v1 o— Depth d into paper
Fig. 5P.20

(b) Now the top plate is insulated from the lower plates after a charge g, = Q has
been established. Also, the potential difference between the lower plates is
constrained by the voltage source vy = V,. Find a hybrid energy function
W*(V,, Q, ) such that

oo W0 Q:)
ox

5.21. In Problem 3.8 the equation of motion was found for a superconducting coil rotating

in the field of a fixed coil excited by a current source. This problem is a continuation of

that development in which we consider the dynamics of the coil in a special case. The
current [ is constrained to be I, = constant.
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(a) Write the equation of motion in the form

d20 + 14 =0
a2 0
(see Section 5.2.1) and sketch the potential well.
(b) Indicate on the potential-well sketch the angular positions at which the rotor
can be in stable static equilibrium and in unstable static equilibrium.
(c) With therotor initially at rest at § = 0, how much kinetic energy must be imparted
to the rotor to make it rotate continuously ?

5.22. The system of Fig. 5P.22 contains a simple pendulum with mass M and length /.
The pivot has viscous (linear) friction of coefficient B. The mass is made of ferromagnetic
material. It causes a variation of coil inductance with angle 6 that can be represented

Acceleration of
. l gravity g

Pivot with viscous friction
coefficient B

Fig. 5P.22

approximately by the expression L = L,(I + 0.2cos 6 + 0.05 cos 26), where L, is a
positive constant. The coil is excited by a constant-current source I at a value such that
I*’L, = 6Mgl with no externally applied forces other than gravity g.

(a) Write the mechanical equation of motion for the system.
(b) Find all of the possible static equilibria and show whether or not each one is
stable.

5.23. The one-turn inductor shown in Fig. 5P.23 is made from plane parallel plates with a
spacing w and depth (into the paper) D. The plates are short-circuited by a sliding plate in
the position (¢). This movable plate is constrained by a spring (constant X) and has a
mass M.

(2) Find the equation of motion for the plate, assuming that the electrical terminals
are constrained to constant flux A = A = constant.

(b) Find the position(s) # = X, at which the plate can be in static equilibrium.
Determine if each point represents a stable equilibrium. Can you assign an
equivalent spring constant to the magnetic field for small-signal (linear) motions ?
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(©) Use a potential-well argument to describe the nonlinear motions of the plate.
Include in your discussion how you would use the initial conditions to establish
the constant of the motion E.

(d) Briefly describe the motions of the plate constrained so that i = I = constant.

5.24. The terminals of the device shown in Problem 4.23 are now constrained to a constant
value of 4: 4 = A, = constant. The rotor has a moment of inertia J and is free of damping.

(a) When 6 = 0, the angular velocity d/dr = Q. Find an analytical expression for
db/dt at each value of 6. (Given the angle 8, this expression should provide the
angular velocity.)

(b) What is the minimum initial angular velocity required to make the rotor rotate
continuously in one direction ?

(©) For what values of 6 can the rotor be in static equilibrium? Which of these
equilibria is stable?

(d) Describe quantitatively the angular excursion of the rotor when it is given an
initial angular velocity less than that found in (b).

5.25. A mass M, attached to a weightless string rotates in a circle of radius r on a fixed
frictionless surface as illustrated in Fig. SP.25. The other end of the string is passed through
a frictionless hole in the surface and is attached to a movable capacitor plate of mass M.
The other capacitor plate is fixed and the capacitor is excited by a voltage source v(¢). The
necessary dimensions are defined in the figure. The length of the string is such that when
z = 0, r = 0. You may assume that a > = and ignore the effects of gravity and electrical
resistance. With v(z) = V, = constant and r = /, the mass M, is given an angular velocity
w,, necessary for equilibrium. '
(a) Find the force of electromagnetic origin exerted on the capacitor plate.
(b) Determine the equilibrium value of w,,.
(c) Show that the angular momentum M,r2d6/dt is constant, even if r = r(¢) and
6 = 0(¢). [See Problem 2.8 for writing force equations in (r, 6) coordinates.]
(d) Use the result of (c) to write the equation of motion for r(z). Write this equation
in a form such that potential well arguments can be used to deduce the dyamics.
(e) Is the equilibrium found in (b) stable?
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5.26. As an example of a lossy nonlinear system, consider the basic actuator for an
electrically damped time-delay relay* illustrated in Fig. 5P.26. The transducer is designed
to operate as follows. With switch S open, the spring holds the plunger against 2 mechanical
stop at = z,. When switch S is closed, the magnetic field is excited, but the winding that
is short-circuited through resistance R, limits the rate of buildup of flux to a low value. As
the flux builds up slowly, the magnetic force increases. When the magnetic force equals the
spring force, the plunger starts to move and close the air gap. The velocity of the plunger
is so low that inertia and friction forces can be neglected; thus, when the plunger is moving,
the spring force is at all times balanced by the magnetic force (see Section 5.2.2).
(a) Write the electrical circuit equations. The magnetic flux @ is defined such that
Ay = N, @ and 4, = N,®. Use these equations to find a single equation involving
(@, x) with V as a driving function.
(b) Define two constants: the flux @, linking the coils with the air gap closed (z = 0),
@, = 2u,wdN, V[gR,, and the time constant =, for flux buildup when the air

gap is closed,
2uwd (N2 Np?
To= —— |2 + ).
&g \R R
Show that the result of (a) can be written in the form

do

z
(Do': (l +§)(D+T07t-

The transient behavior of this device can be divided into three intervals:

1. The switch § is closed with the plunger at « = 2, and with zero initial flux ®. The flux
builds up to a value necessary to provide a magnetic force equal to the spring force that is
holding the plunger against the stop at z = z,.

2. The plunger moves from the stop at # = z, to the stop at # = 0. During this motion
the spring force is the only appreciable mechanical force and is balanced by the magnetic
force.

3. The plunger is held against the stop at # = 0 by the magnetic force, whereas the flux
@ continues to build up to @,.

* Standard Handbook for Electrical Engineers, 9th ed., McGraw-Hill, New York, 1957,
Sections 5-150 and 5-168.
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(c) Determine the transient in @ during interval (1). Write an equation of force
equilibrium for the plunger to determine the flux ® = @, when interval (1) ends.
(d) Write an equation for @ during interval (2). Assume the parameters
L 3 i P _ 10
Ty & @,
and integrate the equation resulting from (c) to find ®(¢) in interval (2).
(e) Find the transient in @ during interval (3).
(f) Sketch @ and = as functions of time throughout the three intervals.





