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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.1
It is the purpose of this problem

Le

to illustrate the limitations

inherent to common conductors in

achieving long magnetic time

constants. (Diffusion times.) For

convenience in making this point
consider the solenoid shown with iT

|

+A -

2 = length
A = cross-sectional dimensions of single layer of
wire (square-cross section).

radius (r >> A) but r << L.

r

Then there are /A turns, each having a length 27r, and the total d-c resistance
is directly proportional to the length and inversely proportional to the area
and electrical conductivity o. '

2nr 2
R = —5— ()
o(Az) A

The H field in the axial direction, by Ampere's law, is H = % and the flux
linked by one turn is uoH(sz) so that

2, .8 2, ¢
A=p BT (@) = v () A—z i
and it follows that
L
L = u () &5
A
Finally, the time constant is

L 1
R = 7 Worho

Thus, the diffusion time (see Eq. 7.1.28) is based on an equivalent length
VTA. Consider using copper with

G = 5.9 x 10’ mhos/m
A = 10m

and find A required to give L/R = 102

Ae=a2dy L. (200)

RO UTO  (4mx1077) (10) (5.9%10

7

= 2.7 x 10-1m or 27 em



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.1 (Continued)

Note that to satisfy the condition that £ >> r, the length must be greater
than 10 meters also. The coil is larger than the average class-room! Of
course, if magnetic materials are used, the dimensions of the coil can be
reduced considerably, but long L/R time constants are difficult to obtain on a

laboratory scale with ordinary conductors.

PROBLEM 7.2
Part a

Our solution will parallel the one in the text, only now the B field will
be trapped in the slab until it diffuses away. The fundamental equations are

VxB = uJ = wE; VxE = - %%
. S 2= . 3%
VxVxB = V(VeB) - V'B = uwoVxE = - 0 3¢
Because V+B = 0,
V2§=uc%%
4&3(%)
or in one dimension X
3%8_ 9B
1 X . X (a)
uoazz ot
at t = 0+ )hi
0 z<0 0 d
B = B ND<z<d
X o
0 z>d

This suggests that between 0 and d, we can write Bx(z) as
s m
nnz
= — <
Bx(z) Z a sin( 3 ) 0 z < d
n=1
To solve for the coefficients an, we take advantage of the orthogonal property

of the sine functions.

d [ d
J B_(z) sin(™2)4z = 2 J a sin(EEE)sin(EEE)dz
x d L . d 3
o n=1l ‘o
But - i
d mz ¢ mnz —2 moodd
I Bx(2)81n(“a—)dz = I Bo sin(—z—)dx = mT
o o
0 m even



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.2 (Continued)

Also ad n=nm
d nnz 2
a sin(-——)si (——)dz = | 2
o 0 n#m
Hence,
4B°
a-m = ;ﬂ_— m odd
0 m even
° 4 m
nnz
Bx(t=0,z) = z o Bo sin(—— ) 0<z<d
n=1
n odd
We assume that fort>0 0<z<d
-0t
= 4 21& n
B (t z) Z‘ o Bo sin(—e
n odd 2

2
Plugging into (a) we find that &.—_(%1) =a. Let's define T = uo(%)
as the fundamental diffusion time. Then

w 2
- 4 nmz, -n t/T
B (t,2) nzl — B sin(= e 0<z < d
t>0
n odd
Part b
7= UxB _ 1 an i = 48 (f os (ATZ) -nzt/'r_
u Moz 'y wud d i 0<z<d
o n=l >0
n odd
PROBLEM 7.3
Part a

If we neglect the capacitance of the block, the current we put in at t=0
will have to return by means of the block. This can be seen from the magnetic

field system equation

UxH = J (a)
which implies
VeI=0 (b)

r "what goes in must come out'.
+
1f the current penetrated the block at t=0 there would be a magnetic field
within the block at t:=0+, a situation we cannot allow since some time must

elapse (relative to the diffusion time) before the fields in the block can change
significantly.



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.3 (Continued)
We conclude that the source current returns as a surface current down the

left side of the block. This current must be

Ky = -IO/D (c)

where y is the upwards vertical direction. The current loop between x = - L
and x = 0 thus provides a magnetic field
-IO/D -L(x<0

H,(t=0") = (@
0 0<x

where z points out of sketch.
Part b
As t + = the system will reach a static state with input current IO/D per

unit length. The current will return uniformly through the block. Hence,

I
3,00 = - 53 (e)
i pu\s‘i :-[_2.-
arec Tio/f) od
- X ~ X
t=0" { —+o 4

Part c
As a diffusion problem this system is very much like the system of
Fig. 7.1.1 of the text except for the fact that here diffusion occurs on only
one side of the block instead of two. This suggests a fundamental diffusion
time constant of
uo(2d)?
T=—p— ()

2
m

where we have replaced the term d2 by (2d)2 in Eq. 7.1.28 of the text.

PROBLEM 7.4
Part a
This is a magnetic field system characterized by a diffusion equation.

With B =ReB (x)el“t,
Zz z



MAGNETIC DIFFUSION AND CHARGE RELAXATION

i

PROBLEM 7.4 (Continued)

ZA
1 d Bz

o dx2

= ijz
2 S ox
Let Bz(x) Boe , then

a? = jupo

1 2
a=+51+3),S8 =\|au—5

The boundary conditions are

or

B_(x=0) = -ui/D

ﬁz(x-m) >0

which means that we use only the (-) sign

X
Ez(x,t)=-Re B% e-x/G ej(wt 6)
Part b
VxB = u3
or
aBz
= - Wy
so that
- X X
Jy= -Re%li%til e- 8.e:‘(mt— 3)
Part c

(a)

(b)

()

(d)

(e)

(£)

(g)

(h)




MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.4 (Continued)

Part d
The electric field is given by
9E ~
E=1 ~L=- i
UxE Iz - juB 1 )
- -y 1
Ey(x=0) = 2D (1+P1 &)

Faraday's law (Eq. 1.1.23, Table 1.2, Appendix E) written for a counter-clockwise

contour through the source and left edge of the block, gives

o

A~ A Jou (Ld)

V+Ed=—p—1 (k)
where from (j)

o 1 4.1 A

Eyd =-2 @ 5 (N1 2)

I[R(w)+jwL(w)], (don't confuse the L's)

Hence, assuming that V

u Ld —

Thus, as w?» the inductance becomes just that due to the free~space portion
of the circuit between x=0 and x=-L. The resistance becomes infinite because
the currents crowd to the left edge of the block.

" In the opposite extreme, as w*0, the resistance approaches zero because
the currents have an infinite x-z area of the block through which to flow.
Similarly, the inductance becomes large because the x-y area enclosed by the
current paths increases without limit. At low frequencies it would be
necessary to include the finite extent of the block in the x direction in the

analysis to obtain a realistic estimate of the resistance and inductance.

PROBLEM 7.5

Part a
This is a magnetic field system characterized by a diffusion equation.

Place origin of coordinates at left edge of block, x to right and z out of paper.
With B = Reﬁ (x)ejwt
X X
228

1 z -~
———— = ij (a)
Lo axz z



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.5 (Continued)

Let %z(x) = Boeax, then
2
a” = jwuo ()
1 2
o=+ = (1+ = \|“-
is (1+3), 8 = \gi5 (c)

The boundary conditions are °

- 1

Bé(x=0) =-uy (d)

B,(x=1) = 0 (e)

because all of the current Io(t) is returned through the block. Thus the '

appropriate linear combination of solutions to satisfy the boundary conditions
is

o juwt
B_(x,t) = Re ML sinha(x-2)e” - (£)

D sinh (af)

where o is a complex quantity, (c). The current is related to ﬁz by
VxB=—~aTi =uJ = W i (g)

From (f) and (g),

; . ln coshla(x-2)]ed™® -

y D sinh af

Part b
The time average magnetic force on the block is given by
23 (0B *(x)dx
fx = Re[Dd Io —*Y———-————-—Z } 1)
where we have taken advantage of the identity

<Re Kejwt Reﬁejwt> = % Re Ki*

to integrate the force density (jxﬁ)x over the volume of the block. Note that

a detailed calculation is required to complete (i), because o in (f) and (h)

is complex.
This example is one where the total force is more easily computed using

the Maxwell stress tensor. See Probs. 8.16, 8.17 and 8.22 for this approach.
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.6
As an example of electromagnetic phenomena that occur in conductors at
rest we consider the system of Fig. 7.1.1 with the constant-current source

and switch replaced by an alternating current source.

i(t) = I cos wt (a)
We make all of the assumptions of Sec. 7.1.1 and adopt the coordinate system
of Fig. 7.1.2. Interest is now confined.to a steady-state problem,
The equation that describes the behavior of the flux density in this
system is Eq. 7.1.15

3%8_ 3B
1 X _ X ®)
u o azz at
and the boundary conditions are now, at z = 0 and z =d,
B =B cos wt =E§e B ejw{' (e)
x o o
where
M NI
()
B = W (d)

The boundary condition of (c¢) coupled with the linearity of (b) lead us to

assume a solution

B, = Re [ﬁ(z)ejwt] (e)

We substitute this form of solution into (b), cancel the exponential factor,
and drop the Re to obtain

2 ~
B ~

d 7 =JuoB ()

dz
Solutions to this equation are of the form

B(z) = e'? (2)
where substitution shows that

wh O
r=1+ Jjwmo =+ \[5— (1+) (h)

It is convenient to define the skin depth § as (see Sec. 7.1.3a)

l 2
6§ = e 1)

We use this definition and write the solution, (g) as
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MAGNETIC DIFFUSION' AND CHARGE RELAXATION

PROBLEM 7.6 (Continued)
g -(DF .
18 + cye &)

The boundary conditions at z = 0 and z = d (¢) require that

ﬁ(z) = ¢

Bo=cl+c2

B = e e(1+j)d/6+ e e—(1+j)d/6
o 1 2

Solution of these equations for ¢y and <, yields

[ -(1+j>§]
Bl{l-e
[+]

c1 = > (k)

[ <1+j>§]
-B |l -e
0

c, = = ®)

where D = 2(cos 'g— sinh -g—+ j sin % cosh %)

We now substitute (k) and (2) into (j); and, after manipulation, obtain

B(z) = B_[£(2) + 1 8(2)] (m)
~ where

f(z) = % cos % sinh g—+ % sin % cosh %

g(z) = % cos % sinh % - % sin % cosh -g—

M = cos —g- sinh %+ cos (gg—z-) sinh (——

N = gin -;— cosh -§-+ sin (—d—gi) cosh (igﬁ)

2 d 2d 2d

2 d
F cos B-Sinh 3 + sin 3 cosh 3

Substitution of (m) into (e) yields

Bx = Bm(z) cos[wt + 6(z)] (n)
where

3 () = 3, \1£@12 + [0 ©)

0(z) = tan L B2 ()

£(2)
It is clear from the form of (n) that both the amplitude and phase of the
flux density vary as functions of z.

To illustrate the nature of the distribution of flux density predicted

-9-
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.6 (Continued)

by this set of equations the maximum flux density is plotted as a function of
position for several values of d/§ in the figure. Recalling the definition

of the skin depth § in (i), we realize that for a system of fixed geometry

and fixed properties %1/5; thus, as g-increases, the frequency of the excitation_
increases. From the curves of the figure we see that as the frequency increases
the flux density penetrates less and less into the specimen until at high
frequencies (—->> 1) the flux density is completely excluded from the conductor.
At very low frequencies (—-<< 1) the flux density penetrates completely and is
essentially unaffected by the presence of the conducting material.

It is clear that at high frequencies (§->> 1) when the flux penetrates
very little into the slab, the induced (eddy) currents flow near the surfaces.

In this case it is often convenient, when considering electromagnetic phenomena
external to the slab, to assume 0+ and treat the induced currents as surface
currents.

It is informative to compare the flux distribution of the figure for a
steady-state a-c problem with the distribution of Fig. 7.1.4 for a transient
problem. We made the statement in Sec. 7.1.1 that when we deal with phenomena
having characteristic times that are short compared to the diffusion time constant,
the flux will not pemetrate appreciably into the slab. We can make this statement
" quantitative for the steady-state a-c problem by defining a characteristic time

as

T =
[+

€ |-

We now take the ratio of the diffusion time constant given by Eq. 7.1.28 to this
characteristic time and use the definition of skin depth in (1).

_ 2 (%) (9)

Thus, for our steady-state a-c problem, this statement that the diffusion time
constant is long compared to a characteristic time is the same as saying that
the significant dimension d is much greater than the skin depth 8.

The current distribution follows from the magnetic flux density by using
Ampere's law;

1 an
Iy Tu, % N

-10-
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MAGNETIC DIFFUSIQF AND CHARGE RELAXATION

PROBLEM 7.6 (Continued)
Thus the distribution of IJyl is somewhat as shown in the figure for B.

The instantaneous Jy has odd symmetry about z = 0.5 d.

d.
5 =5
J 1
0.4 0.6 0.8 Lo
/4.

DISTRIBUTION OF FIUX DENSITY WITH SKIN EFFECT

.~11-



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.7
Part a
Assume the resistors in the circuit model each have approximately their

D.C. resistance

a
R Ry ¢c. = oAd (a)

The inductance is the "loop'" .of metal

4
Y
Le o
H,al " 4 L
L= ()
Hence the time constant involved is
S A e )
2R 2

The equivalent length in the diffusion time is VAR >> A.

Part b

By adding the vacuum space of region 2 we have increased the amount of
magnetic field that must be stored in the region before equilibrium is reached
while the dissipation is confined to the two slabs. In the problem of Fig.
7.1.1, the slab stores a magnetic field only in a region of thickness A, the
same region occupied by the currents , while here the magnetic field region is
of thickness £.

Part c
‘t,cr«-pco
K@ f
a R O Ho(t) 2 (t)
" ¥ H=0
) + 1 g 2 o

~12-



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLFM 7.7 (Continued)

Since diffusion in the slabs takes negligible time compared to the main problem,

each slab could be modeled as a conducting sheet with

K = (oME (d)
In region 2 '

VxH =0 or H= Ho(t)iz = - Kz(t)iz (e)
From

- - d [= -

§E-dz = - [B n da (f)
we learn that

a d

SEL ¥ (B)-Ky(8)] = + o= [n al K, (t)] (g)
Since K (t) = K_(t) + K,(t) we know that

o 1 2
1 dKz(t)

K (t) = 5u_,(t) = 2K, () + o A —5= (h)

The solution is therefore
ou AL
I S -t/T Y -

and,because K2 = - Ho, the magnetic field fills region (2) with the time

constant T.

PROBLEM 7.8

As in Prob. 7.7, the diffusion time associated with the thin conducting
shell is small compared to the time required for the field to £fill the region
r < R. Modeling the thin shell as having the property

K=A0 E (a)

and assuming that

n (1, = @ -xko]1, : (®b)

-13-
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.8 (Continued)

We can use the induction equation

= = d [= -
§Ed2=—EIBnda

to learn that,AbecauseHO = constant for t > 0

2mR - _ .2 dK(t)
K(t) = - 1R Mo ~ 4t

The solution to (d) is

—t/ U ORA

K(t) = He Tu_l(t); T =

and from (b), it follows that

t/

Hy(£) = H-K(t) = H_(1-e""'Du_, (£

(c)

(d)

(e)

(£)

The H field is finally distributed uniformly for r < a, with a diffusion time

based on the length /RA.

PROBLEM 7.9
Part a _
' =_ _ 238
VXXE-= 3t
Vv x B = WE
So _
5o 2B
VxVxB=-u "t
But
Vx(VxB) = V(V-B)- V2B = = V°B
So _
25 o 3B
V°B = wo 3t
Part b

Since B only has a z component
: 2 aBz
VB W
In cylindrical coordinates
2 2
(r 2) +_1_2.3__+3__
‘ r

302 322

Here Bz = Bz(r,t) so

(a)

(®b)

(c)

(d)

(e)

()



MAGNETIC DIFFUSION AND CHARGE RELAXATION
!

i
4

PROBLEM 7.9 (Continued)

i

A

:) + uoaB = 0 (2

’QJ

-
3 (r

|
(3]

Part ¢

We want the magnetic field to remain finite at r = 0, hence 02 = 0,

Part d

At r=a
B(a,t) = u H_ - ClJo(/uOOa a) =y H_ (h)
Hence if ¢, 40
3 (fuoa a) =0 (1)
Part e

Multiply both sides of expression for B(r,t=0) = 0 by rJo(ﬁj r/a) and
integrate from 0 to a. Then,

a 2
= a_
Jo MH T Jo(\’j r/a)dr M H, v, Jl(vj) 6))
a «® a2 2
f z CiJo(vi r/a)r Jo(\)j r/a)dr = Cj'E—-Jl(vj) (k)
o i=1
from which it follows that
2u H
o0
C,. =7~ (L)
v, J, (v
h| f 1( j) » .
The values of vj and Jl(vj) given in the table lead to the coefficients
C1 C2 Cc
———= . 802 = - ,535' -—=— = 0.425 (m)
ZuOHO 'Zuoﬂo ) ZuOHo
Part £
2
a, = L (L
1 uog a
U ca ’ .
1= 2 = 0,174 u oa2 (n)
1 v2 )
1
-7, 10* -4
T, = (0.174) (41x 10 ') 57— (25) x 10,
1 4
~ 4,35 x ~10—7 seconds (o)

-15-



MAGNETIC DIFFUSION AND CHARGE

PROBLEM 7.

Part a

Part b
At

at

Part ¢

Let

Using the

Note that

10
JFE
VsE=1 wL=-2-B1 =0
z 9x it z z
_ BBZ _ >
VxB = - iy e qu = uoo(Ey-UBz)iy
UxVxB = V(V-B) - V°B
2
3°B_ JE 3B_
= - z = Y _y-=Z
B 3 2 iz uoa( 9x v ox iz
X
0 from (a), so

2

9B BBz
2 - uoUU 9x
9x
x=0 Bz = - uoK
x=1L B =0

x, then

Bz(x) = C ea
a(a—uooU) =0

a=0,a-= uooU

boundary conditions

BZ(X) = - UK
as U»0

Bz(x) = uoK (Eifa

as expected.

-16-

RELAXATION

(a)

(b)

(c)

(d)

(e)
(£)

(g)

(h)

(1)

&)



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.11

Part a

FaJxB=-JB1
yxz

pi> R e™ ™ -1
o) m -
= - i (a)
wzz Rm 2 z
(e " -1)
Part b 2
uoI d
fz = J-Fz wd dz = - —= ()

This result can be found more simply by using the Maxwell Stress Tensor by methods
gsimilar to those used with Probs. 8.16 and 8.17.

Part c
The power supplied by the velocity source is

2
P =—fU=PiI_d_li=.I_29~R_m (C)
U z 2w owl 2

The electric field at the current source is

J (2z=2)
Ey(z=2) = 5 - UBx(z=2) ()
R
1 m
= oiw R (e)
(e ™ -1)
Power supplied by the current source is then
2 R
I°d m
—ng + EydI =+ S\ & (f)
e -1

Power dissipated in the moving conductor is then
R

2. R ™
- Id mlfe +1
Pa= Pyt V"o 2 \ X (8
m
e -1
which is just what is obtained from
L J2
Pd = wd I O'— dx (h)

o

-17-



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.12

If a point in the reference frame is outside the block it must satisfy

= 3B
VxE = - 3t (a)
J=0 and VxB=0 ()

Since the points outside the block have J=0, and uniform static fields (for
differential changes in time),(a) and (b) are satisfied.
Points inside the block must satisfy

1 an
K ———az = Jy (C)
, B 9B 2B

"o Z T TV ()

Since these points see
9B B 2
X o 3B

Jy OVBO, 3% -~ 1 ;;E =0 (e)

an Bo

F—=—V-2— and Vu°02= 1

these conditions are satisfied.
Points on the block boundaries are satisfied because the field quantities

E and B are continuous.

PROBLEM 7.13
Part a

Because VeB=0 the magnetic flux lines run in closed loops. The field
lines prefer to run through the high u material near the source, hence very
few lines will close beyond the edge of the material at z=0, Currents in

the slab will tend to remain between the pole pieces.

Part b
2
Ly
w2z Tat % (a)
j(we-kz)
Let By(z,t) =C e , then
2 - juoVk + juow = 03 (b)

A quadratic equation with roots

~18-



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.13 (Continued)

2
k=u0[:|%11 \l(%) +J‘f,’;] (©

or in terms of R = YoVL and § =¢—2—
m wuo

+ R R 2 1 2
EIL=3 2+ \G) +2 G (@)
From Fig. 7.1.16 of the text we see that

+ _ .+ + - - -
KW=+ kg, ko= k+ gk

where
-_ .+ - +
-k =k >0 and kg >-k; >0 (e)
To meet the boundary condition of part (a) we must have
+ -
B (z,t) = C[e'jk e z}ewt ()
Using the boundary condition at z = - L
B + -
By(z,t) =____f;2___1:__ e jk z -e Jjk Z)ejwt (g)
(ejk L_ejk L)
Part ¢
T o,
B 2 - 3 = i h
VxB ix 3% JXiX/&Qo (h)
iB ot e
3= - 0/76- (k+ R LA T ik z)ejwt ()
(ejk L_ejk L)
Part d R
zart ¢ + _ -
As w=+0 k +0, k +ji—
B R /L)z
B =—2—— (1-e™ ) 4)
y -R
(1-e )
B /L (R /L) z
J =—2% _Rr e ™ (k)
x —Rm m
(1-e 7)

=19~



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.13 (Continued)

Afsn‘ 4

B, R
— TR
L{j-e ™)

e 270

As the sketch Fig. 7.1.9 of the text suggests, we could realize this problem by

placing a current sheet source

across the end z = - L and providing perfect conductors to slide against the
slab at x = 0,D. The top view of the slab then appears as shown in the
figure.

Cv r‘Y‘tn*
sheet

YQ(‘& (C\ \‘t cCo \,\A,u o‘ hnci

Q\Qc\’fOA¢5

Note from (j) and (k) that as Rm+0, the current density Jx is uniform and By is
a linear function of z. This limiting case is as would be obtained with the

given driving arrangement.

PROBLEM 7.14
Part a
Since J' = J

-20-



MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.14 (Continued)
K = szocos(kUt-kx) : (a)

= izKOcos(wt-kx); w = kU

Part b
The track can be taken as large in the y direction when it is many skin

depths thick

2 2
L = track thickness >> § = \ = (b)
Wy o \kUu )
o o

In the track we have the diffusion equation

- 1 2= 3B
ho v B=3e ()
o ~
or, with B = Re B exp j(wt-kx),
24
"B
1 x 24 -
e (5= - k"B)) = juB_ (d)
.o 9y
Let ﬁx(y) = C eay’ then
2
1 2 k
———a” = ju+ — (e)
Ho? ¥o?
wu O Uuoo
a=kvYI +§ ; s = 7 T Tk (£)
k
Since the track is modeled as infinitely thick
B =C e ej(wt-kx) ‘ (g)
The gap between track and train is very thin; thus,
- i -E— = X = j(wt-kx) ry
1y x 3 K=K e i, (h)
[o]
which yields
o wt-k
B (x,y,t) = K, e oI Wk )
We must also have VB = an/ax + aBy/By =0 or
k
B, = 5 (x,y,0 €))
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.14 (Continued)

To compute the current in the track we note that

_ _ (BB 3B _
VxB = iz (ax T3y T Mo
B
= S .2y x -
T=- GgE) g 0l

Part ¢

(k)

(2)

The time average force density in the track is (see footnote, page 368)

1
> = = *
<Fy 2 Re(Jsz)

Hence the time average lifting force per unit x-z area on the train is

o o,
<T>=—[<F>dy=—Re[ 5 J_B%* dy
y Y = 2 Tz7x
_Ll, 2 L+s2-1 >0

4 "oo q;i:—gf

See Fig. 7.1.21 of the text for a plot of this lifting force.

Part d

The time average force density in the track in the x direction is

1
>D = - = *
<Fx 5 Re(Jsz)

The force on the train in the x direction is then

py ° 1 o %

< = - = =

\Tx> J <Fx>dy 5 Re J Jsz dy
-00 =00

p K

2
oo
4

v

<0

1452 ReV1#ys

The problem is that this force drags the train instead of propelling it in
x direction. (See Fig. 7.1.20 of the text for a plot of the magnitude of

this drag force). To make matters worse, if the train stops, the magnetic

levitation force becomes zero.
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.15
Part a ;
Let the current sheet lie in the plane y = - 8. In the region -s<y<0

we have the "diffusion equation"

Vsz =0 (a)
If Bz(x,y,t) = Bz(y)ej(wt_kx) this equation yields
3232 2
5 = k"B M)
z
ay

Hence we can conclude that
B, = [A cosh K(y+s) + B sinh k(y+s)]ej(wt-kz) ©

At y = - 8 we have the boundary condition

iy X Bz = uoKo cos(wt-kz)ix (d)
Thus

B, = [uK_ cosh k(yts) + B sinh k(y+s) Jed (WE7K2) (e)
Since V<B = SBy/By + aleaz,= 0 we must have

By = [j(uOKo sinh k(y+s) + B cosh k(y+s))]ej(wt_kz) (£)
In the conductor the diffusion equation is

1 2= _ 3B, . 3B '

i:O'VB -a—E+VE (g)
Then

2?8 \

2= Quolekv) + kB, ®)
3y
which suggests a solution
o (w-kV)
B(y) = C e™, a= WS, 5= 05— (1)
k

Since V*B = 0 in the conductor too, we must have

By = - j E'Bé 6}
As the boundary y = 0 we must have

B, =B H.=H (k)

yl y2° zl 22
Note that.
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.15 (Continued)

cosh ks B22 + j sinh ks By2

2 2, '
= uOKO(cosh ks - sinh“ks) = uoKo Q)

Then we must also have

uoKo = cosh ks le + j sinh ks B

vl
= C (cosh ks + %-sinh ks) (m)
It follows that the B field for y>0 is
- u K - -y - -
B = 00 (-3 % 1 +1)e™™ oJ (Wt-kz) (n)
cosh ks + o sinh ks y

Comparing with Eq. 7.1.91 of Sec. 7.1.4 of the text we see that it is only

necessary to replace

K
o)

cosh ks + % sinh ks

Ko by
starting with Eq. 7.1.90. The average forces depend on the magnitude, not the
phase, of Ko’ which i1s reduced by this substitution.

Part b
We note that 1f ks << 1

K
° n K (o)
cosh ks +-a sinh ks

which shows that the results of Sec. 7.1.4 are valid when ks << 1,
Part c
- When ks -+ «

K
o

K — 0
cosh ks + E-sinh ks

No fields will then be present in the conductor.
PROBLEM 7.16
Part a
Because the charge needs time to move through the conductor, at t=0+ there
is only free charge on the plates. The electric fields are directed in the

negative vertical direction and satisfy
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.16 (Continued)

Ep + Ea =V, (a)
at the interface at t=0+
€E, = eoEg ()

E=-——-—’E = —— (c)

Part b
As t»o the charge on the interface excludes the fields from the conducting
liquid, hence

<

o -
El 0 Eg a (£f)

Part c

The charge on the interface at any time is

Op = sEz - eoEg (g)
Conservation of charge requires

dog ,

T - OER. ¢(h)

The voltage across the plates is Vo for t>0

Vo = Elb + Ega 1)

Solving g, h, 1 we find that the charge obeys

ff_t_fg_gﬁfl ESE +0,=- Eg-V )

o] de f a o ‘
e+€o b/a
Let'r=———0—,then
R
-t/T

of=-~:—°(1-e’),t30 (k)
€ AV

4= -2 -, k20 W
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.17 ;
Part a

In the inner sphere

g ap
i f .
t Petae =0 (a)
o .
So we find that
-g /e° t
pf(r,t) = po(r)e s £ 2> 0 r< Ri ()

A similar equation holds for the charge in the outer sphere, but it has no initial
charge distribution at t = 0, so

pf(r,t) =0, t>0 Ri<r<Ro (c)
Part b
Let R
1
Qo = f 4mr po(t)dr (d)
()

Also define

o, = the surface charge density at r = R1

A
OB = the surface charge density at r = Ro
The field at R: is, by Gauss' law

Q

+ [+
E(R ) = (e)
° 4Te R2
o0

Then, conservation of charge requires that the electric field at r = R; obey

- 9E -
o, E(Ro) + € 5t (R) =0 (£)
Q le )t
ER) = — e-p° o , 20 (2)
° 4we°R°

We can thus conclude that
0 Qa

Q P /e )t
7 - e

o, = %y t>0 (h)
4ﬂR°

B

Since charge is conserved we now know that

Qo ( -{’o/eo)t -éi/eo\t
e -e )

4nRi

g =

A , t>0 (1)
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.17 (Continued)

Part ¢

| 4R G"B/Q
e e e — — =
'\“f = So /0"'°
L A
<
4 2 A 4R SR /Q,
A“KCGK/QO ’
To <G;
“—a 7 G‘; \r: &/G;
\ T=E/q;
PROBLEM 7.18
Part a
At the radius b
e[E®Y) - E®D)] = o, (a)
30
OlEGH-EGT) 1= - 5t = - € 3 [E6H-ERD)] ®)
For t < 0 when the system has come to rest
- - 3P,
Vel = (0/e)VE=-5==10 (c)
For cylindrical geometry this has the solution
= A - b
E = +-; ir; Vo = + Ia Erdr = A In(b/a) (d)
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.18 (Continued)

then
Vo 1

E(r=b ) = + —-ln(b/a) T)-
E(r=b+) =
Since E(b+) -E® ) = Of/E it cannot change instantaneously, so

v
° bl 5o (£)

E(b+) - E(b-) = - FT(b/_a)_ e , 2>

Because there is no initial charge between the shells, there will be no charge

between the shells for t > 0, thus

Cl(t)
+ a<r<b
r
E. = C,(t) t>0 ()
+ - b<r<e

The battery adds the constraint
Vo = Clln(b/a) + C21n(c/b) . ¢h)
while (f) becomes

~6/é)t
C;-C = ln(b/a) 1)

Solving (h) and (1) for C,, C

1 2
V
4b/é t
¢ * 1 c/a a- ) (&)
v
- o In(c/b) 4b/€)t
S R ey Q-+ In(b/a) © (k)
Part b
op = EEGD) - E67) = - pyteray Vo € OO @
Part ¢
o lne/b 2me
(:1/////,/’ Rb "m0 cb In c/b
— _ In(b/a) o _2me
1) Rb T Cb R mo* Ca " Tn b/a

*
s
|
|
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.19
While the potential v is applied the system reaches an equilibrium. During
this time . apf
M-S I T (@)

in the bulk of the liquid. If the potential V is applied for many time constants
(t=c/0) any.charge in the fluid decays away. For t>0 if the fluid is
incompressible (Vev = 0) and J = OF + pf; we know that

- i, 30

Vel =(o/€)pf + veVpe = = o= ®)
But in a frame moving with the particles of fluid

d 3

TP 56 VIeg = ~(0/e)pg (e)

pg(t) = p (t=0)e®/ s (@
where pf(t) is the local charge seen by a moving particle. But for all fluid
particles

pg(t = 0) = 0 (e)

Hence the charge remains zero everywhere for t > O.
Now draw a volume around the upper sphere big enough to enclose it for a

few seconds even though it is moving.

§3-a§=-%;fpf av ()

Now because Pe = 0 in the fluid

3 = of, § Jeda =(o/e)5£ eE+da = (0/e)Q(t) ®
S S
Then
d d
(OIE)Q(t) = -4 f pg AV = - Fr Q(t) (h)
v

which has solution

Q(t) = Q e_t/T;T = g/o
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.20
Part a
We can use Gauss' law
§ eoi-dZ = J pe AV (a)
S v
to determine the electric field if we note that there is no net charge in the

system, which means that

E = E I =0 x<0 and x>3d ®)
X 0<x<d

ety = [ Loane G ©
o D°d D t=20

There 18 no charge in the middle region so

E =3 dex<2d; t = 0 (d)
x 2
D’e_

In the region 2d<x<3d

X
- (x-2d)
€ (E. (x) - E (2d)} = f dx = - 9 (x2d) (e)
o\Fx ¥ X ) 2d D2d D2 d
2d<d<3d
Q  (3d-x)
E (x) = 45— 5+ (£)
x Dze d {t =0
o
—+ —+ — P> X
4 2.4 3d

As too all the charge on the lower plate relaxes t® the surface x = d, while the
charge on the upper plate relaxes to the surface x = 2d. The electric field then
looks 1like

4

 Ex

D€,
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.20 (Continued)
Part b
Each charge distribution can be thought of as made up of many thin charges

sheets; any two such sheets,

— - Aa®,

— 1’602

one located somewhere in the top conductor, one located somewhere in the bottom
conductor, attract each other with a force
AQ, AQ
1 "2
AF = ——5= (g)
2¢ D
o
which is independent of their separation, hence the net attractive force between

plates does not change with time. At t» there is a surface charge
O = = L x = 2d

T 2
D (h)

c + Q x=4d
B D2

and the force per unit area Tx is simply that found for a pair of capacitor plates
having separation d and supporting surface charge densities + Q. (See Sec. 3.1.2b).

T =2~ £>0 (1)

X 9¢ 2 -
o
This force can be easily seen to be constant from the viewpoint taken in Chapter 8,
where the force on the lower plate can be found from the Maxwell Stress Tensor.
1

The only contribution comes from Txx =3 soEi evaluated at x = d, and thus

Txx(x =d) = Tx as given by (i) regardless of t. Problem 8.23 is worked out

following the stress-tensor approach.
PROBLEM 7.21
Part a
If the electric field beyond the plates is zero the conservation of charge

equation

- - 3 _ 9 ==
§ Jeda = - T3 f Pe dav = - T3 § €Eeda (a)

S \Y
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MAGNETIC DIFFUSION OF CHARGE RELAXATION

PROBLEM 7.21 (Continued)

becomes

A II\ ~
cEx(x) -5 = - Jue E_(x) (b)
That is, the equation for Ex is as given by (f) of Example 7.2.3, with € now

a function of x.

a 1 _ 1/A
E () = A(o+jue) o € (c)
2 2
[01 + T x+jw(€1 + T x) ]
From Coulomb's law

A (1o dE 4 d0y G e

Pe = qx' % A (jue + c)2 A(juweto)
€ € o €
~ 2 2 2 2
peA (e + g7 X)(Ju =+ 97) T
—_=- 7 + (e)
I o € o €

[0, + 320 + Jule, + 201 [0+ 75 D+ + £ 0]

Part b

Consider the effect of a small change in £ alone
= °
0, = 03€,/e) << 1

then ~

o.,e, I

172
ppx ———s (£)
Al(jw€1+01)

It is seen from (f) that in the presence of conduction the gradient of € causes
free charge to be stored in the bulk of the fluid. This effect is highly
dependent on frequency, being greatest at zero frequency and disappearing when

the cycle time is short compared to the relaxation time of the material.

PROBLEM 7.22
Part a
In the fluid the consitutive law for conduction is

J = oF + pf; (a)

Since the given velocity distribution has the property
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.22 (Continued)

Vev=0 )
ap
.- - g L] _. [—3 -q_ a— E— J— -—_f_
VeJ e U+ (€E) + vV Pe = ¢ pf +U 3% Ps T (c)
or
9 9 ag
e+ Usdee = - ¢ P (@)

The charge is relaxing in the frame of the moving fluid. The solution has the

form

m|Q

X X
Pe = Re S e U ejw(t UZ - A-< < A te)
£ o s " 2°Y %3

= 0 elsewhere in the channel
where y = 0 is the channel center. Note that (e) satisfies the boundary condition
at x = 0 and states that a charge at x at time t has been decaying %-seconds
(since 1t left the source) and was dumped in the channel at time

[ _Xx
t t U

Substitution of (e) into (d) verifies that it 1s a solution.
Part b

From (e) it is clear that the wave length of the sinusoidally (and decaying)
charge stream is 2mU/w. Thus, the wave length can be altered simply by changing
w. One technique for measuring the flow velocity would consist in measuring
the voltage induced across the resistance R (as shown in the figure) as a function
of the frequency. With the distance between electrode centers d equal to 1/2 wave
length, a peak in the output signal would be expected. If we call the frequency

'

at which this peak occurs wp, then

+ 4+ 4 - = T+t
- 4 +4::41
ANV
5 R |
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MAGNETIC DIFFUSION AND ‘CHARGE RELAXATION

PROBLEM 7.22 (Continued)

or

Thus, a determination of wp gives U. There are, of course, problems with this
approach. For example, there would be lesser peaks in the output at harmonic
frequencies that could be mistaken for the desired peak. Alternatives are to use
the decay rate, but such techniques are vulnerable to conductivity variations

which are likely to be large.

PROBLEM 7.23
Part a

Current is carried by the conductor because of normal conduction and also

because of convection of a net charge.

J = 0E + pfv
Also _ .
- (J-pfv)
VeE = pf/E: = V--——o—
But
. g
Vel = - Frale 0 in steady state
Vev = ¥.(U Ex) = 0 also, so that
p.le = - ﬂp_f. = - 1) E)E
£ g g 9x

The solution to this last equation is

o, ,x
-(E)(ﬁ)
p= po e

is a measure of how long

=1ES

i.e., the charge relaxes in the conductor; the time T =

since the charge left the source at the first screen.

Part b
Let
Ex(x=0) = Eo
g, X
Fy o P TOW
ox € €
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.23 (Continued)

.9 x
"Df(x) PU e U
Ex(x) = Eo + Io dx = Eo + e (1-e )
- =V
Note that»since Jx(x=0) = GEO + poU RA
g X
oy~
E (x) = -0 - 2 ¢
x RAC g
We must finish the problem to know V
. Part ¢ ' _(g_a &
2 Ve U 2 € U
Vs=- Jo Ex(x)dx = - RAg + OOEO(E) (1-e )
, S
1 U
Ve e @ e
14 o
RAC
PROBLEM 7.24
Part a

The model for this problem is similar to that used in Example 7.2.6 of the
text. Each ring induces a charge on the stream having opposite polarity to its
potential. Thus, conservation of charge for the can at potential va (under

the ring at potential vl) is

dv3 v,
€y =Cx% tvo (a)
Similarly, for the other two cans,
dv v
1 1
G =l ty ®)
dv v
A B ]
~Cy nvy = C =+ 3 ()
To solve these three equations, we assume solutions of the form
v, = v eSt (d)

i i

and the complex amplitudes v, are governed by the conditions that follow from

i
substitution of (d) into (a)-(c)

r--c 0 (Cs + l)_1
in .S R
s + 3 C.n 0 =0 (e)
R 1
1
B 0 (Cs + 0 Cin |




MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.24 (Continued)

The solution for s is

Lot
c

®
]
1
3+

ij_;j’ -] (f)

hohdl

Part b
Thus, the system is unstable 1if

C,n
1 i .
Part c

In particular, from (g), the system is self-excited as

C.n
i
== (h)

=

Part d
The frequency of oscillation under condition (h) follows from (f) and (h)

as
_ Cin V3 /3

W= —5=— == 65}

PROBLEM 7.25

The crucial quantities in the respective systems are the magnetic diffusion
time (Eq. 7.1.28) and the charge relaxation time (Fq. 7.2.11) relative to the
period of excitation T = 1/f. The conductivities required to make these

respective times equal to the excitation period T are

v T/u, o @)

a

g =¢/T (b)

In terms of the given numbers,

o = (3.16)2(107%)/(4) (3.14 x 10~ 7y 10~%

7 (e)
7.85 x 10° mhos/m

and
-12 -5 -5
(81)(8.85 x 10 Y/10 © = 7.16 x 10 ~ mhos/m (d)

8]

For the change in depth to have a large effect on the inductance, the
conductivity must be greater than that given by (c¢). Thus, the magnetic device
would not be satisfactory. By contrast, (d) indicates that the conductivity

of the electric apparatus is more than sufficient to make a change in
capacitance with 1liquid depth apparent even if €=€ . Both devices would be
attractive for this application only if the conductivity exceeded that given
by (c).
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.26

This problem depends on the same physical reasoning as used in connection
with Prob. 7.25. There are two modes in which either device can operate.

Consider configuration (a): the inductance can change either because of the
magnetization of the water, or because of currents induced in the water. However,
water is on}y weakly magnetic and so the first mode of operation is not attractive.
Moreover, the frequency is too low to induce appreciable currents, as can be seen
by comparing the magnetic diffusion time to the period of excitation. Hence,
configuration (a) does not represent an attractive approach to the engineering
problem.

On the other hand, configuration (b) can operate either because of a change
in capacitance between the eléctrodes due to the change in position of the
polarized liquid (at high frequencies) or due to a change in position of a
perfectly conducting liquid (low frequencies). As the calculations of Prob.

7.26 show, it is this last mode of operation that is appropriate in this case.

PROBLEM 7,27
Part a
Because we have changed only a boundary condition,the potentials in regions

(a) and (b) are still of the general form

~

¢a = A sinh kx + B cosh kx

$b = C sinh kx + D cosh kx (a)
There are now four boundary conditions:
9,(@ = ¥ ®)
$,00) = @, (0) ©
00 . 26,000 3¢, (0)
~oa— = Ge*t V)l ey 5% te oy ) (d)
b (-5 = 0 (e)

Only boundary condition (e) is new; it has replaced the assumption that
¢b must go to zero as x * - o,
Solving for A, B, C and D we find that
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MAGNFTIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.27 (Continued)

~

(wt-kz)

¢a = Re %[(l+js Eleo)sinh kx + jS tanh kf cosh kx]ej (f)
¢b = Re %[jS~sinh kx + jS tanh kf cosh kx]ej(mt-kz) (g)
where A = (1+jS e/so)sinh kd + jS tanh kf cosh kd.
Part b
If
Itk >> 1
tanh kf » 1 (h)
A comparison shows that in this limit the results agree with Sec. 7.2.4 if
we note that
ekx = cosh kx + sinh kx (i)

PROBLEM 7.28
Part a
The regions between the traveling wave electrodes and the moving sheet are

free space, and therefore the fields are governed by
v24 = 0 (a)

where

E=-V (b)
Moreover, solutions that have the same (z-t) dependence as the imposed
traveling wave potentials, and that satisfy (a) are

p (wt-kx) (c)

a

Re[Alcosh kx + Azsinh kx]ej

¢, = Re[B,cosh kx + B,sinh kx]ed (WE7k2) @

2
The constants Al’AZ’Bl’BZ must be adjusted to make these solutions satisfy

the boundary conditions

¢a = Vo at x=c¢ (e)
b =V at x=-c (£)
¢a = ¢b at x=0 (g)
ar?
) 3 a b ‘z _
e+ Vs i - el + o5 57 = 0 )

Part b

The symmetry requires that
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.28 (Continued)

¢a(x,z,t) = ¢b(-xszyt) (1)
and this implies that A1 = Bl’ A2 = - BZ' The boundary conditions become

A, cosh ke + A, sinh ke = V_ 1)

is (2A2) = Al (k)
where

S = (wkU)e _/ko_ )
Thus,

A =B =2j s%o/(sinh ke + 2§ S cosh kc) (m)
and

Ay=-B,= ?/o/(sinh ke + 2§ S cosh ke) (n)
Part b

A section of the sheet can be enclosed by a thin volume of small area in

the y-z plane to give the force per unit area as

T =272
¥4 zZX

(x = 0) (o)
where the symmetry has been used to set

a b
sz - sz (»)
Thus, the time average force per unit area is
_ Aa nak
<T,> = Rele B (0)E) (0] (@)

and from (m) and (n),

= - * -
<T > = Rele (-$1)A% (-i)A, ] (r)
2 1°|v_{%s
= Re ) 732 (s)
sinh“ke+4S cosh ke
2 kz'v |Zs
0 o
= 2 732 (€
(sinh“"ke+4S"cosh“ke)
It follows from (t) that the maximum occurs as
s = % tanh ke (u)
or osk
o= kU + =— tanh ke 10D

2e
o
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MAGNETIC DIFFUSION AND CHARGE RELAXATION

PROBLEM 7.28 (Continued)

Part ¢
Note that if S is held fixed at the value given by (u), the force per unit
area remains fixed. Thus, as os + 0, the velocities of the potential wave and

the sheet must become equal to retaln the force at a constant value

w + kU (w)
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