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SIMPLE ELASTIC CONTINUA

PROBLEM 9.1

The equation of motion for a static rod is

da%s
0 =E ——§-+ F_ where F_ = pg (a)
X x
dx
We can integrate this equation directly and get
x2
6(x)=—9-§-(—2—)+Cx+D, ®)
where C and D are arbitrary constants.
Part a
The stress function is T(x) = E %% , and therefore
T(x) = - pgx + CE. (c)
We have a free end at x = £ and this implies T(x=2)=0. Now we can write the
stress as
T(x) = - pgx + pgl. (d)

The maximum stress occurs at x = 0 and is Tmax = pgl. Equating this to the

maximum allowable stress, we have

2 x 109

(7.8 x 10°)(9.8)2
hence

2.6 x 104 meters.

»
1}

Part b
From part (a)
T(x) = - pgx + pgt A (e)
The fixed end at x = 0 implies that D = (0, so now we can write the displacement

2
2
s§(x) = - P& () + 2B () (£)
Part c
og 8% , ogt oge’
§Q) =~ 77 +F @) =T (8)

For 2 = 2.6 x 104 meters, 8(2) = 129 meters. This appears to be a large
displacement, but note that the total unstressed length is 26,000 meters.



SIMPLE ELASTIC CONTINUA

PROBLEM 9.2
Part a
The equation of motion for a static rod is

2
0=l 40 (a)
dx

If we define x' = x-Ll, we can write the solutions for § in rod 1 and in rod 2

as

0,8 2
= - (XD
8,(x) = o (2)+C1x+Dl (b)
and ' ng xl2 .
Gz(x)=——E—2(2—-—) + Cyx' + D, (c)

where C,,C,,D., and D, are arbitrary constants. Since T = E g%-we can also write

1°72°71° 2
the tensions,
Tl(x) = - p,BX + E1C1 (d)
and
" o~ o ]
TZ(x ) = p2 gx' + EZCZ (e)

We must have four boundary conditions to evaluate the constants and they are:

§,(x=0) = 0, (£)
'= =
§,(x'=0) = §, (x=L;) (8)
0= - AlTl(x=L1)+A2T2(x'=0) + mg, (h)
and
= - '= e
0 A2T2(x L2) + Mg + fx 1)
where f: is found using the Maxwell stress tensor
€ AMV2
=900 €))
X 2

24
where we assume d >> 6(2) (x'=L2).

Equations (f), (g), (h) and (1) serve to define the constants of integration.
Substitution of (b)-(e) shows that

D, = 0 ' (k)
2
p,g L
1 1

- —-}-5-1- (—2-—] +CL +D -D,=0 (L)

-81-
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PROBLEM 9.2 (Continued)

—Al[_plgL1'+ E1C1] + A2[E2C2] +mg =0 (m)
oy
—A2[—p2gL2 + E2C2] + Mg + 5 = 0 (n)
2d
Solution of these expressions, beginning with (n), gives
2
€ AV ]
1
C, = Mg+ 252+ p gL A | (o)
2 [ 2d2 2 22— A2E2
and hence
11
€ = E“g 018l T ARG KIE]
€oAMvi 1
= {[0t#m) + p LA + p LA g + —5—) 15 (»)
2d 171
2
L p,L,A € AMV
- 1 1711 o 0
Dy = TE {tosm) + —5—=+ 0, LA lg + —— } (q)
171 2d
D1 =0 (x)
Thus, (b) and (c¢) are determined.
PROBLEM 9.3
Part a
Longitudinal displacements on the rod satisfy the wave equation
2 .2
o] §—§-= E 33 and the stress T = E 33 . (a)
2 2 9x
ot ax

We can write §(x,t) = Re[G(x)ejwt] for sinusoidal excitationms. 8(x) can be

written as g(x) = C,sin Bx + Czcos B8x where B = w/p/E. The two constants are

1
found from the boundary conditions
>
326
M= (2,t) = - AT(L,t) + £(t) (b)
ot
§(0,t) = 0. : (c)
These conditions become A
2%, ds .
-Mw“ (L) = - AE i o) + £, (d)
and
§(0) = 0 (e)
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PROBLEM 9.3 (Continued)

for sinusoidal excitations.

Now we find 02 = 0 and
fo .
c, = 7 . (f)
AEBcosBR- Mw sinBL
Hence,
§(x,t) = SInBx  Reff eVt (g)
AEBcosB-Mw sinBl
and
T(x,t) = E —g% = -EBcosBx 5 Rel £ eJ¥t) (h)
_ AFBcosB2-MwsinB °
Part b
At x = 2,
§(L,¢t) = L Relf 3¥f) 1)
AEBcotBi-Mw
where BcotBL = w/p/E cot (wi/p/E).
For small w, cot(w/p/E) -+ and
b
wl E
§(2,t) + ——— £(t) )
’ AE 2
5 Mw

This equation 138 as used to describe a mass on the end of a massless spring:

2

d"x
M — = - Kx + £f(¢) k)
° dt2 K,Qc
£
and M,
X = Re[iejwt],
~MwR = - xR+ £ )
ol ¥ X o’
or
1
X = 5 f(t) (m)
K—Mow
Comparing (j) and () we note that
= AE -
K=y and 20 L. (n)

Our comparison is complete and since M >> pAfL we can use the massless spring model

with a mass Mo = M on the end.

-83-
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PROBLEM 9.4
A response that can be represented purely as a wave traveling in the negative

x direction implies that there be no wave reflection at the left-hand boundary.
We must have
v(0,t) + ——T(0,t) = 0 (a)
vPE
as seen in Sec. 9.1.1b.

This condition can be satisfied by a viscous damper alone:

AT(0,t) + Bv(0,t) = 0 ()
Hence, we can write
B = A/pE
M=0 (c)
K = 0.
PROBLEM 9.5

Part a

At x = % the boundary condition is

0 = - AT(Z,t) - B % (L,t) + £(t) (a)

Part b

We can write the solution as

8(x) = C, sin Bx + C, cos Bx, (b)

1 2

where B = m-l% . At x = 0 there 1is a fixed end, hence §(x=0) = 0 and C2 = 0.

At x = % our boundary condition becomes

~ a8
Fo = jwBS (x=L) + AE I (x=2), (c)
or in terms of Cl;
F, = jwBC, sin BL + AEBC, cos BX (d)
After solving for Cl’ we can write our solution as
A Fosian
§(x) = AERcosB+jwBsinfL (e)

Part ¢
For w real and B>0, § cannot be infinite with a finite-applied force, because
the denominator of §(x) can never be zero.

Physically, B>0 implies that the system is damped and energy would be
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PROBLEM 9.5 (Continued)
dissipated for each cycle of operation, hence a perfect resonance cannot occur.

However, there will be frequencles which will maximize the amplitude.

PROBLEM 9.6

First, we can calculate the force of magnetic origin, fx’ on the rod. If
we define §(%,t) to be the a.c. deflection of the rod at x = £, then using
Ampere's law and the Maxwell stress tensor (Eq. 8.5.41 with magnetostriction
ignored) we find

quNZIZ
= (a)
z[d-s(l,t)‘] .

This result can also be obtained using the energy methods of Chap. 3 (See
Appendix E, Table 3.1). Since d >> §(%,t), we may linearize fx:

H;ANZIz LIOANZI2
£ = 5 + 3 §(2,t) (b)
2d d "

The first term represents a constant force which 1s balanced by a static deflection
on the rod. If we assume that this static deflection is included in the
equilibrium length £, then we need only use the last term of fx to compute the
dynamic deflection §(2,t). In the bulk of the rod we have the wave equation;

for sinusoidal variations
§(x,t) = Re[3(x)ed""] (c)

"we can write the complex amplitude 8(x) as

i

1 sin Bx + C, cqfﬁ?x (d)

where B = mlE. At x = 0 we have a fixed end, so 8§(0) = 0 and C2 =0, At x= 1%
the boundary condition is

5(x) = C

_ /38

0=f, - AE7, (L), (e)
or quN212 o dS

0= ——;E—T- §(x=) - AE ax (x=2) (£)
Substituting we obtain

quN212 ,

————§—-C1 sin B = Cl AEB cos B _ (g)

d ) ’ '

Our solution is 8(x) = c1 sin Bx and for a non-trivial solution we must have

¢, # 0. So, divide (g) by ¢y and obtain the resonance condition:

7 -85~
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PROBLEM 9.6 (Continued)
UOANZIZ
G——————J sin BL = AEBR cos B% (h)

d3

Substituting B = w\l% and rearranging, we have

3
Ed
—57; @) = ran@{D @
u NI e
o
which, when solved for w, yields the eigenfrequencies. Graphically, the first

two eigenfrequencies are found from the sketch.

R/

— — — —

' +—
- ca,QV/E j /2

LTI T =

- — — — - —— =

|

WefNeie

<

3T/2 cox r-_{O/E.

Notice that as the current I is increased, the slope of the straight line decreases
and the first eigenfrequency (denoted by wl) goes to zero and then seemingly
disappears for still higher currents. Actually w, now becomes imaginary and can

be found from the equation
3
gé p p
>3 (lellJ;; = tanh (]wlll\E; )
u N1I°%
o
Just as there are negative solutions to (1), “Wys Twg oo etc., so there are now

solutions + J|w1|- Thus, because w, is imaginary, the system is unstable,

1
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PROBLEM 9.6 (Continued)
(amplitude of one solution growing in time).
Hence when the slope of the straight line becomes less than unity, the system

is unstable. This condition can be stated as:

3
STABLE > Eg 7= > 1 (k)
u N1
o
or
Ed>
UNSTABLE ——3 —p—— < 1 . ®)
N212x
uo
PROBLEM 9.7
Part a

§(x,t) satisfies the wave equation

. 2
_ %
pP—5=E—5 (a)

325
3t2 ox

and the stress is T = E %%. We can write

8§(x,t) = Re[8(x)el"t} , (b)

and substitution into the wave equation gives

5 = 0. (c)

= ‘IE
B=w E
For x > 0 we have,

Sa(x) = 61 sin Bx + ?:2 cos Bx (d)

and ~ N ~
Ta(x) = ClEB cos Bx - CZEB sin Bx (e)

and for x < 0 we have,

gb(x) = 63 sin Bx + 64 cos Bx (£)

and

-3
~
kel
<~
H

= E3EB cos Bx - EAEB sin Bx (g)

Part b ‘
There are four constants to be determined; thus we need four boundary

conditions. At the right end (x=L), we have

Sa(x=L) =0 (h)

-87-
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PROBLEM 9.7 (Contiqued)
and the left end,

R -1
Gb(x=-L) = Goe (1)
There are two conditions at the middle (x=0),
A + A p—
Ga(x=0 ) = 6°(x=0 ) (1)
and
A A + A - ~
~Muw Ga(x=0) = ATa(x=0 ) - ATb(x=O ) - 4KGa(x=0) (k)
Part c
Solving for 61,62,83, and 64 we obtain
T
_j —_
. -5 AEBe 2 cotBL
C1 = 5 2)
sinBL (4K+2AERcotBRL-Mw")
T
n GOAEBe 2
Cy = 3 (m)
sinBL(4K+2AEBcotBL-Mw™)
1 51
n § AERe cotBL § e
Cy=— 7 " “eIAL (n)
s1nBL (4K+2AEBcotBL-Mu") n
c, =C, (o)

Thus, (b), (e), and (g) with these constants give the desired stress distribution.

PROBLEM 9.8
In terms of the complex amplitudes, (%) and (r) become
T'(0) = —L—‘ii (2) - text (a)
ahA i
and . LI,
T'(R) = -1 (r) - text (b)
where 1' = - GGO .

Equation (t) without the approximation becomes
GL (u+ LI
:] =_jw_9..(i_l‘_lg_?.; +ij8 (C)
) w-u o a o
Using the steady-state solutions for the rod, we can solve for T(x) in terms of

the boundary values %(0) and %(2):

-88-
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PROBLEM 9.8 (Continued)

~ - a sin[k(2-x)] |, & sinf[kx]
T(x) = T(0) sin[k2] + T(R) sin(kg] (@
then
o1 4a cos[k(%-x)] _ =~ cos[kx]
§ /oE [%(0) sinfkQ) T(L) sin[kl] (e)
From (a) and (b), this becomes
8(2) -5 =L 523 1 1 + Lyt 5 cosl[k?] (£)
o w/oE aA i sin[kR] . aA o sin[kR)
Thus, in view of (c) solved for go’ we obtain the system function
: 1
H(w) = 7\—9' = G
i 2 wGL_ (u+u ) 2
i A a 0 o A a
cos[kﬂ,]+j/p_—E_ (—é) (—]':;f) sin[kL]- [Qj———_ﬁj{l‘/ﬁ (E) (fo—f) sin[k2]
(g)
PROBLEM 9.9
Part a

First of all, y(t) = 8§(-L,t) where §(x,t) = Re[G(x)ejwt]. We can write the
lsian + CzcosBx, where 8 = w/p/E. The C2 is zero
because of the fixed end at x = 0(8(0) = 0). At the other end we have

2

solution for 3 as g(x) = C

M 3—% (-L,t) = AE %S— (-L,t) + £5(¢) (a)
at X
Using the Maxwell stress tensor, (or the energy method of Chap. 3) we find
. a1 1012 [1, + 1())?
£(e) = —; - (®)

[d-DHS(-L,t)1%  [d-D-§(-L,t)1?

which when linearized becomes,

£€(t) = - cI(e) - ¢ §(-L,t), (c)
where
2 2 .2
. - 2N quIo . } 2N quIo
I (d-D)2 1y (d—D)3

Our boundary condition (a) becomes

Mo Sy = a1y -cT- c, §(-L) (d)

27 dx 1

Solving for C1 we obtain

-89~
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PROBLEM 9.9 (Continued)

~

C.I
I
C = ' (e)

1 AZEBcosBL - (sz—Cy)sinBL

and we can write our solution as

y(t) = Re[-ClsinBL ejwt]. (£f)

Part b

The transducer is itself made from solid materials having characteristics
that do not differ greatly from those of the rod. Thus, there is the question
of whether the elastic response of the transducer materials 1s of importance.
Under the assumption that the rod and transducer are constructed from materials
having essentially the same elastic properties, the assumption that the yoke
and plunger are rigid, but that the rod supports acoustic waves, is justified
provided the rod is long compared to the largest dimension of the transducer,
and that an acoustic wavelength is long compared to the largest transducer

dimension. (See Sec. 9.1.3).

PROBLEM 9.10
Part a

At the outset, we can write the equation of motion for the massless plate:
2

—aT(2,e) + £5() =M 28 (,e) T 0 (a)
at
Using the Maxwell stress tensor we find the force of electrical origin fe(t)
to be
2 2
e EOA (Vo + v(t)) (Vo - v(t))
(d-8(2,t)) (d48 (8, t))

Since v(t) << Vo and §(2,t) << d, we can linearize fe(t):

. ZeoAVi 2 AV_
f(t) = —3 S§(R,t) + 7 v(t) (c)
d d

Recognizing that T(2,t) = E %% (2,t) we can write our boundary condition at

x = £ in the desired form:
2

38 ZEOAV0 ZEOAVo
akE ™ 2,t) = ——— §(L,t) + v(t) (d)
x d3 d2

R -90~
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PROBLEM 9.10 (Continued)

Longitudinal displacements in the rod obey the wave equation and for an
assumed form of §(x,t) = Re[g(x)ejwt] we can write g(f) = Clsian + CzcosBx,
where B = w/p/E. At x = 0 we have a fixed end, thus §(x=0) = 0 and C, = 0.
From part (a) and assuming sinusoidal time dependence,we can write our boundary

condition at x = £ as

dG ZeoAvi “ ZeoAV6 ~
aE — (R) = s() + \ (e)
3 2
d d
Solving
ZCOAVo v
c, = 3 (f)
9 2¢e AV°
aEd"BcosBL - g sin BL
Finally, we can write our solution as
2e AV in@X
n
G(x,t) = L . 2 Re[Vejwt] ( )
) 2¢ AVS &
aEd BcosBL - ——1ET——— sinfL

PROBLEM 9.11
Part a
For no elastic wave reflection at the right-hand boundary we must have a

boundary condition of the form

v(0,t) + 2 T(0,t) = 0 (a)

PE

(from Sec. 9.1.1b). Since v(0,t) = %%-(O,t), we can write

- /oE 22 (0,8) = T(0,¢) ()
If we write the boundary condition at x = 0 for our example we obtain
0 = - ST(0,t) + £(t), (e)
or for perturbations
- - e
0 = - ST(0,t) + £ (t) (d)

Combining (b) and (d)

(t) = - s/p8 2 3‘3 ,t) (e)

a C.

-0]1-
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PROBLEM 9.11 (Continued)
and since 96/3t (0,t) = dys/dt,

e dyS
fac. (0 = = SHE ®

The perturbation electric force can be found using the Maxwell stress tensor

(using a surface of integration similar to that illustrated by Prob. 8.10):

e eosz eovgn ZeovoDvS
fx(t) =7a “Ta + a (g)
e 2e VODv
where we associate f (t) = o
. a.c. a
Equation (f) now becomes
ZEOVODVS dys
a R (h)

Now that we have dealt with the force balance we can write the circuit equations.
——4-1 The capacitance of the

! +

¢ V device 1is found to be

v
- 1 2e yD
R oo %o

a

Note that q = Cv and 1:%2. The basic circuit equation is

-V = dq _ dv dc
v + iR Vo v+Rdt V+R|Edt+vdt (i)

Substituting, we obtain

v ZEODRQX
Vo= v+ RC g+ —— Gt 1

and for perturbation quantities,

dv 2¢ DV R dy
o o s

s
0 VS + RCO —-dt + —a it (k)
Since w << —1—, v_ >> RC_ dv_/dt and now we have
RCo s o s
2€ DV R dy_
0= vy + i )

—99-
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PROBLEM 9.11 (Con;inued)
Equations (h) and (%) must be satisfied simultaneously and this can occur
only 1if

ZSODVOR _ as/-FTE-

a 2 VD (m)
oo
Finally from (m) we have the condition on the d.c. voltage;
1/2
- _Aa S/EE
Yo 2€ D [R ] (n)

PROBLEM 9.12
Part a
Note that there is no mutual capacitance between the two pajrs. We can find

the capacitance of the left-hand pair of plates to be

ed(% -y,)) € d(% +y,)
C, = ‘ + -2 (a)
2 h h
The current 12 can be found from 12 = dqz/dt = d(VOCZ)/dt = Vo dC2/dt,
and upon substitution of C2 we obtain
L - —(e-eo)vod dy2 ®)
2 h de

If we solve for Yy in terms of v, our job will be done.
Define the y-axis from left to right with y = 0 at Y, = 0. Assume all

constant forces (with v, = 0) to be balanced and consider only the perturbations.

I1f we assume for the rod §(y,t) = Re[g(y)ejmt] then we can write

3(?) = C, sin By + C, cos By (c)

where B = w/p/E . (We have assumed that the electrical forces act only on the
surfaces of the rod. This is evident from the form of the force demsity, Eq.
8.5.45, if the effect of electrostriction can be ignored.) At y = 0 there is

no perturbation force and for a.c. deflections we have a free end condition:

N
0 =T(,t) 9E %% (g=0) =0 (@
This forces C, to be zero. At y = % we can write the boundary condition as

1

- e
0 = - haT(2,t) + £5 _ (t)

-93-
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PROBLEM 9.12 (Continued)

Using the Maxwell stress tensor (or energy methods, as in Sec. 8.54)
(e—eo)d
2h

Linearizing and ignoring the d.c. term we have

£2(e) = w_ + vs)2 (e)

(e—eo)vod

& == V%

e

fla.c.

From the boundary condition for complex amplitudes we obtain

(E-Eo)Vod

dé .
0=—th_c—l;(9')+_—~F_—VS A _ ()

Substituting and solving for CZ;

-(e-€ IV
€y =3 Vg (e)
h“EBsin B4
Recognizing that yz(t) = §(0,t), we can now write
-(e-€ )V v ‘
yz(t)=Re -jr——il—il-ii edUt (h)
h™ TR sin %
-(e-€ )V d dy
N = __—.___9.—&____2.
Since 12 h i Ve have
2.2 7
jw(e-e ) Vd
12 = Re —§~—-"£L——ll— vy ejwt (1)
h~ Ff sin R2 A
Finallv, we can write
i jm(e—e°)2vid
Y(jw) = =~ = Y 16}
v h~ EB sin B2
Part b
The poles can be found from
h3 EB sin BL = 0 (k)
where B = w/p/E. The lowest nonzero frequency can be found from
sin(wi&p/E = 0 to be
w=—" )

W /E

Note that the w = 0 is a pole because the rod is free to translate slowly between

the plates.
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PROBLEM 9.13
Part a

The flux for the left-hand transducer 1s

2
u,N

A, =

. 2mR(a-§ (O,t))il (a)

and for the right-hand one,

2
UON
Ar = ZTTR(a+5(L1’t))1r (b)
1..2 1 e
For this electrically linear situation we have W; =5 i = E-Xi and f = EEE
Hence we find, to linear terms
2
uoN 2
fl = - 1TR(I° + 2101) (c)
and, because i_ =1 - Gv
r o out
uoN2 2
fr = e 'rrR(Io - 21o Gvout) (d)

Part b

For the left-hand transducer, an acceptable stress—tensor surface is shown

below,
/J = 0! no shear
"ﬂlkidn"-sl 5*\’(_ a5

:.—‘—)\(‘A\- e~

|

]

| . YAy

. R 5“"("‘);}1‘
[}

|

éAre:»'—‘-_’ g(aﬂq«)l R

—P

and the mirror-image is acceptable for the right-hand transducer. Application

of fx = § Tx n.da to the two surfaces yields the same result as in part (a).

33
S

i
-
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SIMPLE ELASTIC CONTINUA

PROBLEM 9.13 (Continued)
Part ¢
The wave equation holds in the rod for 8(x,t). Assuming & = Re[g(x)ejwt],
we have g(x) =C, sin B x + C, cos Bx, where 8 = w/577. At x =0, f2= —T(O,t)(nRz)

1 2
which yields 9. A
2UuN"T I A
° =c¢.1
Rg | S
c,? 2 ~
which in turn implies C1 = At x = &, fr = T(L,t) (MR"), which will yield C2.

T(0) =

The only other relation we need is the electrical circuilt equation, which

we can find from

= — = Cos, +
Vout at 2 E,@:m,@l, RC G 'Vour )
to be
I s
v = _QE!~EELE£11 (e)
out a(l+j GLlw)
where L, = u NZ(ZnRa)/g.
1 o
Finally we can write G(w) as
A S
clwy = out o __ VoL (£)
i aRBsinBL(1+jGLlw)—ijCII°L1cosBl

Part d
If G << —};-so that the self inductance of the output transducer is negligible

and the systemlis matched so that avEp = G CI IOL1 we have

~

Vout onLch
~ = (g)
I avEp [sinBL-jcosBL]
and
v I L,C
Sut o 171 (h)
I avEp
PROBLEM 9.14
Part a
With no perturbations and no volume force in the rod we know that the
stress, T(xl), will be constant. At Xy = 0,
0= - AT(x, = 0) + £° ' ) (a)
e eovo A1
where, using the Maxwell stress tensor, f = > . Hence,
2d

~96-
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PROBLEM 9.14 (Continued)

eoviAl
T(xl) = - (b)
2Ad
Part b
The velocity of the wave will be vp = /E/p and the transit time will be
ty = L/vp.

Using Table 9.1 we have

N

_ -4
4 5700 ~ 1.96 x 10 sec.

Part ¢
This part is similar to Prob., 9.11, where our condition for no reflection

is

e 1)
fa.c.(t) = - A/SE.EF 0,t) (e)

Using the Maxwell stress tensor

where v = v' + Vo. Here, we ignore the effect on £€ of the change in d resulting
from the motion of the plate.

Writing the circuilt equation we have

- - p da dv dc
R+v=V REE+V=R(C-d—E+vE) (@)
The capacitance C is
€ A €A € A
ol . 01 ol
Y (S N R 2 §(0,t) (e)
Our equation becomes
£ A € A
I o1l dv' o138
0=v'+R 1 dt +RVO BT (0,t) (f)
and since
. eoAlR av'
d dt °’
we have
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PROBLEM 9.14 (continued)

RV € A
o]

' o __0013§
v 5 3¢ (M0 ()
d
Now we can use this result to write fz c. = eoAlvo v'/dz, and the condition

that this force take the form of (c) requires

A/pE a* = Rvi E(Z)Ai , (h)
or equivalently
4
- A
€AV
olo

PROBLEM 9.15
Part a

We have from the problem statement

v(z+Az) -~ Y(z) = BTAz .
If we take the limit Az - 0, then we obtain

-
fl
O ot
Q1°)
N &

Part b

We can write the equation of motion directly as

2
(hz) ;’—% = T(z¥hz,t) - T(z,0).
t

Dividing by Az we have

5 3% _ 1(zthz,0)-T(z,t)
8t2 Az

Taking the limit Az + 0 we obtain
2

2 z
ot

Part c¢
' Substituting the result of part (a) into the result of part (b) we get

2 2
I AP _ 3Ty
H 2 2 .
ot d9z”
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PROBLEM 9.16
Part a

We seek to write Newton's law for motions in the z direction of a slice
of the material having x thickness dx. In our situation the mass is

2
padzdx, where the acceleration is a’az/ac". The net force due to the stress is

Fz = [sz(x+dx) - sz(x)]a dz (a)

and ”
3“62
o] atz dx adz = [sz (x+dx) - sz(x)]a dz )

Finally, in the limit dx =+ 0 we have

E

0 z _ __2x (c)

Part b

The shear strain, e’ is defined so that it is proportional to
Gz(x+dx) - Gz(x) normalized to the distance between points dx. If sz=2G e x
then in the limit dx - 0 T7x =G aaz/ax if wve define

38
1 z
€2x T 2 9x (d)

The 1/2 is included to subtract out rigid body rotation, a point that is
important in dealing with three-dimensional motions (see Chap. 11, Sec.
11.2.1a).

Part c

From part (a),

o’ or
o ) = 3% (e)
Using the result of part (b) we have
S
o 525— =G S;E_ 5 (£

the wave equation for shear waves with the propagational velocity
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PROBLEM 9.17
Part a

Conservation of mass implies: net mass out per unit time = time rate of

decrease of stored mass

lov + 2% axja - (owia = - £ [oanA] (a)
As Ax + 0, we have

If we write p = (N + p'(x,t) and v = v(x,t) then we obtain by substitution

v, 3(p'v) _ _ 3p'
Po 3x T 3x TS (c)

Retaining only first-order terms we have

dv _ _ 9dp'
Po Ix ot (d)

as desired.

Part b

Conservation of momentum implies:

time rate of increase of stored momentum = net momentum in

per unit time + externally applied force
3 2, apv 2 3
—(ovhxn) = - [ov” + 5;&)— BxIA +(pvDA + pA = (p + 22 A WA (e)

as Ax + 0, we have

3ov) _ _ a(pv>) _ 3p

3t % % (£)

Expanding we have

9 3 3 3 3
oGt v +v G g = - R (x)
e

-

4
this term is zero
by conservation of
mass
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PROBLEM 9.17 (continued)
Finally we have

p@r+viy -2 h)

Substituting the perturbation quantities and retaining only the first order

terms we obtain

v _ _3p
Po Bt % e

Part c
In terms of perturbation quantities we can write
2
p' =a p' &)

where

2 )
a = (5%)p .
[o]

Substitution for p' yields the two equations

v _ _ 30’
%0 3x ° T Bt (k)
and
A
2 9p'_ v )

@ %x - Po Bt
Combining we obtain

3%y 2 3%y

“— = a° == (scalar wave equation) (m)
2 2

at 9%

Part d

If we substitute v = Re[a(x)ejwt] in the above equation we obtain

2~ 2
d—‘2’9‘1+-‘°—2$(x) =0 (n)
dx a :

which has solutions of the form

/\;(x)=C1 sin(% x) + C cos(%—x). (o)

2
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PROBLFM 9.17 (continued)
A rigid wall at x = 0 imples that $(x=ﬂ) = (0. The drive at x = £ and the

equations of part (c¢) imply that

@ 2% »)
dx a2 P
o
at x = L.

The solution for 3 is
. 3B, sin(g %
v(x) = - FrITI (@)
o cos(— 2)
a
and we can now obtain v(x,t): for 60 real

3 sin(® x)
v(x,t) = L 2 sin wt. (r)
ap
o cos(z-l)

PROBLEM 9.18
We can calculate the values of dd+/do and d6-/dB for three regions of the

x-t plane as defined helow.

A

C

‘\\1:§\\\\ o4
c “Vp

Referring to equations from text, 9.1.23 and 9.1.24, 9.1.27 and 9.1.28:

Region A:
s+ 1 'm dé- _ ,
@ - "2v o w O (a)
P
and
v
r1=-E m ®)
2 v
p
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PROBLEM 9.18 (continued)

Region B:
s+ _ o ds- _1'm
do > dB 2 v
P
and v
r=E_m
2 v
p
Region C:
dé+ _ dé- _ _
'aa——dB =0 and T = 0.

Plotting T(x,t) in the x~t plane we have

(c)

(d)

(e)
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PROBLEM 9.19

We can find d6+/do and d§-/dB for four regions of the x-t plane:
L X
D

~ 0
C
D

Referring to equations from the text 9.1.23, 9.1.24 and 9.1.27, 9.1.28 we have,
Region A:

dé+ _ 1 T(a) dé- _ 1 T(B) (a)

do " 2E '3 2°E a
Region B:

dé+ 1 T(a) dé- _

@ ~2F > - ° ®)
Region C:

dé+ _ dé- _ 1 T(a)

a - ® T E (c)
Region D:

dé+ _ dS- _

o ~a@ " ° (d)

We can use these values in equation 9.1.23 and 9.1.24 from text -and make the

NV
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PROBLFM 9.19 (continued)

B peags o v'p/'RE

N,

PROBLEM 9,20
Part a

The free end at x = 0 implies that T(0,t) = 0 and using equations 9.1.23
through 9.1.26 we can easily find that velocity pulses "bounce off" x = 0
boundary with the same sign and magnitude. For the x-t plane we can indicate

the values for v(x,t):
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PROBLEM 9,20 (continued)

Part b

We can make use of part (a) if we use superposition. Consider the super-
position of boundary and initial conditions; a free end, T(0,t) = O with the
initial conditions in part (a) and the T(0,t) as shown in Fig. 9.P20b with
initial conditions on T and v zero. Since the system is linear, we can add
the velocities that result from the two situations and thus have the net
velocity. For the response to the second set of conditions we have

Ax

$=0

#= Tl /E ¥=0

2 0.11}',

Add this velocity set to the set in part (a) and we obtain:

X

y=0
K= U/
2a
) 4=0
a Sz & :‘-,,TJP/E
U
o<y T JE V»=0
4 -
S ], [ e, >t
= “Tah/E

UIU'Tko/E
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PROBLEM 9.21

Part a
With the current returned on the inside surface the field in the air gap
is H = - lﬁﬁl %
z D
2
7 X
£ /
‘ 1 —t 4
T(e) 4 /
—— /
xz -4 ‘wK=0
and the force per unit area actinpg on the inside surface is
2
-1 I
Ty =7 Y% 57 (a)
1 M? 2
The force is fx =-Tx an = 3D 1°(t) and the boundary condition at x = - £
is
2 U .a
M8 Coey = 120 120y & AT(-1,¢) ®)
at2 20D
Part b

The current will flow on the surface when the time T is much shorter than
the characteristic diffusion time T4 over the length b:
2
Ty >> T or puob” >t (e)

Part ¢
In order to ignore the mass M, the inertial term must be small compared

to AT(-%,t). For t < 1, §_ = 0 on the rod, and from Eqs. 9.1.23 and 9.1.24,

E 3§

T(-2,8) = - == 52 (-2,8) @
P
Thus 9
w2 ca,e) <« (AR (e)
2 v_ dt
ot P
or
M << AE ‘r/vp (€3]
Our boundary condition in part (a) now becomes:
U a
0 =12 1(t) + aT(-2,0) (®

Since there is a fixed end at x = 0 we know that a stress wave traveling
in the +x direction will reflect at x = 0 with the same wave returning in the
-x direction. To satisfy the condition v(0,t) = 0, Eq. 9.1.23 shows that
d6+/da = d6_/dB at x = 0. Thus, from Eq. 9.1.24, the stress is twice that
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PROBLFM 9.21 (continued)

initiated at the left end
U a
=9 12
Te=ma Lo (h)

PROBLEM 9,22
Part a
We have W = W' and U = C + U' where W' and U' are perturhations from

equilibrium. Rewriting the equations we have

W' W' ou' K u’
— +W)+— +— +———m— — =0 (a)
at ax ax (C+U')3 9x
and \
_E)_U_' ' g_vg' ' 3_U' =
T + (C+U'") % + (W") . 0 (b)

Neglecting all second-order perturbation terms we have

' K . ou' _ :

—3T+(l+?)§'—0 (c)
au" W'

5c T (O 3¢ =0 @

Part b
Multiplying the ahove two equations by %E-and %; , respectively, we have

2 2
W' K 3 u'
L+ 4+ f=r =0 (e)
3t2 C3 oxot
and
2 2
"' W' -
%ﬁ-+(c>——2=o (£)
Ix
Eliminating U' we obtain
2, 20
AW sca+XH 2 ()
ot ¢’ 9x

which is the familiar wave equation with wave velocity vp = V(?(l + 53).

~ 'w
We can write the solution as W' = Re[w(x)eJ t] where

W(x) = ¢, sin Rx + C, cos Bx (h)’
with R = m/vp.
At x =0, W=W" =0 and hence ¢, = 0. At x=-1L, W="UW =W cos wt, or equiv-
2 o

alently a(—L) = No’ hence C1 =-N°/sinBL. Upon substitution we find that
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PROBLEM 9.22 (continued)'

the solution is
W sin Bx

= ' = - ———————rer— .
w=u sin BL

cos wt , (1)

PROBLEM 9.23
Part a

This part is similar to Prob. 9.24 with two simplifications:
V =0 and
o

the mass is M/unit width (Mw) instead of 2M. The two separate relations yielding

the natural frequencies are

G,
sin <wL \j —g—’>= 0 5 (a)
20m Om
— = tan <U)L —S_> B )
Mw \,—%; )

(a) yields wL ch/S = nm where n = 1, 2, ... and corresponds to solutions

and

which are "odd", or £(x) = - £(-x). (b) can be solved graphically and corresponds
to solutions which are "even", or E(x) = £(-x).
Part b

The effect of raising M is to reduce the eigenfrequencies of the ''even"
modes. The "odd" solutions predicted by (a) are independent of the mass M.
This is physically reasonable since there is a node at the mass, and since

"even' solutions

the mass doesn't move there is no inertial force. For the
predicted by (b), we notice that if M = 0 we have essentially the natural
frequencies of a membrane of length 2L. As M = ®, the system responds like
two different membranes of length L. The infinite mass acts like a

rigid boundary.

PROBLEM 9.24
Part a ‘
We can use the Maxwell Stress Tensor to find the forces of electric

origin, If fi corresponds to the force due to the upper electrode and

fz corresponds to the force due to the lower electrode, then we have:
2
€ VA >
33(0 -2 i, (a)
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PROBLEM 9.24 (Continued)

2
€ VA
-f)i (t) = - _2_0___7 -{ (b)
2[a+£(0,8) 1" 7
2 2 3%

Our equation for the membranes is dm 9°E/dtT = 8§ — and if we assume
€=Re[g(x)ejwt], then we can write o

g(x) = C1 sin Bx + C? cos Bx (c)
for x > 0 and

E(x) = C3 sin Bx + C4 cos Bx (d)

for x < 0 where B = w¢0m7s.
Our boundary condition will yield the four constants. We have

Ex=-1) =0

Ex=1) =0 (e)

Bx =0 = E(x=0")
and 9

37E _ E + _ K - e e

2M F 0,t) = S"’[ax ) P 0 )] + fu(t) + ff,(t) (£)

which reduces to 9 ¢
~ "2 £ 2¢e VA .
-’ £(0) = Swlj—i " - % Q) )} + Z3° £(0) ()

after we linearize [fi(t) + f;(t)]. Substituting, we immediately find C2 = C4.

Writing the remaining equations we have

0= - C, sin BL + C, cos AL ‘ (h)
0 = C1 sin BL + C2 cos RL (1)
2€ VZA 2
0=5wC, + |—22 + 2Mw“! c. - swB C )
1 3 2 3

If we eliminate the constants by setting the determinant of the coefficients

Cl’ C.,, and C, equal to zero, we obtain two separate relations:

2 3
sin 8L = 0 and S‘;B = tan BL. (k)
EoVoA 2
3 + Mw
d

-110~



SIMPLE ELASTIC CONTINUA

PROBLEM 9.24 (continued)
Substituting for B we have

 — 0 —
Om Sww 3 O'm '
Sin(wL ——J =0 and ——————— = tan wL {=— €3]
S 2 S
€OV°A 9
3 + Mw

d

The first relation implies that wL/5;7§ nT where n =1, 2, .... The second
relation can be solved graphically.
Part b

As V° is increased from V° = 0, the lowest natural frequency decreases.

When Vo approaches the value

Swd3
€ AL °
o

the lowest natural frequency approaches zero; as V0 18 further increased, there

will be an imaginary solution for w and the system will be unstable.

PROBLEM 9.25

Part a L
m _ oW o ,2
The force of the lower plunger is fz = e =i_i ig. By symmetry the upper
a
plunger has a force fﬂ = —(Lokagg ii. From the circuit
2 _ 2 .2 . 2 _ g 32 2 _ .
:L'Q = (Io + il) = Io + 21011 and iu = (Io il) = Io 2101
magnetic force is

1° Hence the total

2L I i 2L I G
m_ 00l _"“oo 3
£ = a a 9x ©,t) (a)
Writing the force balance on the tip of the wire at x = - £ we have
2L I G
£ -t,0 + —22 25 (0,1) = 0 ®)

Part b
Away from the ends

2 2
MERI i @
at 9x

and if E=Re[g(x)ejwt] then

E(x) = C, sin Bx + C, cos Bx ()
where B = wn/f., £(0,t) = 0 imples that C2 = (0., From part (a) we have
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PROBLEM 9.25 (continued)

2LI G 4

dE _ oo d& =

f a (-2) + 2 I ) 0. (e)

Upon substitution we ohtain
2L I .

£8 C, cos BL + =2 c8c, = 0 (£)

Since Cl must be finite for a finite response, we have
2LoIo

fB cos RL + a GR =0, (2)
or = 2LIG

f cos wylv? + —a—— =0 (h)

(We have ruled out one solution, because it is trivial.) A graphical solution

of (h) is shown in the figure.

L
S
-2
Part c
If G = 0, then
”
w, /2= (“;+1)1r (1)

withn =0, 1, 2,...
Part d

From the figure, wy increases toward w11%57f = T and W, decreases toward
the same value. They come together at G = af/ZLOIO and seemingly disappear

af
ifG>‘2—LI
oo
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PROBLEM 9,25 (continued)

Part e

If

GI > ET—%g, then (h) has imaginary solutions for w, hence the system
‘0o
will be unstable.

PROBLEM 9.26
Part a

First of all we notice that v(t) = £(~L,t). For the memhrane

2 2 L .
o] A& S §——-g-and if E=Re[£(x)e3mt] then £(x) = C.sinflix + C,cosBx where
m a2 2 1 2
dt Ix
B = w Om/S. At x = 0, g(x=0) = 0 and therefore C? =0. At x =~ 1., we can write
the boundary condition
2% 3E m
M —-—2— (-1.,t) = 8D 3’ (-1.,t) + £ (t) (a)
at X y

We can find fe(t) using Ampere's lLaw and the Maxwell stress tensor
2 .
R qun‘ (T, + I(t))? (I, - I(t))2 '
£ (8) = — 5 = 7 (b)
y © {d-D-E(-L,£)  (d-DHE(-L,t)) 7]

Since I° >> I(t) and (d-D) >> E(-L,t) then we can linearize:

- 2 R
2 Io Io
£208) = ON"A_ | T(t) + ——=3 E(-L,¢) (c)
Y (d-m* (d-D) )
2N7Au010
Substitution of (c) into (a) and definition of CI & — and
9 2 (d_n)
2N"AN 1
— [e N e)
C = — 3 gives
Y (a-m
2
M g (-L,t) = SD oF (-1.,t) + C.I(t) + C_ E(-L,t) ()
2 ax 1 y
At
or in complex form,
Mo E(-1) = SD k13 (-L) +c.I+c E(-L) (e)
! ax I y
After solving for Cl’ we can write
" ral
~ CI sin Bx I
E(x) = (f)

(Mw2+Cy)sinBL-SDB cos BL

or finally
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PROBLEM 9.26 (continued)

CY sin BL 'f

= 3 (#)
SDR cos RL - (Mw +Cv)sin AL

~< D>

re[y e“%).

where y(t)

Part b - .
To find the resonance frequencies we look at the poles of ;r\/I. This amounts

to finding the zeros of the denominator of §/i We have
Ja; MUm 2 ‘lcm
SDhw g cos wl, 3 = [Mw™ + Cy]sin wl 3 (h)

a_
Shw §1n- o—m' )
7 = tan (wL VE—) (1)
Mw +Cy

or

We can represent the solution graphically:

|
l
I
|
I
|
|
I
|
|

Cr g

T/, /: T BT /: Z“LJLE?TS:

—_ e — — — ——

EI_(_O_BI.EM 9,27
Part- a

The boundary condition may be obtained by applying force equilibrium using

the following diagram, F(t) 5E
s slope é_r
- X
\/—\
: 13
. .
slope A%

-114-



SIMPLE FLASTIC CONTINUA

PROBLEM 9.27 (continued)

thus
3t - ?&
L ,n- *r, +
- X S a
F(t) = £ |52 (0) - 5(0) (a)
Part b )
For the odd solution, Ez(x,t) = - Er(—x,t) and it follows that
13 3E
5—&'? 5—£~= 0. This implies that the odd solution is not excited by the force F(t).
X x
Part c 9 3t i
For the even solution, Ez(x,t) = Er(—x,t), we have e —;—-and the boundary

condition (a) from part (a) becomes

13

r
= - I = b
F(t) 2f oy at x = 0 (b)
For 0<x<% we have
2 2
n 26 2L (©)
ot dx

with £(x,t) = 0 at x = 2.

For t < 0, this reducss to

2
]
——§ =0 (d)
9x
and we obtain
Foz x
E(x) = 7% (1 - EQ for 0<x<% (e)

Part d

We now have a combined transient and driven response, as discussed in Sec. 9.2.1,
By contrast with the developments of that section, we now have a boundary condition
at x = ) on the slope agr/ax (see (b) of part- (¢)). Our program is: (EEEr in the
following)

i. Find the driven sinusoidal steady-state response, This satisfies the boun-
dary conditions:
- E1A
Fo cos wt = - 2f A ,t) (f)
E(L,t) =0 (g)

ii, Find normal modes, which satisfy homogeneous boundary conditions;

% 0,0 =0 (h).
£E(2,t) =0 (1)

The sum of these modes takes the form of a Fourier series.
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PROBLEM 9,27 (continued)
iii. Superimpose (1) and (ii) and use the initial conditions found in
parts (a)-(c) to evaluate the arbitrary coefficients.

The driven response is of the form

3 =RE(C1 sin Bx + C, cos Bx)ejwt; 8 =vafl (1)

2

a linear combination which satisfies (g)

£ = ReC, sin B(x—!l)ejwt (k)

3

while (f) evaluates Cg

Fosin R(x-2)e
2fR cos R

and the driven response is
jwt

(2)

E = - Re
The normal modes are in this lossless case the resonances of the driven
response and occur as cos BL = 0. Thus

™ +
w2 \[% - (2‘2‘ Y, n=0,1, 2, 3.. (m)

and the total solution for 0<x<% is

wt -jw t

F sinB(x-2) ® b
- __o + n - n 2o+l
g = 218 cos B °°° wt + nZO[An e + An e Isinf ( > )2 (x-2)] (n)
The coefficients A: and A; are evaluated by requiring that
F % F sinB(x-2) o
=2 -%-_° = t oA ntl,mo
E060) = 55 D) =~ S s pr * L (g + Al CFHE o] @)
and
12 PR + - 2otlm
3¢ (x,0) =0 nZO [w A - Ju A lsin[ (57 (x-2)] ()

- +
This last condition is satisfied if A: = An. The An's follow from (o) by using
the orthogonality of the functions sin[(2n+1/2)%-(x—2)] and sin[ (2m+1 /2)%(x—2),

m # n, over the interval 2.
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