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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.1 

Part a 

At x = 0, the net force on an incremental length of the string has to be zero. 

-2B - f n = 0 
at ax 

This is the required boundary condition at x = 0. 

Part b


The power absorbed by the dashpots is the product of force 2B C/a3t and the


velocity 3&/3t. T us


P = 2B (Q


If we solve Eq. 10.1.6 for


E(x,t) = Re[( ej(w t-k x )


and assume that w < we we get


ý(x,t) = Re {[A I sinhlklx + A2 coshlklx]ejWt} 

where k L 1/2 
We can calculate A1 and A2 using the boundary condition of part (a) and the


boundaiy condition at x = 

= Re E ejwt
k(-Z,t) 


We then get j2o2• 
j0 2Bw


Al [f k cosh k Z + jw2B sinh kjkj


A2 [flklcoshlkl1 + jw2B sinh kI]1


If we plug these values into the expression for power,.and then time average,


we have


B(f kljom)2


<P> = 

[(ffklcoshjkflZ)2 + (2Bw sinhj)kJi) 2]


where it is convenient to use the identity


<Re Aejwt ReBejt> = 1 AB* 
2 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.2


Part a


We use Eq. (10.1.6)


a• v2 32a 2 2 Ib


t2 s x2 c c m
at2 s ax2 

Assume solutions ( = Ref(Ae- j kx + Bejkx)ejtt]. The dispersion equation is:

2 2


k2 = c
k2 = d 

2 

v 
S 

Now use the boundary conditions, which require


A ejk + Be- j k  =


-jk[A - B] = 0


(i) Wd < Wc (below cutoff) 

=d cosh eax

= cos wdt


cosh atd


a 2 v 

(ii) Wd > Wc (above cutoff) 

Fsd cos x

((x,t) = os t cos Wdt


ý 2 cos 82d 

Part b L 
ti 

CL)d =0 

WI I 

x 
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DYNAMICS OF ELECTROMECITANICAL CONTINUA


PROBLEM 10.2 (continued)


i 

e 
Sd < Wc 

,( 

Cd > 
•c 

d e i 

Part c


The string might be attached to a massless (friction ess) slider at


x = 0, so that the end would be free to move in the transverse direction.


in 
Force e0uilibrium for the increment or length at x U LI•en requ•L• 

E/3ax = 0 at x = 0. 

PROBLEM 10.3


Part a


From Eq. 10.1.10 we have


2k 21/2 

k 2v


s


with our solution of the form


E(x,t) = Re(A 1 e j(t-kx) + A2 e J(wt+kx) 

We have the boundary conditions
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.3(continued)


-x (O,t) = 0ax


and


x-(-Z,t) = 0. 
ax


From the first boundary condition, we obtain


Al = A2 ; E(x,t) = Re A3 cos kx e j wt 

From the second boundary condition, we obtain


sin kZ = 0


This implies that


nIT

k = ; n = 0,1,2,3... 

Note that by contrast with the case where the ends are fixed, n = 0 is a valid 

(nontrivial) and crucial solution. It corresponds to an eigenmode which is 

simply a rigid body translation. 

From Eq. 10.1.7 

2 2 2 2 
S=-k v + 00 

s c 

Therefore, the eigenfrequencies are 

'22 1/2 
-- c + vs 

For the n = 0 mode, w = + ) . 
-- c 

Part b 

With I as in Fig. 10.1.q, we have the same equations as in part (a) if we 

replace w 
2 

by -0 2 . Therefore, for this case, the eigenfrequencies are 
c c 

_ 2 2 1/2
W = VS) - 11/ 

Part c 

With I as in Fig. 10.1.9, the IxB force is destabilizing, as a small 

perturbation from x = 0 tends to increase this force. If w in part (b) became 

imaginary, the equilibrium 1,= 0 would become unstable as the solutions are 

unbounded in time. This will happen as


2

S v W < 0


Ss C 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.3 (continued) 

or in terms of the current 

n11 I )2 

b (T vs 

Note 	that any finite current makes the n = 0 mode unstable, since for this mode 

there is no elastic restoring force.


PROBLEM 10.4


Multiply the system equation by ,


ma - a2f• _ Ib * + * F(x,t) 
at 2 at 2 at atat ax 

Proper substitution of partial differential identities yields:


a m • 2 4f o2 + Ib 2] f , F(x,t)


-t •2t 2•x 3x 2 x x• t at


PROBLEM 10.5


We have that


F(x,t) = Re ( e( x) + e 

Part 	a


For k real, we might write this in the form


1 j1at-kx) e- j (wt-kx)
5(x,t) = 2 + e+* 	 e 

+ 	 e (tkx) + * e-j (wt+kx) 

From 	Prob. 10.4 we have that the power carried by the string is


P = - f a a 
ax at 

If we do the indicated differentiations, then substitute into this expression,


and then time averagewe will obtain


<> = fwk ^ ^ ^ ^ 

-<P>= [5+ * - 5_ _*] 

Part 	b 

For k purely imaginary


k = j5 

with 	3 real, we can write F(x,t) in the form
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DYNAMICS IN ELECTROMECHANICAL CONTINUA 

PROBLEM 10.5 (continued)


1 ^t eJO t+x + e-Jwt+Bx + ejwt-8x + _,e-jt-8x
5(x,t) = ( et + * e + ( e + * 1 

If we again substitute into our expression for power and average over time


we obtain


<P> =- +* _ - + E_*l 
2 + + 

From (b), we see that it is possible to have a net power flow from two evanescent


waves, but not from a single evanescent wave. Suppose that a single evanescent


wave did carry power away from the driving source. This would correspond physicall,


to a string driven at the left and infinite to the right. With Wd< c, the


response as x *o becomes vanishingly small; clearly there can be no power flow at


x + oo. Yet, there is no mechanism for power absorption by the string and so there 

can be no power flow into the string from the drive. With a dissipative load, a 

second evanescent wave is established, decaying to the left, and the conditions 

for power flow are met. 

PROBLEM 10.6 

From the dispersion relation, we calculate: 

r[ w2 1/2
V - = v 1


g ak s 2


Now, assuming a single forward traveling wave:


S= E+ cos[wt - k(w)x] 

Then: 2 2

(m0 fk2 Ibn 2


<W> = + 4 +


<P> = E 

Thus, substitution gives


<P> fkw/2

<W> 


2 2 

2-1/2 
= vs - =Vg 

which is the desired relation. This result is of some general significance, but


has been shown here for a particular case.
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DYNAMICS OF ELECTROMECIANICAL CONTINUA 

PROBLEM 10.7 

Part a 
The equations of motion for the membranes are 

2 1 

a = S + T 
m ýt2 2 1 

gm 2Fx =S 2 F2 + T 2 

where T1 and T 2 are the transverse magnetic forces/area. If the membranes extend 

a distance w into the paper, and if we define regions 1, 2, and 3 as the top, 

middle, and bottom regions respectively in Fig. 10P.7, the flux in each region is 

11 o 1 w(d- 1) 

= 2 PoHl2 w(d+ý1 - 2 ) 

3 = l o113 w(d+E2 ) 

where ll, H2, and H3 are the magnetic field intensities within each region. Since 

the flux is conservedwhen E1 = '2 = 0 we have 

A = =- plio wd A = + lH wd 

Therefore, I d 

1 od-•q ixHod i+ 

1 d+E- 2 x 

and 
1 2and


H do i

3 d+F, x 

We will use the Maxwell stress tensor to calculate T1 and T2 , using a pill-box


volume enclosing a section of surface on each membrane.


We then obtain 

TI o° 2 2


T= 2 [11 - H ]


and 

T2= 2 23
2 2 2[ - H3 

Substituting the expression for the H fields, and realizing that (1 < < d and 

E2 < < d, we finally obtain for the forces 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.7 (continued)


T 1 
P~
o
H 2 (2 C11 - F)2

T d
1 d 

and PIt12 (2 ,2­

T2 00 0 2 
2 

Our equations of motion are then

2 

a 
m 

1 E 
=2 -- S 

2 
1 

2 

~ 12 
o o 

d 
(2Fi-F2

1 2 

and 2 
32 32 0 10 

m t2 x2 d 2 1 

Part b


We assume that 

F = Re F1 eJ(rlt-kx) 

and 

= Re F2 
e j (tAt-kx)

F2 


We can substitute these functions into the equations of motion from part (a),


and solve for the relation between w and k such that the 2 equations of motion


are consistent. This dispersion relation is


2'),10 p H22 2 0 01oo
-( + Sk + = + 

m d - d 

We see that the dispersion equation factors into two dispersion relations. If we


substitute this relation back into the equations of motion from part (a), we see


that we obtain even and odd solutions.


The dispersion relation


9 

22 Sk' li ~Sk 0 0 
a + 

a ad

m m


yields


F• =F1. 

The dispersion relation


2 Sk'+ 0 0
h) +
0 Oad 

m m


yields FL = - E12 
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DYNANICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.7 (continued)


Plotting w versus k, we obtain


k real 

- - - - k imaginery 

From the plot we see that the lowest frequency for which we have propagation 

(k real) for the even mode is 

ce ad 

For the odd mode, the cut off frequency is


= 
 /
Wco -(md 1


oad 

Part d 

We are given the boundary conditions that at x = 0 

i= 0 2 = 0 

and at x = ­

= - F = Re o ejt
1 '2 o
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DYNAMICS OF ELECTROMECIIANICAL CONTINUA 

PROBLEM 10.7 (continued)


From the boundary condition, we see that our solution is purely odd. Therefore


2 1/2

m 0o


k= mk S Sd 

We assume a solution of the form 

Sl(x,t) = - C2 (x,t) = Re{A 1 ej ( w t- kx) + A2 e j(wftkx)} 

Evaluating A1 and A2 through the boundary conditions,we obtain


'o

A = - A = -Jk


1 2 jk2_ -jk2


Therefore 0[e -jkx _ e+jkxlejt 

(x,t)=-2(x,t)= Re [ejk _ e--jk I
Jk k 


For w = 0, k 	 is pure imaginary. We define k = j3, with 8 real with value(OO2 1/2 
Sd


Therefore


Y1 (xt) 	 0- 0inhWfx


sinh 8£


A sketch appears below.
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.8


Part a


The given equations follow by writing out Maxwell's equations and assuming


E and H have the given directions and dependences.


Part 	b


The force equation for an incremental volume element is


ýv

F i mn - (a)


x e ýt 

where F is the force density due to electrical forces on the electrons 

F = - i en E 	 (b) 
x ex


Thus, 
 3v 

-en E = mn (c) 
ex e at 

Part 	c


As the electrons move, they give rise to the current density


J - en v (linearized) 	 (d)

x e x 

Part 	d 

Assume e
j (wt-kx) dependence and (c) and (d) require

2 
en 

J =-jj eE (e) 
x - m X° 

o[W2 x 

where = e2n /me is called the plasma frequency. (See page 600) 
p e o 

=k	c22 - 2 ; c = i1 (g) 
c ACoIýo 

Part 	e


We have a dispersion which yields evanescent waves below the plasma (cutoff)


frequency. Below this frequency, the electrons respond to the electric field


associated with theuave in such a way as to reflect rather than transmit


an incident electromagnetic wave.


Part 	f


Waves impinging upon a boundary between free space and plasma will be totally


reflected if the wave frequency w < wP . The plasma frequency for the ionosphere 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.8 (continued) 

is typically


f % 10 MH

p z


This result explains why AM broadcasts (500 KH! < f < 1500 KH ) can commonly be z z 

monitored all over the world, whereas FM (88 MH < f < 108 MH ) has a range 

limited to "line-of-sight". 

PROBLEM 10.9 

In the regions


x < - 2 and x > 0 

the equation of motion for the string is 

2F, 2 a2

t2 s ýx


at ax~ 
In the region -Z < x < 0, this equation is modified due to the magnetic force to 

2 2 
2 v2 2(j 


at2 s x
2 c


If we assume


-F(x,t) = Re { e (w t kx) } 

and substitute back into the equations of motion we obtain the dispersion


relations


2 2W 1/2


k = + [W2 - < x < 0

v

V 

- v 

The boundary conditions are


at x=- = 

at x = 0 F and - must be continuous. ax 

lie assume that


(x,t) = Re {[A e- • x + B e+x] ejwt} for -£ < x < 0 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.9 (continued) 

where = 1/2 
2C2 2 1/2 

for w < w 
= s c 

U(x,t) = Re b ee-jk b x e j 3t} for x > 0 

where 

bv 
s 

Using the above boundary conditions, we obtain 

0o(1 + jkb) 
- 0A =


2(1 cosh 1£ + jkb sinh 12) 

%o(1 - jk b ) 
2(1 cosh 3,+ jkh sinh 1R) 

But F = A + B 

Therefore 

co


[cosh 1£ + sinh 1S]
a 

Part b 

As 0


-b


As £-+k 

-+ 0


Eo 

PROBLEM 10.10


Part a


The equation of motion for the string is


2 2 
m 

t 
-;2E
2 

_f 2 + S - mg 

at ax 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.10 (continued)


where, for small deflections F in the "l/r" field from Q,


S 	 qQ [1 + E1
2n7 	 d d 

O


In static equilibrium, 5 = 0 and from (a)


qQ= 	2Pdco'mg 

Part b 

The perturbation equation of motion remains; 

m 2 = f 
2 

+ ( 
2at ax 2 d­

0 

Assume ej (wt -k x) dependence and (c) requires (vs = /f7n) 

2 v2k2 qQ

s 2


2nTd e m
0 

or from (b), 

2 = v2k _ g 
7(ý1(11~e s d 

The boundary conditions require k = nw/9,, and for stability the most critical


mode 	 is n = 1; thus 

v2()2 > 

s d	 (e) 

m < g 
fd () 2(f)	

(f)8 

Part 	c


Increase f, d, or decrease R.


PROBLEM li.11 

m F f + S-mg

at ax


where S (IxB) and B = , r the radial distance from the fixed wire. 
r=o ad 2 r


Therefore S = 2or

2trr 

For 	static equilibrium
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.11 (continued)


oo 
S = mg = 

2rF,


Therefore


27rmg

o


I =

•olo


Note 	that I I > 0 for the required equilibrium.
o 

Part b


The force per unit length is linearized to obtain the perturbation equation.


O 10S27Therefore


Therefore


m 
S32 

= f 2 11oo I 

00 
St2 3x

2


Part 	c 

Assuming ej (wt-kx) solutions, the dispersion relation is


2 22 oo 
-m 	 = f k 

2 2o


Solving for w, we obtain 

w = k2 S1/2lIoJ 1/2	
X 'jjI + 

As long as I I > 0 the equilibrium will always he stable as w will always be 

real. Note that this condition is required for the desired static equilibrium


to exist.


PROBLEM 10.12


The equation of motion is given as


,2, ,2, 
m d_ = f d2L + p,


3t, 3x'


Part 	a 

Boundary conditions follow from force equilibrium for the ends of the wire 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.12 (continued)


(i) 	 -2KE(O,t) + f (, = 0 (b)ax


(ii) 2 ((,t) + f (xt) = 0 	 (c) 

Part 	b


The dispersion relation follows from (a) as


w2 = 	 v2 k2 - ; v = V7TF (d)
s m s 

where solutions have been assumed of the following form:


E = Re[(A sin kx + B cos kx)ejO)t ]  (e) 

Application of the boundary conditions yields a transcendental equation for k: 

tan k = 4Kf(f) 

f2k2_4K2 

where, from (d), 

k = 1 a2 + P/m (g) 
s 

Thus, (f) is the desired equation for the natural frequencies.
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.12 (continued) 

Part c 

As K + 0, the lowest root of graphic solution goes to k + 0, for which 

stability criterion is: 

P 
0 >


m 

PROBLEM 10.13 

Part a 

This problem is very similar to that of problem 10.7. Using the same 

reasoning as in that problem, we obtain 

m 

a2 
1 

_2 = S 

a2I 

2 + 

E V
2 

0 (2tl-62) 
ax d 

2 2


2 
a 2 S 7+ (22 -_1)
m at ax2 Dxd•3 2 

Part b


Assuming sinusoidal solutions in time and space, the dispersion relation is


V2

2E V2 
2 2 o o oo 

-a(w + Sk 03 + 3 
m 3 -- d
d d 

We have a dispersion relation that factors into two parts. The odd mode, 

S= - 2 has the dispersion relation 

W 2 3E 2] 1/2 

m ad 

The even mode, E = E2 has the dispersion relation 

V2] 1/2


[Sk 
22


a 
m 

m


Part c 

A plot of the dispersion relation appears below.
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.13 (continued)


,-, I 

Coe 
cog 

Part d 

The lowest allowed value of k is k = since the membranes are fixed at 

x = 0 and x = L. Therefore the first mode to go unstable is the even mode. 

This happens as 

3C V2 
2 06D 

Sd L2 
7r 

J2 Sd 31/2 

0 L2 Eo0 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.14


The equation of motion.is


a 
2
2 v2 a2 

2 
v Ca 

2 2 (a)

at s ax at 

Part a


The dispersion for this system is:


jv - v2k
W2 _ 2 2 = 0 (b)

s 

We may solve for w,


w = j () - v2k2 (c) 

JJ[a + Y 

We assume solutions of the form:


- (a+yn ) t - (a-Yn )t nt x 
E(x,t) Ref I [Ane + B e ]sin nx (d)


n odd


Now, we may use the initial condition on- to relate A and B . Thus we obtain: 

• U(x,t) = Re{( A [e - •(- e le sin (e) 
n odd a nn 

Now, we apply the initial condition on E(x,t = 0) to determine A . 

U(x,O) = d An sin (f) 
n odd LYn-aJ 

I iA' sin nl

n odd


The coefficient A' is determined from a Fourier analysis of the displacement:

n 

4E 
A' = --

o (g) 
n n•' 

So that: 
y -an 4E 

An n 0 (h) 
n 

Part b


There is one important difference between this problem and the magnetic


diffusion problems of Chap. VII. While magnetic diffusion is "true diffusion"


and satisfies the normal diffusion equation, the string equation is basically a


wave equation modified by viscosity. Hence, we note (c) that especially the
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.14 (continued)


higher modes in the solution to this problem have sinusoidal time dependence as


well as decay. Magnetic diffusion as discussed in Chap. 7 exhibits no such


oscillation, because there is no mathematical analog to the inertia of the


string. If we had included the effects of electromagnetic wave propagation


(displacement current) the analogy would be more complete.


PROBLEM 10.15


From Chap. 10, page 588, Eqs. (e) and (f) we have


dE+ (vs-U) DE 1 @

da 2v ax 2v ;t


S S 

dE_ (v + U) _ 1 •

d--- 2v x + 2v- •


S S 

Since -C (x = 0) = 0, we have the following relations in the three regions.
axRegion 

Region 1 

d + + Vo0 d& 

da 2v ' d 

Region 2 

dF+ d_ V0 

d ' dB 2v 
s 

Region 3 

d+ Vo d_ V


da -v ' 2v

s s 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.15 (continued)


In the other regions, the derivatives are zero. From Eq. 10.2.10 on page 586,


d( dS


~x de+ d_


we have


V 

H- =- o-2 [u (B)-u 1 (B-b) - ul(a) + u_l(-b) 
ax 2v -1 ­

s 

Integrating with respect to x, we obtain


V 

F(x,t) = l[u-2(0) - u_(2 (-b) - u_2() + u- 2 ((-b)] 
s 

A sketch of this deflection is shown in the figure. 
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DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.16


Part a


The equation of motion is simply


2 2

m = f 2


2 ax
at


The dispersion equation follows as:


(m-kU) 
2 

= v2k
222 

s 

Where solutions are assumed of the form:


E(x,t) = Re{(E+e jix + ý_e-jýX)e j (wt-ax)} 

The boundary conditions are both applied at x = 0, because string is moving at 

a "supersonic" velocity. 

((x,t) = ol{cos 6x cos[wt-ax] - U sin ýx sin[wt-ax]}


Part b


AIP 

C 
• • I I • I \ .•


U1 Ix 

W/d
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.17 

We use Eq. 10.2.9 

2 2 32E 
-t + U-) -v . 2 

Assuming sinusoidal solutiors in time and space we obtain the dispersion relation


2 22

(w-kU) = k v 

s 

Thus 

SW(U + v s ) 

U+v U2 2 
s 

We let 

wU 

U2 _ v 2

s 

Wv

U2 -vs2


s


Therefore, k = a + and 

E(x,t) = Re[A e- j ( a- 8 ) x + B e- j (a + a) x ] e j wt 

The boundary conditions are 

=(x 0) = 0 which implies A = - B= 


E(x = - 9) = Eo


Therefore


E(x,t) = Re A[e j(a 8 )x_ e-j(a++)x]eJwt 

= Re A2j sin Bx ej(wt-ax)

However, 

E(-t,t) = Re E ejwt 

Therefore 

U(x,t) = - si sin Bx cos[wt-a(x+t)] 

Part b 

For 5 = 0 at x = 0 and at x = - a we must have a = n7rw/ 

Wv 
s niT


U2_v22

U-v 

or
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.17 (continued)


(U2 - v )2

W= 


v 
s 

These are the natural frequencies of the wire.


Part 	c 

The results are meaningful only for IUI < Ivs . If this inequality were not 

true, we would not be able to use a downstream boundary condition to determine


upstream behavior and arrive at a result that would be obtained by "turning the driv


on". That is, if U 	> vs the predictions are not consistent with causality.


PROBLEM 10.18 

Part a 

In the limit of wavelength short compared to the radius, we may "unwrap" the 

system: 

2 2 
m + U 	 a) (a) 

az 

Now let z + RO, U -	RQ. Then, it follows that 

a + 0 a 2 f a 	 (b) 

where Q = f/( R 2) 

Part b


The initial conditions are


ac/at(e,t = 0) = 0 (c) 

(,t = 0) = 0 < e < d/4o - --	 (d) 
, elsewhere


Solutions take the form


S= +(a) + S_() 	 (e) 

where
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DYNAMICS OF ELECTROMECHANICAL CONTINUA 

PROBLEM 10.18 (continued)


a= - t 
s 

= 
8 O -30 t

s 

Because aE/at (t = 0) = 0, 

d+ d­

= - s -3sd (f)
s dc s dB 

Also, 
dE+ dý


= 
- (t=0) = da_ +-d0 (
0 
[u (0) - uo(/4)]

0 
(g) 

Thus, from (f) and (g),


dE+ 
 3

da 5o[u (0) - Uo(O/4)]; on a (h) 

dSE- 1

= -aT o[uo(0) - u (7/4)]; on B


The solution in the 0-t plane follows from


dE+ + dE_
a -+ -d (J)
(j) 

and an integration at constant t on e. The result is shown in the figure. Note that 

the characteristicsthat leave the interval 0 < 0 < 27W atO= 27r reappear at e = 0 to 

account for the reentrant nature of the rotating wire. 
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PROBLEM 10.19


In the moving frame we can write


at 2 fa2 + F(x',t') (a) 
at,2 ax,2 

and so from Prob. 10.4, we can write 

= aw' aP'

n -" + -­Pin at' ax' () 

where 

P' == F (c)in at

2 2


W' = m (,) 1 f ( 2 (d)


' 
P = - f (e)ax' at' 

But a a d a a U a+ 
ax ax at at ax 

Therefore (c)-(e) become 

a a 
P'in = F( + U ý-)) (f) 

W'= m(- + U ~ )+ 2 (g) 

P' = - f (a + U ) (h)-ax at ax 
The conservation of energy equation, in terms of fixed frame coordinates,


becomes


p aW' aW' P'

P -- +U - + (i--)
in at ax ax 

at 
S+ 

ax 
(P + W'U) (j) 

If we let 

P P' 
in in 

W = W' (k) 

P = P' + W'U 

we can write

=
P. aw + a 

in at ax


which is the required form.
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PROBLEM 10.20


The equation of motion is given by Eq. 10.2.33, and hence the dispersion


equation is 10.2.36;


k = n + jy (a) 

where 
= n WdU/(U 2-v 

y = v (U2_ 2 )k2 2 /(U 2 - 2 ) 

Solutions are assumed of the form


= Re[A sinh yx + B cosh yx]ei(0t-nx) (b) 

Boundary conditions require; 

B = 0o 	 (c) 

A = jnEo/y (d) 

Thus 

= Re Eo[y sinh yx + cosh yx]e j (t-nx) (e) 

The deflection has an envelope with an essentially exponentially increasing 

dependence on x, with the instantaneous deflection traveling in the + x 

direction. 

PROBLEM 10.21 f
.' s.ouL6B e 6•' " 7NrH606//#j 7 peRO•fL•L 

Part a 

The equation of motion is 

a a 2 2 
am t + U x) = S 2 mg + T (a) 

ax 

E V2 

with T --o o -o V2 [1+ 2 
2 (d-_)2 2 o d2 +3 

For equilibrium, E = 0 and from (a)


2

SV


o 
S= mg (b) 

2d 
or


Vo 	 [ /J2 
(c) 

L 0 
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PROBLEM 10.21 (continued) 

Part b 

With solutions of the form ej(w t- k x) 

E V2­
2 S 2 oo 

(w-kU) k 0d) 
om a d 3 

m 

the dispersion relation is 

(d) 

Solving for k, we obtain 

For U > 

k = wU 

S/a• , 
m 

S 2 U2 S o 
+ - U - ( ) 

m 

2 S(U2 _ ) 

m 

and not to have spatially growing waves 

--

(e) 

S 
a 

m 

-2_(U2 S> 
a 

m 

,e V2 
o
3 

a d 3 
m 

> 0 (f) 

or 

w > (U- i-) 3 (g) 

POOBLEM 10.22 

Part a 

Neglecting the curvature of the system, as in Prob. 10.18, we write: 

a m 
a 

( t 
R

P( •-
R a 

2 
= SR2 

2 
82 + T 

r 
(a) 

where the linearized perturbation force/unit area is 

2e V2 

Tr (----
a 

Therefore, the equation of motion is 

(b) 

+ 0 a 2 2n 2 + m2 () (c) 

s 

2 
m c = 

2 

aR 
m 

2E V2 

oo 
3 

a 

2 

R 
S 
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PROBLEM 10.22 

Part b 

(W-)22 2 (m2m2) (d) 

ioW + = 2 + ( 2 Q2 ) 2m2 
( mi)m = - (f)


n2 _ 2 
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PROBLEM 10.22


Part c


Because the membrane closes on itself it can be absolutely unstable 

regardless of 0 relative to s. Allowed values of m are determined by the 

requirement that the deflections be periodic in 6; m = 0, 1,2,3,... Thus, 

from (e) any finite me will lead to instability in the m = 0 mode. Note 

however that this mode does not meet the requirement that wavelengths be 

*short compared to R.


PROBLEM 10.23 

We may take the results of Prob. 10.13, replacingiI-by a + U andat ax

replacing w by w-kU.


Part a


The equations of motion


2 a2 E V
2


a mm + U x ) = S --2 o3 (2 1 -2)
ax d


a2E E V2


a a S

am it + U -x)ý2= S ax 

'2 + 0
d 

(22 1
1

Part b 

The dispersion relation is biquadratic, and'factors into 

2e V2 e V2 

-a (w-ldM) + Sk2 + 03 (c) 
d d 

The (+) signs correspond to the cases 1 E2 and 1l= ý2 respectively, as will 

be seen in part (d). 

Part c 

The dispersion relations are plotted in the figure for U > S-/jm.m


-146­




DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.23 (continued)


A· U 

and 

1% ý 0;.. 

z 
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PROBLEM 10.23 (continued)

Part d


Let =1 2. Then (a) and (b) become


2 825 E V2 
= a(-

a 
+ U -

a ) S 
1 

+ 
oo 

1E 
ax d


S+ 2 2 
2 oo

V2 

2 (e)ax 33 2 ax d


These equations are identical for 5i = 2; the dispersion equation is (c) with 

the minus sign. Now let 1 = - E2 and (a) and (b) require 

a2 I 3E V2 

a 
m (-a +U a ) 2 E = S ax2 3 (f) 

ax d 

amt 2 
a22 3E V2 

2+ 00

m(- + 3x E2 = S ax ax2 d3 2


These equations are identical for = - 2; the dispersion equation is (c) 

with the + sign.


Part e

#%A ,­


E (0,t) = Re E ejWL = - )(0,t)
A1


ac 1 a12= = 0 at x = 0 
ax ax


The odd mode is excited. Hencei, we u,se the + sign in (c) 

38 V2


-am(w-kU) 2 + Sk2 S =0
-
d3


Z

3E V


k2 (S-0mU2) + 20 m 
WkU - a 

m 
w2 d

d
o0 
3 
3 O 0


Solving for k, we obtain


wU 
where a = 

U2_v2 
s 3 2 2 2 1/2


3E V (U -V )[v22 oo s

d 3s a

ad

8= 2 

m
2


U - v

s 
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PROBLEM 10.23 (continued) 

2with v = S/a m . s m 

Therefore 

E1 = Re {[A e-J(a+a)x + B e-j(a-8)x ]ejWt 

Applying the boundary conditions, we obtain 

A = 2(-)28 

(c±+B)•
B = W

21 

Therefore, if • is real 

(o) 

(p) 

(q)
(q) 

S (x,t) x = cos 8x cos(wt-ax)- sin Ox sin(wt-ax) 

Part f 

We can see that 8 can be imaginary, for which we will have spatially 

growing curves. This can happen when 

3E V2 

22 oo 2 2 
w s2 d 3 (U2 v ) < 0 

m 
or d3 2 v2 

v2 m s 
0 v 

Part g 

With V = 0 and v > v ;
o s 

(r) 

(s) 

(t) 

% f- F A I A I 

• J 
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PROBLEM 10.23 (continued)


Amplifying waves are obtained as (t) is satisfied;


PROBLEM 10.24


Part a


The equation of motion for the membrane is:


at 2 =S Fx2 21 +T 

where 

T =T = 2E V2 E/S 3 

z zz


The equation may be rewritten as follows:
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PROBLEM 10.24 (continued)


A2 = 2 (c)22 


at2 ax2 ay2


where 2E V2


2 _ oo

c 3


Ss


Assume solutions of the following form:


j(wt-k x-k .y) 
E(x,y,t) = Re[E e ] (d) 

The dispersion is:


w2 = v2[k2 + k 2 - k2 (e)

s x y c 

The mode which goes unstable first is the lowest spatial mode: 

k k 'T (f) 
x a- y b


Instability occurs at


2 2


k = ar + (b (g)

k2c a) 

or, 
3 2 2 1/2 

Vo = [2(a[ +()] (h) 

o 
Part b 

The natural frequencies follow from Eq. (e) as 

2 2 1/2 
mn ( + _ k2 ] (i) 

sns b+
V[a c 

Part c


We superimpose eigensolutions to obtain the membrane motion for t > 0.


The solution that already satisfies the initial condition on velocity is


E(x,y,t) = Emn sin marx sin nb- cos mnt ()

mn


where m and n are odd only, since the initial condition on ((x,y,t=0) requires


no even modes. Now use the principle of orthogonality of modes. Multiply


(j)by sin(pwx/a) sin(qfy/b) and integrate over the area of the membrane.


The left hand side becomes
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PROBLEM 10.24 (continued


fb fa 
1b f:[(x,y,t=o)sin pIx sin dx dy (k) 

0b 0a 
= ba J u (x- a) o( b)sin plx sin dx dy

ooJ o 2 a b 
0 o 

Thus, (j) reducesto


J ) (pq(0)


which makes it possible to evaluate the Fourier amplitudes


4J

(m)mn a 

The desired response is (j) with Emn given by (m).


4J

(x,y,t) = (o) sin sin n cos

'ab' sin-si b mn 
mn

(odd)


Note that the analysis is valid even if the lowest mode(s) is (are) unstable,


for which case:


cos w t + cosh a t 
pq pq 

PROBLEM 10.25 

The equation of motion is (see Table 9.2, page 535): 

2 
a 

m 
322 

t 2 S ( 2 
x2 y2 

(a) 

j(wt-k x-k y) 
With solutions of the form 5 = Re C e x yy, the dispersion equation is 

W +v k2 + k 2 (b)
-- s x y 

A particular superposition of these solutions that satisfies the boundary


conditions along three of the four edges is


ff A sin nry sink (x-b) cos w t (c)
a x o 

where in view of (b),


w2 2 2 n(i)2 (d)

o s x a 

Thus, there is a solution for each value of n, and
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PROBLEM 10.25 (continued)


I==A sin k (x-b)cos w t sin nay (e)

n= 1 n n o a
n=1 

where, from (d) 

k 2 2 1/2 

kn - (f) 

At x = 0, (e) takes the form of a Fourier series 

(y=0O) = I -A sin k b cos w t sin ng) 
n=1 

This function of (y,t) has the correct dependence on t. The dependence on y 

is made that of Fig. 10P.25 by adjusting the coefficients An as is usual 

in a Fourier series. Note that because of the symmetry of the excitation about 

y = a/2, only odd values of n give finite A . Thus n


12 - y sin y dy + a/2 a (a-y)sin n- y dy (h) 
a a/2 

= - A sin knb sin n•y sin 'Y dy 
o


Evaluation of the integrals gives


4E a A a sin k b

Ssin ()= - n n (i)


(mW) 2 2


Hence, the required function is (e) with k given by (f) and A given by

n n 

solving (i)


A = sin (')/sin k b (1)
n m2 2 n 

PROBLEM 10.26 

The force per unit length is#o0 x H, where H is the magnetic field intensity 

evaluated at the position of the wire. That is, 

S = p1I[H iy - H i ]. (a) 

To evaluate H and H at ui + vi note that H(0,0) = 0. By symmetry
x y x y 

H (0O,y) = 0 and therefore aH /ay (0,0) = 0. Then, V*B = 0 requires that 
y y 

aH /Dx(0,0) = 0. Thus, an expansion of (a) about the origin gives 
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PROBLEM 10.26 (continued) 

EaH aH i 
I vi - -- ui (b)
0 ay y ax x 

Note that because Vx H = 0 at the origin, aHx/ y = a~ /lx. Thus, (b) 

becomes 

aH 

S oI a [-ui + vi ] (c) 

and 3H /lx(0,0) is easily computed because

y 

(x,)I o 1 1 
I 
o2x

H 
y 

(x,O) = 
2w 

[ 
a-x a+x 

] 2w 
[ 2 ] (d) 

Thus, 

S 2 [-ui x + vii y (e) 

Ira 

It is the fact that V x H = 0 in the neighborhood of the origin that requires 

that the contributions to (e) be negatives.


Part b


(i) Assume u = Re[u e ( t - k z )  (f) 

Then


2 2k2 2 2 f 2 Ib

tVs=Vp,k + =-m 

(g) 
The w-k plots are sketched in the figure


M 

)(~~e~~oh 

&, 
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PROBLEM 10.26 (continued) 

Y, 
Coý%?ýeAX C-) 

40'r 'rec,9t 

-------- civ 

Then 

v = Re[v ej(t-kz)] 

2 22 2 
2 = v2k2 -

(h) 

and the w-k plots are as shown 

LtAee6A-ZOL^S 
ýor VQcj. 
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PR
 COrP\P) Cj 

o r·ec 

21 04 6j, 

direction, it must destabilize motions in the other direction. 

Part c 

Driven response is found in a manner similar to that for Prob. 10.2. 

Thus for 

w < 4b (cutoff) 

u(z,t) =-
u sinh a x 

sinh ct 
cos o t 

o (j) 

v(z,t) = -
v sin k x 

r
sin k t 

V 

sin w t 
o (k) 

u(z,t) 

v(z,t) 

= 

= 

-

-

u sin k x 
isin k • 

u 

v sin k x 
sink 

v 

cos wuto 

sin t 

() 

(m) 

where Vs 211/2 

k 
U k=[w; 

2 
o -

2 

2 1/2 
Wb 

~l/ 
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PROBLEM 10.26 (continued)


k= 2 +21/2 

Part d


We must suppress instability of lowest natural mode in v.


2
2 T > 2


2 2

II <


for evanescent waves 

2 2 
3o % 

Thus, from (n) and (p), 
2 < v 2 (w/9) 2 . 
o 

Part e


U4 

if 

'p. 

-2 

64 

< 00</1o, 

I~fl 
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PROBLEM 10.26 (continued)
 L, 

z 
0
o


b/m 

The effect of raising the current is summarized by the W-k plot, with 

complex k plotted for real w. 

As I is raised the hyperbola moves 

outward. Thus, k increases and k

v u 

decreases to zero and becomes imaginary.


Thus, wavelengths for the v deflection


shorten while those for u lengthen to


infinity and then deflections decay.


Note that v waves shorter than A=2k


will not be observed because of


instability.


PROBLEM 10.27


Part a 

We may take the results of problem 10.26 and replace -by + U ýz in the


differential equations, and w by w-kU in the dispersion equations.


Therefore, the equations of motion are


2 2u 
m(- + U ) 2 u = f- 2 - Ibu (a)

at az a 

m( + U ) v = f az2 + Ibv (b) 

Part b


For the x motions, the dispersion relation is


-m(w-k 2 = - fk 2 - Ib (c) 

We let 
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PROBLEM 10.27 (continued)


Ib 2


-f = V 2

m s


Therefore w=kU + 2v + 2


or solving for k


wU + 
2 
v + 

22 (U 
2
-V 2

2
)


k=

k - )2
(U v 


The w-k plot for x motions is sketched as


-W'0 

For real w, we have only k real. For real k, we have only real w.


For the y motions, we obtain


222 2 22 2 2
WU + V v v

2 -ss 

Tksl f r 


Thus for real w, the sketch is
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PROBLEM 10.27 (continued) 

Tj Ul S 

/p 

(Ar (01 23­

while for real k, the w-k plot is 

-160­




DYNAMICS OF ELECTROMECHANICAL CONTINUA


PROBLEM 10.27 (continued)


Part c


Since the wire is traveling at a "supersonic" velocity, we cannot impose


a downstream boundary condition to determine upstream behavior.


We are given


u(O,t)i + 	v(O,t)i = u cosw t i + v sinw t i (h) 

and the boundary conditions


(o,t) = o0 (o,t) = 0 	 (i) 

We let 

WU 
2 2 

s 
2 2 2_ 

+A+, (U v)b 

U2_v2 
s 

(U2_v )
s 

(j) 
2

w2v 
2 
-c 

(2
(U 

2 
- v) 

(u2 
(U 

2v) 
- v )s 

For the x 	motions, the allowed values of k are 

kI = a + 8 with w = wo 

k2 = - (k) 

Therefore 

u = Re Al e- k z + A2 e- Jk2]ejo () 

Applying the boundary conditions and simplying, we obtain 

u = u Re[(C1 sin ýz + cos ýz) ej ( t-Z ) ]  (m) 
o0 

For the y 	motions, the allowed values of k are


k3 = a + y (n) 

k4 = a - y 

Therefore


v = -v
0 
Re[(-

y 
- sin yz + j cos yz)e (wt-az) ] 	 (o) 
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PROBLEM 10.27 (continued)


Part d


~•N000 

I - "I(- - 'I 

what 
As long as U > vs this is the form of u, no matter/the value of I (as long 

as I > 0). As the magnitude of I increases, B increases but a remains 

unchanged. 
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PROBLEM 10.27 (continued)


This is the form of v, as long as


2 2 2 2 _p2 
-Svs - (U ) > 0 (p) 

As I is increased, we reach a value whereby this inequality no longer holds. At


this point y becomes imaginary and we have spatial growth.


,· 

- ~ ~7N 

As I is increased beyond the critical value, v will begin to grow exponentially


with z.


Part e


To simulate the moving wire, we could use a moving stream of a conducting


liquid such as mercury. We would introduce current onto the stream at the


nozzle and complete the circuit by having the stream strike a metal plate at


some downstream postion.


PROBLEM 10.28


Part a


A simple static argument establishes the required pressure difference.


The pressure, as a mechanical stress that occurs in'a fluid, always acts 

on a surface in the normal direction. The figure shows a section of length 

Az from the membrane. Since the volume which encloses this section must be 

in force equilibrium, we can write 
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PROBLEM 10.28 (continued)


2R(Az)[pi - po] = 2S(Az) (a) 

C 
L 

I 

ltp 

. .•4--­
P

1< 

where we have summed the forces acting on the surfaces. It follows that the


required pressure difference is


P - p = R (b) 

Part b


To answer this question, and other questions concerning the dynamics of


the circular membrane, we must include in our description a perturbation


displacement from the equilibrium at r = R. Hence, we define the membrane 

surface by the relation


r = R + E(e,z,t) (c) 

The pressure difference p -po is a force per unit area acting on the membrane 

in the normal direction. It is the surface force density necessary to counter­

act a mechanical force per unit area T


m 
T = - S (d)

m R 
which acts on each section of the membrane in the radial direction. We wish


now to determine the mechanical force acting on each section, when the surface 

is perturbed to the position given by (c). We can do this in steps. First, 

consider the case where 5 is independent of 6 and z, as shown in the figure. 

Then from (d) 

T 
m R +

S S-1
RR 2 

(e) 

where we have kept only the linear term in the expansion of T about r = R. 

When the perturbation ý depends on 6, the surface has a tilt, as shown.


We can sum the components to S acting on the section in the radial direction


as
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PROBLEM 10.28 (continued) 

lim S 1 3 - 1 (f),
AORARm 6 G 0+ A R 

2 

Similarly, a dependence on z gives rise to a radial force on the section due to


the mechanical tension S,


S 3z2 
lim ­

Ale-0 Az 2 

In general, the force per unit area exerted on a small section of membrane under


the constant tension S from the adjacent material is the sum of the forces given


by (e), (f) and (g), 

T = S(- 1 + + + 2)2 (h)
Tm = ( +2 R 2 


It is now possible to write the dynamic force equation for radial motions.


In addition to the pressure difference pi-Po acting in the radial direction,


we will include the inertial force density om/( 2ý/at
2) and a surface force


density Tr due to electric or magnetic fields. Hence,


2 1 1 a)2 (i
2•2 S(- - + + 2 -+ 2 ) + T + p ()-P 

m at R 2 2 z r io 

Consider now the case where there is no electromechanical interaction.


Then Tr = 0, and static equilibrium requires that (b) hold. Hence, the constant 

terms in (i) cancel, leaving the perturbation equation 

326 ( 1__2 2_ 


m2 2 2 2 
at R R ae2 z 
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PROBLEM 10.28 (continued)

Parts c & d


This equation is formally the same as those that we have encountered


previously (see Sec. 10.1.3). However, the cylindrical geometry imposes


additional requirements on the solutions. That is, if we assume solutions


having the form,


((wt+ me)

( = Re (z()e jRe 

(k) 

the assumed dependence on 0 is a linear combination of sin me and cos me. 

If the displacement is to be single valued, m must have integer values. Other­

wise we would not have E((,z,t) = C(B + 27,z,t). 

With the assumed dependence on 6 and t, (j) becomes, 

2"

d E + k2 ==() 

dz


where 2a 

2 1 (-m2) m 
2 SR


= The membrane is attached to the rigid tubes at z 0 and z = R. The 

solution to (Z) which satisfies this condition is


= A sink x (m)n 

where

nW


k = -- , n = 1,2,3,...
n P, 

The eigenvalue kn determines the eigenfrequency, because of (Z).


2 n 2 (m 2 - 1) S 
n R2 a
R m


To obtain a picture of how these modes appear, consider the case where A is


real, and (m) and (k) become


C((,z,t) = A sin Tx cos mO cos wt (o) 

The instantaneous displacements for the first four modes are shown in the


figure.


There is the possibility that the m = 0 mode is unstable, as can be seen 

from (n), where if 

2 1 )
n7 2 (P) 

(i) <R 2 

we find that the time dependence has the form exp + Iwit. The first mode to 

meet this condition for instability is the n = 1 mode. Hence, it is not possible 
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Mv' 

m=1 
Vi = i 

k=2. 
tj = 
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PROBLEM 10.28 (continued)


to maintain the uniform cylindrical shape of the static equilibrium if


R7t/£ 	< 1 (q) 

This 	condition for static instability is easily understood if we remember


that in the m = 0, n = 1 mode, there are two perturbation surface forces on a 

small section of the membrane surface. One of these is the perturbation part 

of (e) and arises because of the curvature in static equilibrium. This force 

acts in the same direction as the displacement, and hence tends to produce 

static instability. It is counteracted by a restoring force proportional to 

the second derivative in the z direction, as given by (g). Condition (q) is 

satisfied when the effect of the initial curvature predominates the stiffness 

from the boundaries.


Part e


With 	rotation, the dispersion becomes:


(w-mp)
2 = [M 

s 
12_-m2 ] 

c 

with 
2 S 

oR 2 

aR 
m 

2E V 2 
2 oo R


m = 3c S 
a 

Because there is no z dependence (no surface curvature in the z direction) the 

equilibrium is unstable in the m = 0 mode even in the absence of an applied 

voltage. 

PROBLEM 10.29 

The solution is of the form 

= (a) + (_(8) (a) 

where 

= x + y 

We are given that at x = 0 

• 	 dl+ dl 
d-_ + d A[U-(y)-U- (y-a)] (b) 

and that
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PROBLEM 10.29 (continued) 

which implies that 

d+ 
--r = 0 = 
ay do 

We therefore have 

d+ A 
d =2 [u(-a) 

and 

d_ A 
d 2 [U-0() 

dE 
+ 

d0 

- u l(-C-a)] 

- U 1(8-a)] 

(c) 

(e) 

Then = - + _ _(Y-X)- u (y-x-a)
Ty do dR 2 -1 -1 

Integrating with respect to y, we obtain 

+ U-l(x+y)-ul(x+y-a)}
1 

(f) 

where u_2 is 

( {-u 2 (Y-x) + u_2(y-x-a) + u2(Y+X) 

a ramp function; that is u_2(y-b) is 

- u_2(y+x-a) 

defined as 

(g) 

m 
aJ


Part b


The constraint represented by Fig. 10P.29 could be obtained'by ejecting


the membrane from a slit at x = 0 that is planar, but tilted over the range


0 < y < a. Thus, the membrane would have no deflection ý at x = 0, but would


have the required constant slope A over the range 0 < y < a, and zero slope


elsewhere.
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PROBLEM 10.29 (continued)
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PROBLEM 10.30


For this situation, the governing equation is (10.4.15) of the text.


(M -1)
2 a22 a 

2
2


ax2 ay2


2 
Here M = 2; so we have the equation:


2 2

2 = (b) 

ax av 

The characteristics are determined from equations (10.4.17) and (10.4.18) to be:


a= x-y


B= x+y


The x-y plane divides into regions A...F, as shown in the sketch. Tracing


back on the characteristics from points in regions A, D, F... shows that in


these regions C = 0; the characteristics originate on "zero" boundary conditions.


At points in region B, only the C+ characteristic originates on finite data;


+(a) = o' _(B) = 0 and hence 

E = co in region B 
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PROBLEM 10.30 (continued) 

In C, deflections are determined by waves, both originating from the initial


data. Hence E+(a) = o,' but E_(() is determined by the reflection of an incident 

wave on the boundary at y = THence = 5o and d. - 0_() 

S= 0 in region C 

In region E only the _((3) wave is finite because the +(a) wave originates


on zero conditions and


E = - 0oin region E


The deflection has the stationary appearance shown in the figure.


PROBLEM 10.31


From equation 10.4.30, we have


kB I

2 k2v2 o

S=k ­S- m 

We define


IB

o 

2mv

s 

BI \2 2


2my
S 

v
S 
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PROBLEM 10.31 (continued) 

The four allowed branches of k as a function of w are therefore k = + kl, 

and + k2, where 

k = a + (d) 

k, = - a + B (e) 

The sketch shows complex w for real k. Note however, that only real values of 

k are given if w is real and hence the solid lines represent the plot of complex 

k for real w. 

C3, 

C3; 
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PROBLEM 10.32


The effect of the longitudinal convection is accounted for by replacing w


in Eq. 10.4.3 by w-kU (see for example page 594). Thus,


o(w-kU)
2 = k2 

2 kB I


s)- m (a)


This expression can be solved to give


BI B IBI B 1B2 
(2wU +---) + 40U ++ 

k = - s2 2 m (b) 
2(U - v2) 

The sketch of complex k for real oiis made with the help of the following


observations: 
 Consider the modes that are represented by -Bo

1) Asymptotes for branches are k = w/(U + vs) as w + 
 o.


2) As w is lowered, the (-B ) branches become complex as


4v2-2 + 4BU I+ 0


or at the frequencies


BI


2v22m -- --Vs


Thus, for U > vs there is a lower as well as an upper positive frequency at


which k switches from real to complex values.


In this range of complex k, real k is


BI

k = (2wU - )/2(1I2 - v2)


or a straight line intercepting the k = 0 axis at 

BI 
o 

2Um


3) as w + 0,


2 2
k + 0 and k - + B I/m(U2 _ v)

-o 5 

where the - sign goes with the unstable branches.


4) As w + - m the values of k are real and approach the asymptotes 

k = W/(U + vs). 
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PROBLEM 10.32 (continued)


Similar reasoning gives the modes represented in (b) by +B . Note that these


modes have a plot obtained by replacing w + - w and k - - k in the figure.
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